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Abstract. In this paper we present the numerical solutions for Poisson-Laplace equations in the
case of anisotropic dielectric constant and asymmetric source term. The electric potential and electric
field intensity in a cylindrical coaxial capacitor are calculated. These equations are solved using the
Finite Element Method (FEM). A good solution is obtained if the admissible error limit is small and if
the calculation network is dense. But, in the case of very big number of iterations the algorithm will not
converge because at each iteration the small errors are added and the numerical diffusion error appears.
The numerical procedure has been verified for the errors induced by numerical diffusion effects.
Key words: Finite Element Method, diffusion error, stabilised solution for high nonlinear
problem.

1. INTRODUCTION
Many physical processes are described by partial differential equations with
non-linear source term and variable coefficients. Processes like heat-flow and flow
through a porous medium, etc., are described by the quasi-harmonic equation [1]:

ρ ∂ 2u = div ( p ⋅ grad ( u ) ) − qu + F ( x , y , z; t )
∂t
2

(1)

where u is the unknown function. The coefficient ρ, p, q are determined by the
medium properties and often this one depends on the equations solution growing
the nonlinearity degree of equation. Sometime, the differential equations must by
solved simultaneously in different domains with different physical properties [2, 3].
The interactions between these domains are produced trough Dirichlet, Neumann
or Robin boundary conditions at the adjacent domains interface. Other problems
must be solved in the asymmetrical domain and a 3D model must be considered
[4–6]. For all this kind of equations it is impossible to find analytical solutions. So,
the computational method becomes important and powerful.
The aim of this paper is to find the numerical solutions for Laplace and
Poisson equations in the cases of anisotropic dielectric constant and asymmetric
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charge distribution. These kinds of problems can be found when the capacitor
breakdown is produced. Also, these problems appear when an induced anisotropy
of the dielectic medium is produced trough the external electric or magnetic fields.
These examples demonstrate how a high non-linear problem describing a real
device can be solved trough computer skill.
2. EQUATIONS

In this example are calculated the electric potential and the electric field
intensity in a cylindrical coaxial capacitor by solving the following equations:

∇ ⎡⎣ −ε ( r , θ, z ) ⋅ ∇ (V ) ⎤⎦ = ρ ( r , θ, z )
G
E = −∇V

(2)
(3)

The extension capacitor along the z-axis is much bigger that the transversal
dimensions. The external cylinder with radius R is connected at zero potential (see
Fig. 1) while, the internal cylinder (with radius a) is connected at V0 potential for
ρ = 0, and it is free boundary at any arbitrary charge density distribution in space
between the two cylinders. The equation (2) will be solved under the ρ = 0 (Laplace)
and ρ = ρ ( x , y ) = ρ ( r , θ ) (Poisson) conditions. All these cases are treated analytically
but also numerically when the analytical solutions do not exist.
V0

a

R

L

Fig. 1 – Cylindrical capacitor geometry.

Equation (2) is solved by using the Finite Element Method (FEM) with
triangular grid and variable step. This method is a special case of the Weighted
Residuals Method in which the same trial functions are used as basis and weight
functions. These are C0 class polynomial functions. This type of equation is solved
in a domain with non-homogeneous material properties and under DirichletNeumann boundary conditions.
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3. NUMERICAL PROCEDURE

The equation (2) is solved first for the source term with cylindrical symmetry,
for a constant value of the dielectric material property and for a long dimension of
the cylinder with respect to the radius, L >> R. In this situation we can approximate
2
the derivative ∂ 2 ≅ 0, and the analytical solution of the equation is:
∂z

⎛ r ′′ ρ ( r ′′ )
⎞
1
⎜
V (r ) = −
r ′′dr ′′⎟ dr ′
r ′ ⎜ ε ( r ′′ )
⎟
0 ⎝0
⎠
r

∫ ∫

(4)

When the electric charge distribution does not exist, ρ ( r ) = 0, the solution
(4) becomes:
ln(r / R)
V ( r ) = U0
(5)
ln(a / R )
From the numerical point of view, the equations solving was performed using
the Finite Element Method, with triangular grid and variable step. The steps of this
code are as follows:
a) the triangular grid generation;
b) establishing the convergence criterion (this means that the value in a
random point does not differ by more than an Err fraction from the calculated
value in the previous iteration);
c) starting with an arbitrary choice for the potential distribution inside the
capacitor;
d) a new potential distribution is obtained using equation (2);
e) in the zone where the variations of the potential from one iteration to the
next one exceeds a certain value, the grid step is diminished accordingly;
f) the procedure is repeated from d) until b) is satisfied.
4. RESULTS AND DISCUSSIONS

4.1. CASE OF EQUATIONS WITH HIGH SYMMETRY
Some numerical results for the dielectric relative constant value εr = 1.5
and various charge density distribution [ρ = 0, ρ = ρ0 exp ( −r / R ) and ρ =

= ρ0 exp(−r 2 / R 2 )] are presented in Fig. 2.
These calculations are made in order to validate the computational algorithm
and in order to check the numerical errors. Considering Vex the exact analytical
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Fig. 2 – Electric potential and electric field intensity in the capacitor for different charge distribution.

solution (which is easy to find by direct integration of (4)), we have investigated
V −V
what happened when the iteration errors limit Err = 100 × i +1 i ( % ) take the
Vi
values 0.01, 0.001 and 0.0001 (when the error does not exceed this value, the
iterative process is stopped). We have also investigated the relative deviation from
V
− Vex
analytical solution 100 × num
( % ) for these three limits errors. The results
Vex
are presented in Fig. 3.
It seems that a good solution is obtained if the admissible error limit is small
and if the calculation network is dense. But, in the case of a very big number of
iterations the algorithm does not converge. This is due to the fact that at each

Fig. 3 – Deviation from exact solution for various limits errors.
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iteration all the small errors are added. So, the numerical diffusion error appears.
The numerical procedure must be verified for errors induced by numerical
diffusion effects.
4.2. CASES OF THE EQUATIONS WITHOUT CYLINDRICAL SYMMETRY
After this attempt we start to solve the Poisson equations in the cases of
non-cylindrical distribution of the electric charge density distribution and of an
anisotropic medium dielectric constant. The first case describes the capacitor
breakdown, while the second one describes the capacitor in the various external
fields.
In Fig. 4 we present the mesh grid during the computation skill (a, b) and the
potential distribution (c) when the cylindrical symmetry is destroyed by the source
2
2
term given by the relation ρ ( x , y ) = ρ0 exp ⎡⎢ − (1/ R ) ( x − R 2 ) + ( y − R 2 ) ⎤⎥ .
⎣
⎦

Fig. 4 – Different triangular grid distribution for relative errors 1% (a), 0.5%
(b) and the potential distribution when the source term destroys the cylindrical
symmetry (c).
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For such charge distribution no analytical solutions exist and only the
numerical method is valid. The mesh grid is more dense if the limit error is
diminished. By virtue of the previous conclusion, the limit error cannot be too
much diminished because the iteration number increases, which leads to the
numerical diffusion error appearance. Also, at a small value the limits error allows
the increase of the cell numbers, computational time and storage capacity.
A second situation is when the dielectric material has an anisotropy in the
transversal capacitor cross-section. This anisotropy can be permanently or
temporarily induced by electric or magnetic fields. Also the mechanical stress
induces this kind of anisotropy. For our simulation we take an anisotropy described
by the relations:
ε xx = 3 × ε 0 ; ε yy = 1.2 × ε 0
(6)
In this case the following equation must be numerically solved:

(

)

∂ ε ∂V + ∂ ⎛ ε ∂V ⎞ = −ρ ( x , y )
∂x xx ∂x
∂y ⎜⎝ yy ∂y ⎟⎠

(7)

In Fig. 5 is presented the electric potential distribution obtained from
equation (7) when the spatial electric charge distribution does not exist.

Fig. 5 – Electric potential distribution in the
coaxial capacitor with anisotropic dielectric
material.

For such charge distribution no analytical solutions exist and only the
numerical method is valid. The mesh grid is more dense if the limit error is
diminished. By virtue of the previous conclusion, the limit error cannot be too
much diminished because the iteration number increases, which leads to the
numerical diffusion error appearance. Also, at a small value the limits error allows
the increase of the cell numbers, computational time and storage capacity.
It is easy to observe the high density of iso-lines in the vicinity of the small
radius cylinder. In this region also the mesh grid is dense. Generally, when the
solving problem domain presents small inhomogeneous regions, the computational
effort increases quickly.
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Fig. 6 – Electric field and electric displacement in the coaxial capacitor with anisotropic dielectric material.

5. CONCLUSIONS

In this paper Laplace and Poisson equations were solved using the Finite
Element Method with triangular grid and variable step. The numerical algorithm
validations was performed trough the simple problems which admit analytical
solutions. After the code validation, this was used to solve complicated problems of
a capacitor with anisotropic medium or asymmetric charge distribution.
In conclusion, any numerical code will be valid only on for certain error
range and therefore its utility must be made with caution. The numerical procedure
must be verified for errors induced by numerical diffusion effects. To solve various
physical problems it is good to verify the proposed algorithm on the problem with
analytical solution. But many physical problems are described by the partial
differential equations with variable coefficients or non-linear source term. All these
problems must by solved carefully and it is recommended to build our own
algorithm and not to use the commercial algorithms. These are like a black box,
and consequently, it is difficult to check what happens with trial functions used to
find the solution during the computation.
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