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Abstract. The study of the electrostatic influence for a metallic sphere and an electric point
charge reveals the law of energy, the Enunciation and the law of charge for the electrostatic
influence, as well as the theorem of the electric potential of a metallic conductor in an electrostatic
field. All these laws remain valid for any metallic conductor, not only for spheres, and for any
structure of electric fields. The surface distribution of the electrostatic influence charge may be used
in electronoscopy.
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distribution.

1. INTRODUCTION
This Note is part of a much broader work and the continuation of another
paper cited herein as reference 1). Relations (3), (4), (5), (10), and (11) in this
paper were obtained in that reference paper, where the electrical image method
used in 3.1.2 below was also presented and explained.
The phenomenon of electrical influence, on which we focused in this paper,
is that of the electrical influence produced by a point charge on a spherical conductor.
This punctual character of the electric charge is obviously an idealization, so
that no information is required on either the nature of the charge, or its structure
(i.e., the space distribution of this charge inside the microvolume), or the passage
mechanism from charge to field.
The different physical magnitudes used in this paper depend on the ratio
l
n = , where l is the least distance from the point charge +q to the surface of the
R
metallic sphere, and R the ray of this sphere. This number n that we called ‘radiar
number’ cannot be 0 (the case of contact), because the electric charge +q cannot,
strictly speaking, be of zero dimensions.
The mathematical formulas used to calculate the interaction forces between
the point charge +q and the spherical conductor [1 §3]∗ lead to an infinite value of
∗

Notations of the type [1 §3] indicate reference 1) and the relation (3) therein.
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the attractive force when n = 0 (contact; see below), which is not at all according to
reality. By decreasing the distance between the charge +q and the conductor, this
charge creates a higher and higher intensity of the electric field, which reaches a
limit when the conductor surface begins to emit electrons, and the electrostatic
influence phenomenon comes to an end. A phenomenon of autoelectronic emission
takes place, which does not appear while the radius of the sphere on which the
charge +q is distributed remains [1 §3.8]:
r0 ≥

q
2 πε 0 E0

(1)

where E0 is the field intensity of about 108 V/m, which begins to generate this
emission. After contact occurs, if r > r0, a phenomenon of repulsion follows, and
charge +q diminishes and remains, later on, of ‘punctual’ character.

2. POINT ELECTRIC CHARGE
AND A SPHERICAL METALLIC CONDUCTOR

This chapter refers to the distribution and composition of the electrostatic
influence charge density on a metallic sphere conductor, as generated by a ‘point’
charge q.
The influence charge density at a point M (Fig. 1) on the surface of a
conductor exposed to an electrostatic field is the resultant of three components,
namely:
• the component of direct influence (the Gaussian component) (Fig. 1):

σG = ε 0 E A cos γ

(2)

or ([1 §2.15]):
σG = −

q
(n + 1) cos α − 1
⋅ 2
2
4 πR [n + 2n + 2 − 2(n + 1) cos α]3 / 2

(3)

• the uniform positive component of the lattice (1 §2.4):
σl = ε 0 E2 =

q
4π( n + 1) R 2

(4)

• the electronic (mobile) component (1 §2.6):
σe = ε 0 E1 = σ1 =

q
−n( n + 2)
⋅ 2
2
4 πR [ n + 2 n + 2 − 2(n + 1) cos α]3 / 2

(5)
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Fig. 1 – Electrostatic surface density distribution.

As neither σl nor σe change their signs of charge on the conductor surface,
we chose to represent both of them by a sole component we called the movable or
mixed component, σm:
σ m = σe + σ l
(6)
that is (1 §2.16):
q ⎧1
n(n + 2) + 1 − (n + 1) cos α ⎫
σm =
(7)
⎨2 − 2
⎬
2
4 πR ⎩
[n + 2 n + 2 − 2(n + 1) cos α]3 / 2 ⎭
In conclusion, the influence charge is not due to the sole distribution of free
electrons on the conductor surface!

Fig. 2 – Electrostatic surface density σ and its components.
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3. BLOCKED INFLUENCE CHARGES

3.1. EQUIPOTENTIALS OF BLOCKED INFLUENCE CHARGES
3.1.1. Inner equipotentials. Separating surface S

Let (Fig. 3) be the next spherical metallic body of ray R and the point charge
+q at a distance l from it. The conductor's potential at a point M is the sum of the
potential contribution from +q and the potential Vi from the influence charges, that is:
q
q
=
+ Vi
4 πε 0 ( R + l ) 4 πε 0 r

(8)

wherefrom:

Vi =

q ⎡ 1
q ⎡ 1
1
⎤
− 1 ⎤⎥ =
−
⎢
4πε 0 ⎣ R( n + 1) r ⎦ 4 πε 0 ⎢ R(n + 1)
2
2
x + y ⎦⎥
⎣

(9)

As seen in Fig. 3, the origin of the coordinate system is placed in the position
of the point charge.
From this relation, we see that, inside the metallic sphere, the equipotentials
of influence charges are spherical calottes centered in +q. The equipotential Vi = 0
passes through the center O of the sphere and divides the inner space of the
metallic sphere into two regions: one having negative potentials, Vi < 0, situated in
the concavity of Vi = 0, and another with positive potentials, Vi > 0, situated in the
convexity. For this reason, the equipotential Vi = 0 was called a separating surface, S.

Vi=0
y
M(x,y)
Vi

r
+q

l

R

x

O
S

-Vi

+Vi
Vi =0

Fig. 3 – Inner equipotentials (n = 1).

5

Electrostatic influence charges on a metallic conductor

181

The delimitating role of this surface is not confined to the interior of the metallic
sphere, but rather extends infinitely into the outer space, in the shape of an infinite
plane normal to the symmetry axis + q → 0 . It is, at the same time, the geometrical
place of the equipotentials Vi = 0 that are generated by the two point sources − qi
and + qi used in the image theory – one of them (the positive one) situated at the
very center of the spherical metallic surface, and the other at a distance a = R
n +1
(Fig. 4) and [1 §2].
This separating surface, S, is important because none of its points modifies
its potential when a conductor is introduced into the electrostatic field of the
charge +q.
It is also important to note that, if the generating charge is a point one, the
inner equipotentials of the influence charges are the same spherical calottes,
irrespective of the shape or structure of the metallic body. This fact is the
consequence of the electrostatic equilibrium of the conductor in a field.
3.1.2. Outer equipotentials

To calculate these equipotentials for a spherical conductor, we use the image
theory as shown in Figs. 4 and 5 (the latter, in the case n = 1):
V ( x , y,0) =

q
1
⎧−
+
4 πε 0 (n + 1) ⎪⎨
2
R
2
⎡
⎤
⎪⎩ y + ⎢⎣( n + 1) R − x − n + 1 ⎥⎦

1

[(n + 1) R − x ]

2

+

y2

⎫ (10)
⎪
⎬
⎪⎭

In compliance with the image theory, the outer equipotentials of the influence
charges for a metallic sphere and a generating point charge +q can be calculated
q
q
considering two image charges: ± q′ = ±
in the middle of
, situated: +
n +1
n +1
y

a=

Vi(x,y)

nR
+q

Fig. 4 – Image theory.
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Fig. 5 – Inner and outer equipotentials (for half the sphere and n = 1).

q
on the symmetry axis + q → 0 at a distance a = R from
n +1
n +1
the center O, by the side of +q (Fig. 4).
The inner and outer equipotentials for a spherical conductor and a point
charge electrostatic field are shown in Fig. 5 drawn “by points” for the outer
equipotentials [1 §8.10].
For other, non-spherical, metallic conductors, the inner equipotentials are the
same, corresponding to spherical calottes centered in +q, while the line S passes
through the center of the conductor surface. On the outside, the image theory can
no longer be used this time, because q′ is no longer known, and even if the
position of + q′ is at the center of the conductor surface, the position of − q′
remains unknown. So, the outer equipotentials for such metallic bodies can only be
known approximately!
For unblocked influence charges, see the equipotentials in [1 Fig. 21].
the sphere, and −

3.2. FIELD LINES
3.2.1. Inner field lines. The electrostatic influence ENUNCIATION

Within the metallic sphere (Fig. 6), the inner field lines are orthogonal to the
inner equipotentials (Fig. 5). This electric field, composed with the field of +q,
creates a field of zero intensity within the metallic sphere. This shows that the field
created by influence charges is, inside the conductor, a field of the same intensity
as the generating field, for every point, but has opposite sense. So, the electrostatic
influence ENUNCIATION may be expressed:
The electrostatic field lines within any metallic body, owed to mobile and
lattice influence charges on that body surface, are the opposite sense replica of the
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corresponding generating field included in that body volume (Faraday, cage
effect).
This is true for any metallic conductor and for any kind of electrostatic field.
In the present case of a point charge and a spherical conductor, the inner field
lines are straight lines converging in the point charge +q (Fig. 6).

Fig. 6 – Inner field lines for blocked charges.

3.2.2. Outer field lines. The law of energy for influence charges

Let us consider a metallic body of any shape and the electrostatic influence
charges (mobile charges) ‘blocked’ on its surface (the generating charge + q being
removed to infinite). This subsystem of charges creates the inner and outer field lines,
which are orthogonal lines to the outer and inner equipotentials and are shown in
Fig. 8 resulting from Figs. 5 and 6. It possesses a potential energy that manifests by
means of this electrostatic field outside and inside. These two energies are, obviously,
equal to each another. Based on the electrostatic influence ENUNCIATION, one
may formulate the law of energy for electrostatic influence charges:
The energy that is necessary for forming the influence charge system is equal
to the double energy of the generating charge field included in the metallic
conductor’s volume (1 §7.4):

WS = 2WC

(11)

For a spherical conductor (1 §7.10):
π

∫

WC = dWr =
0

q2 ⎡ 1
1 ln n ⎤
+
16 πε 0 R ⎢⎣ n(n + 2) 2(n + 1) n + 2 ⎥⎦

(12)

This law remains valid for any shape of the metallic conductors and any
shape of the electrostatic field (which may be considered as a superposition of
several Columbian fields).
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3.3. THE MAGNITUDE OF BLOCKED ELECTROSTATIC
INFLUENCE CHARGE
3.3.1. The law of the electrostatic influence charge

The electrostatic influence charge can be calculated by integration, starting
from the expression of the surface electrical density. For the case of blockage, the
charge density is [1 §2.16]:

σm =

q
4 πR 2

⎡1
n(n + 2) + 1 − (n + 1) cos α ⎤
⎢ 2 − (n2 + 2 n + 2 − 2(n + 1) cos α)3 / 2 ⎥
⎣
⎦

which leads, for n = 1, to: σm =

qim =
=

q
4 πR 2

αN

αN

0
αN

0

(13)

⎡1
4 − 2 cos α ⎤
⎢ 2 − (5 − 4 cos α)3 / 2 ⎥
⎣
⎦

∫ dqim = ∫ ( σm ⋅ 2πR2 sin α ⋅ dα ) =
q ⎡1

(14)
4 − 2 cos α

⎤

∫ 2 ⎢⎣ 2 − (5 − 4 cos α)3 / 2 ⎥⎦ sin α ⋅ dα = k ⋅ q
0

cos α N = 5 − 6
4

2/ 3

The ratio

; α N ≅ 64°50′ which results from σm = 0

qi
depending on n is shown in Fig. 7 for qi and qim.
q

qi
q
q im
q

Fig. 7 – Influence charge variation
over distance.

0,191
0,127

0

1

n

It can be seen from the above that the dependence between qim and the
generating charge magnitude is given by a similar relation regarding the geometry
of the system. For a general case, the relation would be too complicated to use in
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the formulation of a law! The problem of a law of the blocked influence charge is
therefore similar to [1 §2.26], that is: qi = kq, and [1 §7.10] for WC = k ′q 2 , where
k and k′ vary with the geometry of the total system of electric charges. By removing
+q from the two expressions, we get the relation between qim and the energy WC of
the generating field within the conductor [1 §9.2]:

qim = k WC = α WC
k′

(15)

So, the law of the influence electric charge (for a metallic conductor) is:
The influence electric charge (in module) is proportional to the square root
of the generating field energy implied in the conductor’s volume.
The law remains valid for any shape of the metallic conductors and any
electrostatic field.
The law remains practically the same in the case of the whole system of
charges. The principal difference between the two cases is the magnitude of the
influence charge (Fig. 7).
3.3.2. The blocked influence charges “dipoloid”

When the metallic conductor is in the presence of the generating field the
metallic body becomes an electric “dipoloid” characterized by a dipole torque, the
magnitude of which was calculated for a metallic sphere in the field of a point
charge +q in [1, p.38].
If the influence charges are blocked on the surface of the metallic sphere and
the generating field is removed to infinite, this sphere gets the character of a
dielectric dipoloid. Its aspect is shown in Fig. 8 where the equipotential lines are
those in Fig. 3 and the field lines were drawn orthogonally to them.
The blocked influence charge dipoloid is the “electrical excited” state of the
metallic sphere and clearly illustrates the law of energy for influence electric
charges.
Fig. 8 shows a symmetrical distribution of the lines relative to the axis of the
dipole rather than along the orthogonal direction, although the two influence
charges +qi and +qim are equal in their absolute value. An orthogonal symmetry
may also appear, but only in a uniform electrostatic field.
This dipoloid is important because it bears the whole load of potential energy
for the subsystem of influence charges and so it clearly reveals the law of energy
for the electrostatic influence phenomenon.
For total asymmetric metallic bodies, one may take successively several
plane sections passing through charge +q and the center O of the body, every case
being treated separately.
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Fig. 8 – Dipoloid of blocked influence charges (n = 1).

As for the inner equipotentials and field lines, they remain similarly shaped
as those of the generating field in the space occupied by the metallic body and in
compliance with the ENUNCIATION of electrostatic influence.
The ends of the inner and outer field lines meet at the surface of the metallic
body, and closed circuits are formed as a result. Also, the inner and outer
equipotentials meet at the surface of the metallic body turning into closed curves
orthogonal to the field lines.
The general aspect of this electric dipoloid (1, Fig. 43, for a sphere) only
contains the electronic and lattice components. By contrast, the dipoloid in
(1, Fig. 41) also contains the Gaussian component belonging to the generating field
which is present this time across the whole electric system and is used to calculate
the dipolar torque that we considered unnecessary.
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3.3.3. The theorems of the electric potential of any metallic conductor
in an electrostatic field

An electrostatic field develops on a metallic conductor's surface electrical
influence charges which interact with each other and the generating field. If –Fa is
the attractive force, and Fr is the repulsion, the difference − Fa + Fr is a force that
tends to displace the conductor. The forces –Fr and +Fr are internal forces of the
electric charge system which cannot change the position of the center of the
electric charges.
At the beginning, when there was no electrostatic influence, the electrical
charges of a conducting sphere were uniformly distributed on its surface regardless
of its shape, and the center of these forces was the center of the sphere.
Let us consider the blocked influence charges of a generating charge that has
qi
of these influence blocked charges remains
now been removed. The term
ri2
zero at the center of the sphere.
If the conductor is no longer spherical but of any other shape, the point where
qi
the term
of the blocked charges is zero, is the mass center of a surface layer
ri2
of the conductor. This center coincides with the mass center of the conductor if the
conductor is homogeneous.
qi
But not only the expression
is zero: the expression that relates to potenri2
tial is also zero. Therefore, this point O inside the metallic conductor is not determined
by the inner structure of the conductor but only by the shape of its surface!
As a result, one may say that the potential of the field at the point where
Vi = 0 is the conductor's potential in that field.
In conclusion, a theorem of the electric potential of a conductor placed in an
electrostatic field may be expressed as follows:
The electric potential of a conductor placed in an electrostatic field is the
electric potential of that field at the point where the influence charge potential of
the conductor is Vi = 0 (see Fig. 3). This point is the center of the conductor
surface and does not depend on its inner structure. It coincides with the mass
center if the conductor is homogeneous.
This theorem is valid for any electric field, which may be considered as a
superposition of several coulombian fields, and for any metallic conductor.

∑

∑
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