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Abstract. An accurate formula for the density of states for 87Rb is obtained from fitting the
theoretical calculations with experimental measurements for the condensed fraction. This formula is
obtained for finite number of atoms confined in a 3D harmonic potential trap, and it is used to
calculate the critical temperature for 87Rb and the energy per particles. The results for energy show
good agreement with the experimental results for temperature T less than the thermodynamic
temperature T0. The calculated value for critical temperature is in a good agreement with the
experimental measured temperature. The semiclassical approximation works well for these systems
on a wide and useful range of temperatures; its accuracy is expected to be good if the number of
trapped atoms is large and K BT0 >> =Ω .
Key words: state density 87Rb, anisotropic harmonic oscillator, confining potential.

INTRODUCTION
Recently the subject of Bose-Einstein Condensation (BEC) in dilute weakly
interacting alkali gases has been of considerable interest. The ability to create
Bose-Einstein Condensation (BEC) in magnetically trapped alkali gases [1–3]
provides an opportunity for studying the thermodynamics of bosonic systems. This
phenomenon which is predicted by quantum statistical mechanics is different from
other systems like superfluid helium. In liquid helium the ground state occupation
atoms is very difficultto measure and the condensed critical temperature is almost
impossible to calculate accurately. BEC leads to a new physical situations with
new unknown properties [4]. It consists of coherent atoms, so it has wide
applications in the field of atom optics. BEC is the ultimate source of ultracold
atoms which can be studied at low densities. The perturbative approaches and the
mean field theories are accurate to be used in the study of this phenomenon.
Several interesting problems arise from the fact that thesesystems have a finite size
and are inhomogeneous. For example, the usual definition of thermodynamic limit
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(increasing the number N and the volume V while the average density kept
constant) is not appropriate for trapped gases. Moreover, the traps can bemade very
anisotropic, reaching the limit of quasi-two-dimensional and quasi- onedimensional systems, so that interesting effects of reduced dimensionality can be
also investigated.
In his experiment, Ensher et al. [5] demonstrate that below a critical temperature,
280 nK, about 40,000 atoms of 87Rb are found in the ground state; Han et al. [6]
reported the condensation of about 200,000 atoms in a time-averaged orbiting
potential (TOP) trap; Anderson and Kasevish [7] observed 30,000 atoms of 87Rb in
a vapor cell time-averaged orbiting potential trap. In the above experiments a
magnetic confining trap is used. Since the atomic gases are dilute and hence weakly
interacting, as a first approximation interatomic interactions can be neglected.
From the theoretical point of view, due to the effects of the confining potential
traps these atomic systems can be approximately modeled by harmonic oscillator
potential. Indeed, Van Druten and Ketterle demonstrated that the behavior of the
3D harmonic trap is the most relevant for experiments [8]; moreover the ideal Bose
gas is most conveniently described in the grand-canonical ensemble [9].
In this paper the phenomenon of BEC for finite number of 87Rb atoms condensed
in harmonic oscillator potential trap is considered. There are several approaches
analyzing this problem in the framework of the grand canonical ensemble [10–16].
This approach is a complementary to them. On the base of the semiclassical
approximation an accurate formula for the density of states is parameterized. It is
obtained from the fitting of the theoretical calculation of the condensed fraction of
particles to the experimentally measured data. This formula is used to calculate the
energy per particle and the critical temperature. A comparison between these two
parameters and experimentally measured data is considered.

BEC IN 3D ANISOTROPIC HARMONIC POTENTIAL TRAP
Consider a system of N particles in an external anisotropic harmonic
oscillator potential characterized by frequencies ω1, ω2 and ω3, then the single
particle energies are given by

En1n2 n3 = =(ω1n1 + ω2 n2 + ω3 n3 ) + E0

(1)

where n1 , n2 , n3 = 0, 1, 2, 3, … and E0 is the zero point energy. If the system is
described using the grand canonical ensemble, the number of its particle can be
obtained from the first principle of statistical mechanics. The population
N ( En1n2 n3 ) of a state with energy En1n2 n3 is given by Bose-Einstein distribution
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−β En1n2n3
N ( En1n2 n3 ) = ze −βE
,
1 − ze n1n2n3

(2)

with β = (1/K BT ), KB, is the Boltzmann constant. The fugacity z is determined in
terms of the chemical potential μ as z = eβ(μ− E0 ) . It is determined by the constraint
that the total number of the particles in the system N is given by
N=

∑

N ( En1n2 n3 ) =

n1n2 n3

∞

∑ ∑ z j e− jβE

n1n2n3

,

(3)

n1n2 n3 j =1

Degeneracy factors are avoided by accounting for degenerate states
individually. The phenomenon of BEC for non interacted particles is fully described
by Eq.’s (1) and (3). In the thermodynamic limit the condensed fraction, energy per
particle and the critical temperature are given by [10, 13, 14, 17]

N0
⎛ ⎞
=1− ⎜ T ⎟
N
⎝ T0 ⎠

3

(4)

E = 3 ζ(3) ⎛ T ⎞
NK BT0
ζ(4) ⎜⎝ T0 ⎟⎠
1/ 3

T0 = =Ω ⎛⎜ N ⎞⎟
K B ⎝ ζ(3) ⎠

4

,

(5)

(6)

where Ω = (ω1ω2 ω3 ), N0 is the ground state occupation number and ζ is the
Riemann zeta function. A more quantitative comparison between theory and
experiment requires the inclusion of two main effects: the fact that these gases have
a finite number of particles and that they are interacting. Also the fact that N is
finite makes the system potentially richer, because new interesting regimes can be
explored even in cases where there is no real phase transition in the thermodynamic
limit. In this paper I will limit my study in the finite size effect using the
semiclassical approach.
FINITE SIZE EFFECT
It is impossible to evaluate the sum in Eq. (3) analytically in closed form.
Another possible way to do this analysis is to approximate the sums by integrals. A
crucial feature in obtaining a reliable approximation is to use an appropriate density
of states ρ( E ) [9, 10, 17]. In Eq. (3), if the lowest energy E0 is separated out from
the sum, the number of particles in this state is N 0 (this number can be
macroscopic, i.e., of the order of N, when μ = E0 ) leads to
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N = N0 +

∞

4

∑ z j ∫ ∞ ρ(E )e− jβE dE
0

(7)

j =1

Eq. (7) contains nearly all the ideal gas physics of BEC. The number of
spatial dimensions, and the effects of a confining potential, are all taken care of in
the power low of the density of states, ρ( E ) . Some thermodynamic quantities can
be calculated without difficulty. A better approximation for the density of states is
given by Grossmann and Holthaus [10] based on the two leading terms in the
degeneracy gn = 1/ 2 n2 + 3/ 2n . They constructed a continuous density of states as
2
ρ( E ) = 1 E 3 + γ E 2
2 ( =Ω )
( =Ω )

(8)

the coefficient γ is determined numerically in the anisotropic oscillator and depends
on the individual oscillator frequencies. For oscillator frequencies ω1 = 600 Hz,
ω2 = 2ω1 , ω3 = 3ω1 the corresponding γ = 1.6. For the same values of
frequencies Haugset et al. [11] found that γ = 1.538. Kirsten and Tom [16] gives
γ = 1.537. For isotropic oscillator γ = 3/ 2 which follows immediately from the
relation gn = 1/ 2 n2 + 3/ 2n . Substitution from Eq. (8) into Eq. (7), after performing
the integration, one has
3

N0
γ
ζ(2) ⎛ T ⎞
⎛ ⎞
= 1 − ⎜ T ⎟ − 1/ 3
⎜ ⎟
N
N ζ(3)2 / 3 ⎝ T0 ⎠
⎝ T0 ⎠

2

(9)

The critical temperature Tc can now be found by setting N 0 = 0 and z = 1.
The physical meaning of this is that the second and third term in eq. (9) represents
the maximum number of particles which can be accommodated in excited states
when z reachesits maximum value of 1. All particles exceeding this maximum
number must condense in the ground state. Hence the critical temperature is found
to be
⎡
γ
ζ(2) ⎤
Tc = T0 ⎢1 − 1/ 3
2/3 ⎥
⎣ N 3ζ(3) ⎦

(10)

where T0 is the critical temperature of the ideal Bose gas in the thermodynamic
limit. Note that Eqs (4), (5) and (6) can be calculated by the same method
(replacing the sum in Eq. (3) by integral and taking ρ( E )(1/ 2)( E 2 / (=Ω)3 ). A
comparison between Eqs (6) and (10) shows that, to the lowest order finite size
effects caused a small shift in the transition temperature by a factor N 1/ 3 compared
to the thermodynamic limit N → ∞ . This shift is given by
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Tc − T0
γ
= −0.485 1/ 3
T0
N

(11)

The same results are obtained by Ketterle and Druten [8], at high temperature
( K BT >> =Ω ) a formal expansion of the sum, Eq. (3), in powers of j’s is given.
They retain the two highest-order terms in K BT /=Ω . They suggested that the
behavior of the finite number of particles given in Eq. (9) is similar to the
thermodynamic limit (N → ∞), even for N > 10 4. However, the contribution of the
last term in equation (9) is important. These approximation methods in which the
sum is replaced by integrals, have been criticized by Kristen and Toms [16].
Instead, they propose to evaluate the sum directly by contour integration. In spite
of that this method is difficult to use in the transition region, it gives results similar
to those of Grossmann and Holthaus [10]. Kristen and Toms [13] give a more
modified form for the density of states ρ( E ) ≈ (1/ 2)c1E 2 + c2 E + c3 where ci ’s is a
constant defined in terms of ω′ s. The last term in this formula, c3 term, will
produce ζ(1) function in the condensation fraction and Tc formula. Since, ζ(1) = ∞,
then Tc and N /N 0 are undefined at onset of the condensation.
From the above discussion one can see that the formula of the density of state
given in Eq. (8) is a suitable one for replacing the sum in Eq. (3) by an integral.
A better estimation for γ can be determined from the fitting between the theoretical
calculation and the experimental measurements. A comparison between of the
result given in Eq. (9) and the experimental results of Ensher et al. [6] shows that
the best fitting is given at

γ
N 1/ 3

= 0.09756

(12)

Eq. (12) is the main result of this paper. It gives the value of γ in terms of the
particles number N and can be used to calculate some of the thermodynamical
properties of 87Rb.

THERMODYNAMICAL PROPERTIES OF

87Rb

CRITICAL TEMPERATURE
The noninteracting harmonic oscillator model has guided experimentalists to
the proper value of the critical temperature. In fact, the measured transition
temperature was found to be very close to the ideal gas value, the occupation of the
condensate becoming macroscopically large below the critical temperature as
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predicted by Eq. (3). From Eqs (11) and (12) the critical temperature for condensed
87Rb is given by
Tc
= 0.953
T0
which is in good agreement with the experimental results of Ensher [5]. Eq. (11)
gives a possibility to study the relation between the critical temperature and the
condensed fraction. A comparison between results calculated from Eq. (11) and the
experimental results of Gerbier et al. [19] is given in Fig. 3. From this comparison
one finds that the best value of γ is given by γ = 3.33675.
ENERGY OF THE CONDENSED PARTICLES
The mean energy U of N ideal bosons harmonically trapped bosons is
given by
U − N 0 E0 =

0

Eρ( E )

∫ ∞ dE eβE − 1

(13)

after performing the integral, the scaled energy per particle is given by
4

E ≡ U − N 0 E0 = 3⎛ T ⎞ ζ(3) + 2 γ ζ(3)1/ 3 ⎛ T ⎞
⎜ T ⎟ ζ(4)
⎜T ⎟
NK bT0
NK BT0
N 1/ 3
⎝ 0⎠
⎝ 0⎠

2

(14)

E is normalized by the characteristic energy of the transition K T just as the
B 0
N
temperature is normalized by T0 . Results calculated from Eq. (14) are plotted and
compared with the experimental data in Fig. 2.
DISCUSSION AND CONCLUSION

In this paper, the density of states is obtained from the fitting of the
calculated condensed fraction with the experimental measurements. BEC in
systems with a finite number of particles is studied by using this formula, Eq. (8)
with γ = 0.09756 N 1/ 3 . It was shown that the corrections due to the finite number
of boson are small, but observable in the case of a 3D harmonic oscillator. From
the comparison with experimental data, it is noted that the finite size corrections to
condensed fraction N 0 /N , energy per particle E /NK B T0 and the critical
temperature Tc is significant, in general, and cannot be ignored. When the number
of trapped atoms is very large, the first term in the Eqs (9), (10) and (14) give the
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dominant contribution to the results. Finite-size effects reduce the condensate
fraction and thus result in a lowering of the transition temperature as compared to
the N → ∞ limit case. In Fig. 1, condensate fraction N 0 /N as a function of T /T0
is shown. Results calculated by Eq. (9) is represented by solid line and it is in
agreement with the experimental data. Dashed line in this figure corresponding to
the thermodynamic limit. The value of γ/N 1/ 3 is 0.09756, since the value of N is
about 40,000 in the experiment [5]. The value of γ/N 1/ 3 is used to calculate the
critical temperature, Tc /T0 . Fig. 2 is meant to study the relation between the
critical temperature and the critical condensed fraction (number of condensed
fraction at T = Tc). The best fitting of our data is obtained for the value of
γ = 3.33675, solid line in the figure. Fig. 3 shows a comparison between the
energy per particle vs T /T0 . The results calculated by using Eq. (14) (dash-dot
line) are in good agreement with the experimental data at T < T0 . At T > T0 the
interaction term must be included.
In this paper the discussion is restricted to the case of the noninteracting ideal
gas. It is well known that the inclusion of interactions between the particles
profoundly changes the nature of the BEC phase transition, and is important for the
occurrence of a macroscopic phase transition. It would be very interesting to study
how such interactions would affect the results presented here.

Fig. 1 – Condensate fraction N/N as a function of T/T0. Circles are the
experimental results of Ensher et al. (1996), while the dashed line is Eq. (4).
Solid line is the results calculated from Eq. (9). The value of
γ = 3.33675.
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Fig. 2 – Critical temperature as a function of the number of
atoms at transition. The experimental points (circles) are lower
than the ideal gas law Eq. (4) (dashed). Results calculated using
Eq. (11), indicated by the dash-dot line, are consistent with the
experimental measured data.

Fig. 3 – The scaled energy per particle E /NK BT0 of the Bose
gas is plotted vs. scaled temperature T /T0 . The straight-solid
line is the energy of a classical, ideal gas, and the dashed line is
the predicted energy for a finite number of noninteracting
bosons [5]. The solid-curved lines are separate polynomial fits
to the data above and below the empirical transition
temperature of 0.94T0. Results calculated from Eq. (14) is
represented by dash-dot line.
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