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Abstract. The experimental asymptotic normalization coeﬃcients determined from
peripheral transfer and breakup reactions are used to calculate the rms radius for proton
or neutron halo states in some light nuclei ranging from 8 B to 21 Na (8 B,17 F, 17 O, 11 Be,
13
C, 15 C, and 21 Na). The procedure is applied to several ground and excited states, and
it is shown that halo states, characterized by a rms radius of the last nucleon twice larger
than that of the core, appear only for a favorable combination of low binding energy, and
low or no Coulomb and centrifugal barriers. The inﬂuence of each of these three factors is
considered on these selected cases.
Key words: halo states, drip line, asymptotic normalization coeﬃcient.

1. INTRODUCTION
In the β stability valley, the proton root-mean square radii are precisely
known for stable nuclei [1, 2] via the charge radii measured by electromagnetic interactions. The neutron rms radii are less known because they have
been determined by strongly interacting probes whose interactions with nuclei
must be phenomenologically modeled. A precise measurement of the neutron
density radius would place an important constraint on the equation of state
for neutron matter [3].
Much eﬀort was dedicated in the recent years to the study of nuclei away
from the β stability valley. This includes lifetimes, nuclear sizes, shell structure, excited states and decay modes. Frequently the one nucleon separation
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energy is small, of the order of 1 MeV or less. This lead to a wealth of phenomena including soft collective modes, exotic transitions between low-lying
states, changes in shell structure, long tails in density distributions, and most
dramatically halo states [4, 5, 6, 7]. Compared to more stable nuclei, the increased size of the halo nuclei is strongly inﬂuenced by the smallness of the
one (or two) nucleon separation energy, the Coulomb barrier and the angular
momentum content of the ground state. Sometime, questions about possible
unknown factors were raised, in particular after the discovery of two-neutron
halo nuclei like 11 Li and 14 Be.
In one particle removal reactions involving weakly bound nuclei, the parallel and transverse momentum distributions of core like fragments are narrow
compared with those of normal nuclei [7, 8], indicating increased nuclear size.
The total reaction (interaction) and breakup cross sections are large, also reﬂecting the increased nuclear size. Furthermore, the increased density in the
tail leads to a competition between the refractive power of the real part of the
optical potential and the increased absorption due to the imaginary part. If
the absorption at the barrier is dominant, then we are in a strong absorption
regime, which provides a favorable window for the ANC (Asymptotic Normalization Coeﬃcient) method to be discussed in this paper. Therefore these
three processes have been proposed to extract informations on nuclear sizes.
The Glauber theory in the optical limit has been proposed to extract nuclear
sizes [9, 10, 11, 12]. This technique still needs to be improved in order to
include properly Pauli blocking and ﬁnite range eﬀects. When the widths of
the measured parallel momentum distributions are related to the size of the
spatial wave function of the last nucleon, complications arise from the reaction
model used, and therefore, most of these determinations of nuclear radii are
model dependent.
In Ref. [13] we proposed to use the experimental asymptotic normalization coeﬃcient (ANC) to determine the rms radius of halo or weakly bounded
nuclear states and have shown that the method provides the most reliable,
least model dependent evaluation of this important quantity. In that paper, the ANC specifying the amplitude of the tail of the 8 B many-body wave
function projected on the two body channel 7 Be+p, determined from transfer
reactions [14], was used to calculate the rms radius for the ground state of 8 B
and it was shown to be a proton halo nucleus. We showed that for the case
of halo nuclear states, the asymptotic region has the dominant contribution
to observables favoring large distances from the core, like the mean square
radius, and that therefore, the ANC is the quantity that can be best extracted
from experiment and is the most relevant. In particular, we showed that the
use of the ANC gives a reliable and model independent experimental value
for the rms radius of the 8 B halo. The result does not depend on particular
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assumptions made about the conﬁguration of the state, or on the shape or the
parameters of the core-proton potential, not even on the assumption that such
a potential (mean ﬁeld) description is valid in the interior of the nucleus. This
might become particularly important for light nuclei in which cluster phenomena are important, and for nuclei close to the drip lines, for which we cannot
say a priori what mean ﬁeld potential is appropriate, what shape and what
terms may contain. This was due both to the large radial extension of the
halo states and to the nature of the operator that favors contributions from
larger distances. In order to illustrate and check this statement, in the present
paper we apply the same procedure to a variety of nuclei. To see the inﬂuence
of the three factors determining the halos we selected several nuclear states
for which the ANC is known or can be determined from a variety of transfer
reactions and determined their rms radii. These are either proton or neutron
states, have diﬀerent nucleon binding energies, diﬀerent centrifugal barriers (s,
p or d states) and diﬀerent Coulomb barriers. The states under consideration
are in the light nuclei 8 B,17 F, 17 O, 11 Be, 13 C, 15 C, and 21 Na. In Section 2 of
the paper we review the basics of the method we use, in Section 3 treat the
individual cases in detail, in Section 4 we discuss qualitatively the behaviour
of proton halos at zero energy and summarize the conclusions in Section 5.
2. DESCRIPTION OF THE METHOD:
RMS RADII OF HALOS FROM EXPERIMENTAL ANC
The nuclei are fermionic many-body quantum systems, their full wave
function is complicated and therefore their complete description is a diﬃcult
task. Information obtained through experiments is related to the full wave
function or to part of it, depending of the type of observables we measure, and
should always be interpreted accordingly. We shall restrict ourselves to the
case of nuclear reactions where the core survives, like in one-nucleon transfer
reactions or one-nucleon removal reactions, and where, therefore, the matrix
elements involve the overlap integral of the state wave functions for particles
A, p, and B, where B = (Ap) is a bound state of nucleus A and nucleon p, as
given by [15, 16]:

B
(r) = A[ϕA (ξA )ϕp (ξp )]|ϕB (ξA , ξp , r) =
JA MA jB mjB |JB MB 
IAp
lB ,mlB jB mjB
B
(r),
×Jp Mp lB mlB |jb mjB ilB YlB mlB (r̂)IApl
B jB

where A is the antisymmetrization operator, ϕ is a bound state wave function,
ξ is a set of internal coordinates including spin-isospin variables and r is the
vector connecting the center of mass of nucleus A with p. In the third line, the
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antisymmetrization factors have been absorbed in the radial overlap integrals
I(r). The multipole expansion is carried out over lB , jB values allowed by
angular momentum and parity conservation for the partition B → A + p.
Outside the core the antisymmetrization eﬀects are small and the overlap
integral behaves very much like the radial wave function for a single particle
in the potential given by the core [17], but the overlap integral is not an
eigenfunction of the total Hamiltonian, and hence, it is not normalized to
unity. The rms radius of the wave function of the last nucleon becomes:
 ∞
 ∞
2
4
2
r drIg (r) +
r 4 drIe2 (r) + · · · = rg2 + re2 + · · · ,
(1)
rh =
0

0

where Ig (r) and Ie (r) are the overlap integrals arising from the parts of the
wave function where the nucleon orbits the ground and excited states of the
core, respectively. Inside the core of the nucleus the overlap integral involves
many-body functions, and it may be diﬃcult to calculate. At asymptotic distances where nuclear forces are vanishingly small, r > RN , for the proton case,
the overlap integral behaves as
W−ηB ,lB +1/2 (2kB r)
B
B
.
(2)
(r) → CApl
IApl
B jB
B jB
r
B
is the asymptotic normalization coeﬃcient deﬁning the ampliHere CApl
B jB
tude of the tail of the overlap integral, W is the Whittaker function [18]
obtained by solving the Schrödinger
 equation for two charged particles at neg2µ



B
− Ap
is the wave number, µAp is the
ative energy B = −Sp , kB =
2
reduced mass of particles A and p, and ηB is the Sommerfeld parameter for
the bound state (Ap). In the case the last nucleon is a neutron, outside the
nuclear potential, it only feels the centrifugal barrier, if any, and the Whittaker
function essentially becomes a Haenkel function, but the rest of the formalism
B
can be
remains the same. If the asymptotic normalization coeﬃcients CApl
B jB
extracted from any peripheral observable that is measured experimentally, in
particular from one-proton or one-neutron transfer reactions, then they can be
used to evaluate other observables for which the outer region contributes most.
It follows that the halo radius can be correlated to the ANCs in a simple way.
To have a clear halo state, a rather pure single particle conﬁguration must
dominate the wave function of the last nucleon, and therefore the ﬁrst term in
Eq. (1) dominates. For it we can further write, separating the contributions
of the interior and of the asymptotic region:
 RN
 ∞
2
4
2
2
r drIg (r) + Cg
r 2 drW 2 (2kB r)
(3)
rg =

0

RN

(in the neutron case, the second integrand contains the appropriate Haenkel
function and an extra (kB r)2 ). We may also note that Ig (r) may have more
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than one component, as is the case for the 1p3/2 and 1p1/2 components in
the 8 B case, or 2s1/2 and 1d5/2 in the 14 B case. For the halo states, the
asymptotic region, namely the second term in Eq. (3), contributes most, and
we correctly account for this most important term by using the ANC extracted
from experiment. Also, instead of totally neglecting the ﬁrst term that gives
the contribution of the interior of the nucleus, we replace it by the single
particle approximation
1/2

B
(r) = Snlj ϕnlj (r) =
Isp

Cnlj
ϕnlj (r),
bnjl

(4)

where Snlj is the (sometimes not accurately determined) spectroscopic factor
and bnlj is the single particle asymptotic normalization coeﬃcient of the normalized single particle radial wave function ϕnlj (r) calculated in a mean ﬁeld
potential. We show that the particular choice of the potential parameters (and
therefore of the overlap integral in the interior of the nucleus) does not alter
much the value given by Eq. (3) and the procedure gives a virtually model
independent rms radius rg . In Ref. [13] we used potentials of diﬀerent shapes:
Woods-Saxon, Gaussian, Morse and square-well, and of diﬀerent geometrical
parameters to illustrate this statement. In the following we shall restrict ourselves to Woods-Saxon potentials of diﬀerent geometries, as enough general to
demonstrate our point.
In order to determine the contribution of the asymptotic part of the wave
function to the halo radius, we deﬁne, as in [13]:
 ∞
Dλ (RN ) =

r 2λ drψ 2 (r)
N
R∞
2λ
2
0 r drψ (r)

1/λ
,

(5)

with λ = 1, 2, which measures the contribution of the asymptotic part to the
norm and to the rms radius, respectively.
The nuclear rms radius is evaluated according to [19],
2
=
rm

1
A 2
(Arc2 + rp2 +
r ),
A+1
A+1 h

(6)

where A is the mass number of the core, rc is the radius of the core, rp = 0.8 fm
is the proton radius, and rh is the halo radius. This formula assumes that the
core (A) behaves identically inside the nucleus (A + 1) as the free nucleus A.
The equation shows that in the limit of large nucleus (A  1), rm ≈ rc and
therefore halo states may appear only in light nuclei. The results for all cases
treated below are summarized in Table 1.
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Table 1
Halo radii (rh ) deduced from ANC method. The nuclear rms radius (rm )
is evaluated using a cluster formula [19] with core radius rc ﬁxed to HF
values. For 8 B the ANC value includes the small admixture from the p1/2
component
Nucleus
8
B
11
Be
14
B
13 ∗
C
15
C
17 ∗
O
17
F
17 ∗
F
21
Na∗

halo state
π1p3/2
ν2s1/2
ν2s1/2
ν2s1/2
ν2s1/2
ν2s1/2
π1d5/2
π2s1/2
π2s1/2

Sp(n)(M eV )
0.137
0.504
0.970
1.857
1.218
3.272
0.600
0.105
0.007

C2 (fm−1 )
0.483(50)
0.505(6)
1.09(2)
3.65(49)
1.48(18)
7.78(49)
1.08(10)
6480(680)
6.8E33

Ref.
[22]
[5]
[6]
[33]
[34, 7]
[30]
[28]
[28]
[36]

rh (fm)
4.62(24)
6.26(46)
5.46(26)
5.10(38)
5.62(68)
4.24(20)
4.45(42)
5.56(33)
5.12(38)

rc (fm)
2.33
2.46
2.65
2.42
2.59
2.64
2.64
2.64
2.81

rm (fm)
2.60(4)
2.96(8)
2.85(3)
2.70(5)
2.92(8)
2.76(2)
2.78(4)
2.88(4)
2.96(3)

3. HALO STATES IN NUCLEI
3.1. THE 8 B GROUND STATE
This is one of the known candidates for proton halo states. The separation energy of the last proton in this J π = 2+ state is very low, p = −137 keV,
and it is in a p state. In fact it is a superposition, in an unknown proportion,
of a major 1p3/2 component and a smaller 1p1/2 component, which have virtually the same asymptotic radial behavior. The asymptotic normalization
coeﬃcient for 8 B→7 Be +p, specifying the amplitude of the tail of the 8 B wave
function projected on the two body channel 7 Be+p, has been determined in
several proton transfer experiments induced by radioactive 7 Be beams, either
on deuteron targets [20] or on heavier targets, using the peripheral proton
transfer reactions 10 B(7 Be,8 B)9 Be [21] and 14 N(7 Be,8 B)13 C [22]. Concerns
were voiced about the uncertainties in the DWBA calculations used to extract
the ANC from the data on the deuteron target [23, 24], therefore we only
choose the ANC extracted from proton transfer reactions on the heavier targets. A more recent analysis [25] of uncertainties in these two reactions yielded
a weighted average ANC Cp23/2 = 0.414 ± 0.049 fm−1 . In Ref. [13], using an
2 = C2
2
eﬀective ANC value Ctot = 0.670 ± 0.034 fm−1/2 (Ctot
p3/2 + Cp1/2 ), we

found the rms radius of the proton halo to be r 2 1/2 = 4.20 ± 0.22 fm, barely
about twice as large as the rms radius of the 7 Be core nucleus rc = 2.31 ± 0.02
fm [9] Similar values for the ANC were determined from a detailed analysis of
all existing 8 B breakup data for energies at or above the Fermi energy [26, 27]:
2 = 0.483 ± 0.050 fm−1 , and, of course, a similar value was extracted for
Ctot
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the rms radius of the halo r 2 1/2 = 4.62 ± 0.24 fm. The results obtained for
the rms radius depend only on the quantum number of its orbital angular momentum and the separation energy, which are well established, and not at all,
or less, on the shape assumed for the proton binding potential and the details
of the conﬁguration of the ground state wave function (spectroscopic factors).
The eﬀect of the small binding energy of the last proton, which favors a large
extent of the wave function in the asymptotic region outside the core, is counterbalanced by the presence of a small proton-core Coulomb barrier and of a
centrifugal barrier (p-state), that act together to keep the wave function inside
the range of the core. The situation in this nucleus was treated in detail in the
previous paper [13], and we include it here for the completeness of the present
discussion. Note that the nuclear rms radius given in Table 1 is much larger
than the experimental value 2.38±0.04 [9], obtained by Glauber inversion of
interaction cross section, suggesting that this method is less sensitive when
the few body character of the halo is ignored.
3.2. THE

17 F∗ (1/2+ )

FIRST EXCITED STATE

Another known candidate for a proton halo is the ﬁrst excited state in
J π = 1/2+ , Eexc = 0.495 MeV. Two factors favor the proton in this state
to be even more extended than in the 8 B ground state: the binding energy
p = −105 keV is slightly lower, and it is in a s-wave (no centrifugal barrier). A
somewhat larger Coulomb barrier due to the larger atomic number of the core
works in the opposite direction. The extra node in the 2s1/2 wave function can
be another complication. We have determined the ANCs for the ground state
and for the ﬁrst excited state in 17 F from an 16 O(3 He,d)17 F experiment [28].
A value C 2 (2s1/2 ) = 6480 ± 680 fm−1 was obtained for the weakly bound ﬁrst
excited state. We use the same grid procedure as in [13]. The rms radii of the
2s1/2 single particle wave functions calculated in Woods-Saxon wells adjusted
to reproduce the experimental binding energy of the proton, range from 4.69
to 5.57 fm when the well parameters are varied in the reasonable range from
r0 = 1.0 to 1.3 fm and a = 0.50 to 0.70 fm. However, when we constrain the
overlap integrals to have the asymptotic behavior given by the experimental
ANC, the average over the 12 points of the (r0 , a) grid becomes r 2 1/2 = 5.56
fm, with a standard deviation of only 0.16 fm. We stress that this is equivalent
with considering correctly the second term in Eq. (3) which contributes most,
and replacing the unknown ﬁrst term that gives the contribution of the region
inside the core with the single particle like approximation, rather than totally
ignoring it, as explained above. The value of the standard deviation of the
calculated rms radii around the average value by this method is about two
times smaller than the δr 2 1/2 = 0.29 fm uncertainty in the average value
17 F,
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-3

halo density (fm )

given by the 5.2% uncertainty of the ANC determination from experiment.
Combining the two, we can conclude that the rms radius of the proton halo
is rh = 5.56 ± 0.33 fm. Searching for Woods-Saxon potentials that produce
single particle ANCs matching the experimental one (that is, with spectroscopic factor unity; a reasonable assumption for this state), we ﬁnd rsp = 5.43
fm, also within the margin of error. The value obtained is about 2 times
larger than the rms radius of the point nucleon distribution for the 16 O core
rc = 2.59 fm (obtained by subtracting quadratically the proton radius 0.85 fm,
from the experimental rms charge radius of Ref. [1]), and therefore, we can
conclude that the ﬁrst excited state in 17 F is a clear proton halo state. By
evaluating D1(2) of Eq. (5), at diﬀerent distances, we ﬁnd that, in average,
the last proton is located with 76% probability at radii r > 3.0 fm, and this
region contributes about 98% to the rms radius. For r > 5.0 fm, the numbers
are 33% and 84%, respectively, which shows again the dominant contribution
of the tail to the rms radius (Fig. 1). In this ﬁgure the halo density is deﬁned
as ρh (r) = R2nlj (r)/4π, where Rnlj (r) is the radial part of the single particle
wave function.

1
10
10
10
10
10
10
10
10
10

-1

17

F

-2
-3
-4
-5

2s1/2

-6
-7

1d5/2
-8
-9

0

2

4

6

8

10 12 14 16 18 20

r (fm)
Fig. 1 – Halo density for a proton in 17 F for the ground state J π = 5/2+ ,
E = 0.600 MeV (blue line) and for excited state J π = 1/2+ , E = 0.105
MeV (red line). Both densities are normalized to unity. Wave functions
are calculated in a Woods-Saxon potential which reproduces the separation
energy for a radius ﬁxed at the HF value 2 of the core radius and a diffuseness of 0.6 fm. The diﬀerence in the halo amplitudes comes essentially
from the combined eﬀect of separation energy and angular momentum of
the wave function.
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We expect the core excitation to give minimum contribution re (Eq. (1))
in this case because the next conﬁguration of the same spin and parity
(2+ ⊗ d5/2 )1/2+ is about 7 MeV higher in the energy spectrum and therefore
the mixing must be small. Again, the whole result does not depend on any
assumption about the structure of the state or on the single particle potential.
Furthermore, if we try to apply the same procedure to the 5/2+ ground
state of the same nucleus 17 F, we notice that the procedure does not work so
well. In Ref. [28] we found for this state the ANC C 2 (1d5/2 ) = 1.08 ± 0.10
fm−1 . Using the same grid as above, renormalizing the overlap function to the
measured ANC increases, rather than decreases, the spread of the values of
the calculated rms radii around the average value rh (1d5/2 ) = 4.45 fm. The
standard deviation is 0.42 fm, twice larger than the uncertainty due to the
experimental uncertainty in the determination of the ANC. Also the value is
much larger than the s.p. estimate of rsp = 3.70 fm. The asymptotic part of
the wave function makes a signiﬁcant contribution to the rms radius, but it
does not dominate as in the case of the ﬁrst excited state (Fig. 1, bottom).
The reasons are both the larger proton binding energy and the larger orbital
angular momentum of this state which produces a centrifugal barrier that
tends to keep the radial wave function in the interior.
The large size of the ﬁrst excited state J π = 1/2+ in 17 F was recognized
earlier by Morlock et al. from their radiative proton capture measurement at
low energies [29]. They use a careful folding procedure of the target matter
distribution with a DDM3Y eﬀective interaction, and scale it to reproduce the
experimental binding energies of both 1d5/2 and 2s1/2 orbitals, to obtain a
potential well with rms radius RF = 3.31 fm. With an assumed spectroscopic
factor equal to unity they calculate the rms radius of the loosely bound proton
in the 1/2+ state at rh (1/2+ ) = rsp (2s1/2 ) = 5.33 fm, a value very close to
what we obtained above without any assumptions about the structure of the
state (spectroscopic factor or shape of the single particle potential) other than
the orbital angular momentum and the value of the proton separation energy,
and the experimental ANC.
3.3. THE MIRROR STATE IN

17 O*(1/2+ )

The corresponding state in the one neutron nucleus 17 O was studied
by (d,p) experiments at several energies, but these are not always peripheral
reactions. It was also studied in a 16 O(4 He,3 He)17 O measurement [30]. Using
these measurements and a DWBA analysis we extracted an ANC C 2 (2s1/2 ) =
= 7.78 fm−1 for the J π = 1/2+ state at Eexc = 0.871 MeV, and consequently a
rms radius r 2 1/2 = 4.24 fm, much smaller than that of its mirror state in 17 F.
The absence of the Coulomb repulsion energy, compared to 17 F, plays here a
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double role, pushing in competing directions. First it makes the separation
energy of the last neutron to be much larger: Sn = −n = 3.272 MeV, and
therefore contributes toward keeping the neutron bound closer to the core.
Second, there is no Coulomb and no centrifugal barrier to prevent the wave
function of this state to extend far outside the nuclear core. To evaluate these
two eﬀects we vary them one at the time. If we force the proton to have the
same binding energy as the neutron p = n = −3.272 MeV, the rms radius
of the corresponding single proton wave function shrinks from 4.26 fm to 3.90
fm (not much!). Alternatively, an s neutron at the binding energy of proton
state in 17 F will have a rms radius of 12.1 fm, a much larger increase. It
appears that the presence of the Coulomb barrier is more important than the
role of the binding energy. Ref. [31] compare these two mirror states in 17 F
and 17 O, both good (= rather pure) single particle states, and observe that
the Coulomb barrier is the important factor that determine their sizes.
3.4.

11 Be

GROUND STATE

11 Be

was one of the ﬁrst examples of large one neutron halo as demonstrated by interaction cross section measurements [4]. Total reaction cross
section, core like fragment parallel momentum distributions, as well as separate contributions to the inclusive cross section coming from stripping and
diﬀraction dissociation have been measured by Negoita et al. [32] using the
telescope method, providing thus a useful test for eikonal type models of reaction mechanism. More recently, Aumann et al. [5] studied the breakup
reaction 9 Be(11 Be,10 Be+γ)X at 60 MeV/nucleon and found that the ground
state structure of the 11 Be is dominated by the intruder state 2s1/2 (80%) and
a small admixture 1d5/2 (20%) from core excited state. Using their data and
our Glauber model to calculate one-neutron knockout reaction cross sections,
we ﬁnd a rms radius r 2 1/2 = 6.26 ± 0.46 fm for the ground state of 11 Be,
the largest radius of all cases included in Table 1. This is due to the favorable
combination of all three factors contributing: is a neutron state (no Coulomb
barrier), is mostly a 2s1/2 state (no centrifugal barrier), and has a relatively
small binding energy (Sn = 0.504 MeV).
3.5. The

13 C∗ (1/2+ )

FIRST EXCITED STATE

Next we use the procedure for the ﬁrst excited state in 13 C, J π = 1/2+ ,
Eexc = 3.089 MeV. It has a somewhat large binding energy Sn = 1.857
MeV, but is also a neutron 2s1/2 state and, therefore, beneﬁts from lacking a
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4 2

r I (r) (fm)

Coulomb or a centrifugal barrier. This state plays an important role in the determination of the cross section for the neutron radiative capture 12 C(n,γ)13 C
at astrophysical energies. The ANC for this state was determined from a
12 C(d,p) experiment at E = 11.8 MeV at the University of Tokyo to be
d
C 2 = 3.65 ± 0.49 fm−1 [33]. They show explicitly in Fig. 3 that using the ANC
parametrization the result does not depend (less than 1% variation) on the parameters of the Woods-Saxon potential used to calculate the bound state wave
function of the transferred neutron, whereas in the alternative parametrization
with the spectroscopic factor, the values extracted may diﬀer by up to 45%.
If we use radial overlap integrals that have the asymptotic behavior given by
the experimental ANC, we obtain an rms radius r 2 1/2 = 5.10 ± 0.38 fm.
This is a good argument that it is a neutron halo state, because it is again
more than a factor two larger than the point particle rms radius of the 12 C
6
5

17

+

F*(1/2 )

4
3
2
1

4 2

r I (r)

0

rc
0

2

4

6

8 10 12 14 16 18 20
r(fm)

6
5

13 *

C (1/2+)

4
3
2
1
0

rc
0

2

4

6

8 10 12 14 16 18 20
r(fm)

Fig. 2 – The overlap integral in the single particle approximation for a
2s1/2 neutron halo state (in 13 C∗ )and a proton halo state (in 17 F∗ ) as a
function of radial distance r. The vertical dotted line indicate the physical
dimension of the core. The spread of the w.f. in the nuclear interior
reﬂects the uncertainty in the geometry of the single particle potential.
In the external region the w.f. match perfectly the Whittaker function
(dashed line).
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core (rc = 2.32 fm). In Fig. 2 we compare the density distributions for the
2s1/2 states in 17 F* (proton state, Sp = 105 keV) and 13 C (neutron state,
Sn = 1.857 MeV). The distributions are similar, and we see again that the
lack of any Coulomb or centrifugal barrier is important in producing this halo
state, despite a not so low separation energy for the neutron state.
3.6. THE

15 C

GROUND STATE

Another interesting example is that of the 15 C ground state. For this
nucleus we have extracted the ANC from the absolute cross section for the
one neutron breakup of 54 MeV/nucleon 15 C on a carbon target, leading to
the g.s. and ﬁrst excited state of 14 C [7, 34]. The nucleus has a relatively
small neutron binding energy of Sn = 1.218 MeV and the spin and parity
of the state are proved to be J π = 1/2+ , mostly a neutron in a 2s1/2 orbital
coupled to the ground state of the 14 C core. Comparing the breakup data with
Glauber model calculations we found C 2 = 1.48 ± 0.18 fm−1 [35]. Again, the
use of the ANC, in both analysis of the breakup data and the determination
of the rms radius, avoids unnecessary uncertainties due to the geometry of the
core-neutron bining potential, not well known for this neutron-rich nucleus.
With the ANC extracted we determine the rms radius of the outer neutron
to be r 2 1/2 = 5.62 ± 0.68 fm, more than twice as large than the radius of
the core rc = 2.59 fm. We remind that as everywhere in this paper, the error
quoted includes any systematic uncertainty arrising from the choice of the
model parameters.
3.7. THE THIRD EXCITED STATE IN

21 Na

(1/2+ )

This is a very interesting example because the binding energy of this
proton state is extremely small. Proton single-particle states in 21 Na were
studied in a careful 20 Ne(d,n)21 Na experiment at Ed = 25 MeV [36]. The data
are compared with DWBA calculations or with calculations with the adiabatic
deuteron (Fig. 3) breakup approximation [37].
The third excited state has an excitation energy Eexc = 2424.9(7) keV
(most precise value from gamma ray decay measurements [38]) and the proton
separation energy for the ground state is Sp = 2431.3(7) keV. It follows that
the proton binding energy for this state is Sp = (Sp − Eexc ) = 6.4 keV.
Energetically speaking, this state is just barely bound. The analysis of the
(d,n) angular distribution gives a clear l = 0 assignment and the absolute value
of the cross section shows that the state has an almost pure single particle 2s1/2
conﬁguration. The corresponding Whittaker function in Eq. (2) is very small
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Fig. 3 – DWBA calculation for the proton transfer reaction 20 Ne(d,n)21 Na
at Ed =25 MeV. Experimental data taken from ref. [36].

due to a large Sommerfeld parameter η = 19.25. This leads to a very large
ANC for this state C(2s1/2 ) = 8.25e16 fm−1/2 . However the rms radius found
for this state is r 2 1/2 = 5.12 ± 0.38 fm, a value which is large compared with
the point rms radius of the core nucleus 20 Ne rc = 2.88 fm, but not even twice
as large. The very low binding energy is not enough to make the size of this
state explode! However if we drop the Coulomb interaction, a neutron state
in the same potential, with the same binding energy of 6.4 keV would extend
very far, with a rms radius rn = 72 fm (and easier to evaluate analytically than
numerically, due to the very large range needed (≈ 500 fm) for the convergence
of the numerical calculation). This is essentially the same conclusion as that
from the 17 F and 17 O comparison, above. It is easy to explain by the fact
that the asymptotic behavior of the radial wave function is very diﬀerent in
the two cases:
C e−kr
e−kr
(n) 
(p).
(7)
ϕ(r)  C
r
(2k)η r η+1
When the separation energy is small, the neutron wave function drops
very slowly, due to the exponential factor, but on the contrary, for the same
binding energy, the asymptotic radial behavior of the proton wave function is
dictated by the r −η factor, and it falls rapidly out, because the Sommerfeld
parameter η increases with decreasing binding energy (Fig. 4). This keeps the
rms radius relatively small, no matter what the separation energy is, and the
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-3

halo density (fm )

examples above in 17 F and 21 Na are very clear illustrations of this phenomenon.
Further discussion is given bellow in Section 4. This is the main reason why
there are not so many proton halo nuclei, except for the two classical examples
8 B g.s. and 17 F ﬁrst excited state, whereas examples of neutron halo nuclei
are plenty.
1
10
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10
10
10
10
10
10

-1
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π
+
J =1/2
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-2
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-4
-5

n
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-9

0

2
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8
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r (fm)
Fig. 4 – (Color on line) Halo density for a proton (blue line) and neutron
(red line) in 21 Na for a 2s1/2 , Sn(p) = 0.007 MeV state. Both densities
are normalized to unity. Wave functions are calculated in a Woods-Saxon
potential which reproduces the separation energy with a radius ﬁxed at
the measured value of the core [9] and a diﬀuseness of 0.6 fm.

The important factor in the proton state is therefore the Coulomb barrier
which squeezes the wave function inside the core region, or close to it. The
corresponding 1/2+ state in the isotope nucleus with two extra neutrons 23 Na
has a proton binding energy of p = 6.403 MeV, and the size of the orbital is
squeezed down to rh = 3.60 fm.
4. PROTON HALO AT ZERO ENERGY
In the previous sections we estimated the rms for proton and neutron halo
orbitals. We expect that, while the the rms for proton halo nuclei remains
constrained when the binding energy ε → 0, the rms of the neutron halo
orbitals rapidly increases when binding energy decreases.
In this section we present a simple qualitative explanation of the diﬀerent
behavior of the rms for proton and neutron halo orbitals. The physical reason
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is a very simple: the Coulomb barrier constrains the proton rms. We demonstrate it below. The rms of the nucleon orbital is given by Eq. (1). Without
loosing generality we restrict ourselves to s-wave orbitals for simplicity.
The halo neutron rms is given by
 ∞
 RN
 ∞
2
4 2
4 2
2
dr r ϕ (r) =
dr r ϕ (r) + b
dr r 2 e−2 κ r
rg (ext) =
0
RN
0
 ∞
2
≈ b
dr r 2 e−2 κ r .
(8)
RN

It consists of two contributions, internal and external. Internal contribution
gives a small contribution and, for our purposes, can be neglected, so it is
enough to consider only the external part. For simplicity we dropped the
quantum numbers specifying the halo state. We assume that the halo state is
approximated by a single-particle wave function, i.e. its spectroscopic factor is
close to one. Then according to Eq. (4) the asymptotic normalization coeﬃcient C ≈ b. The nuclear interaction radius RN is similar to the channel radius
in the R-matrix approach and is deﬁned so that at r = RN the neutron radial
bound-state wave function, ϕ(r), can be approximated by its asymptotic term:
ϕ(r) ≈ b e−κ r /r.

(9)

RN depends on the binding energy of the neutron. For example, if the singleparticle potential is taken in the Woods-Saxon form, then RN is choosen to
satisfy,
1
< ε.
(10)
V0
1 + e(RN −R)/a
Here, V0 is the depth of the potential, R and a are the radius and diﬀuseness,
ε is the binding energy. The radius RN is close to the nuclear radius. From
Eq. (10) we get that
V0
(11)
RN ∼ R + a ln .
ε
Thus, RN increases logarithmically when ε decreases.
We can estimate now the single-particle asymptotic normalization coefﬁcient b:
R
1 − 0 N dr r 2 ψ 2 (r)
2
∞
= 2 κ e2 κ RN .
(12)
b =
−2
κ
r
RN d r e
This equation follows from the normalization condition of the bound state
wave function. Then we get
 RN


1
2 2
2 2
[2
κ
R
+
2
κ
R
+
1]
1
−
dr
r
ψ
(r)
.
(13)
rg (exp) =
N
N
2 κ2
0
For κ → 0 rg → ∞. Note that rg (exp) does not depend on the exponential
factor exp(−2 κ RN ).
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(2) The rms of the proton halo orbital is governed by the Coulomb interaction and for small binding energies is given by:
 RN
 ∞
4 2
2
dr r ϕ (r) + b
dr r 2 [W−ηf , 1/2 (2 κ r)]2 .
(14)
rg =
0

RN

Here,

ZA e2 µAp
,
(15)
κ
is the Coulomb parameter for the bound state, ZA e is the charge of the target
A, µAp is the reduced mass of the proton and the target. Using the normalization condition for the proton bound state wave function we get
R
1 − 0 N dr r 4 ϕ2 (r)
2
.
(16)
b = ∞
2
RN dr [W−ηf , 1/2 (2 κ r)]
η=

rms radius (fm)

The halo proton rms behaves diﬀerently than the neutron one when binding
energy ε decreases. While neutron halo rms increases the proton rms remains
conﬁned by the Coulomb ﬁeld. We have demonstrated it performing numerical
calculations (Fig. 5) and here we give a qualitative explanation of such a
6
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1
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Fig. 5 – Simulation of the dependence of the rms radius of a proton halo
state versus separation energy, suggesting the saturation eﬀect at zero
energy. Open circles indicate the rms radius at the physical separation
energy.

behavior. Due to the presence of the r 4 -factor in the ﬁrst integral in Eq. (14)
the contribution of the ﬁrst term is small. The second integral represents the
external contribution to the halo proton rms. For small enough κ the Coulomb
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parameter η  1 and the convergence of the second integral is deﬁned by the
denominator 1/r η rather than by the exponential factor. At large enough r,
in the region deﬁning the convergence of the integral in Eq. (14) we can use
the asymptotic expansion for the Whittaker function [18] for the s-wave:


∞

−κ
r

(lf − ηf )j (ηf + j)j 
e
.
(17)
W−ηf , 1/2 (2 κ r) =

(2 κ r)ηf 
j! (2 κ r)j
j=0

The ﬁrst asymptotic term of the Whittaker function is deﬁned not only by the
exponential term e−κ r but also the Coulomb barrier factor 1/r ηf . For small
binding energies and large enough charges the Coulomb barrier factor 1/r ηf ,
rather than the exponential factor, which provides a sharp decrease of the
Whittaker function when r increases. This Coulomb barrier factor becomes
the decisive one which governs the convergence of the integral in Eq. (14) and
just this Coulomb barrier factor keeps the rms of the proton halo limited.
For a very qualitative explanation of the external term of the rms behavior
we can assume that r 2 is a smooth function compared to a sharply dying
[W−ηf , 1/2 (2 κ r)]2 . Then taking r 2 out of the integral at r = RN and allowing
for Eq. (16) we get
 RN
 ∞
2
dr r 2 [W−ηf , 1/2 (2 κ r)]2 ≈ RN
[1 −
dr r 4 ϕ2 (r)] (18)
rg (ext) = b2
0

RN

and


rg ≈

0

RN

4

2

dr r ϕ (r) +

2
RN


[1 −

RN
0

dr r 4 ϕ2 (r)].

(19)

Thus, the halo proton rms is limited when the proton binding energy
decreases in sharp contrast to the halo neutron rms behavior.
5. CONCLUSIONS
The experimental asymptotic normalization coeﬃcient (ANC) specifying the amplitude of the tail of the many body wave function was used to
calculate the rms radius of various halo states in light nuclei. We showed that
for halo nuclear states, the asymptotic region has the dominant contribution
to observables favoring large distances from the core, like the rms radius, and
therefore the ANC is the most relevant quantity to be extracted from the data.
In particular we have shown that the ANC method gives reliable and almost
model independent rms values. The method does not depend on the spectroscopic factors of the states or on the details of the potential wells assumed in
the usual single particle description. This may become particularly important
for light, weakly bound nuclei near the drip line where major uncertainties
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about the mean ﬁeld approach exists. A variety of ground and excited states
have been studied, pointing to the important role of the Coulomb barrier,
separation energy and angular momentum in the developpement of a halo.
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