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Abstract. Binary ﬁssion observables are described within the scission-point model by
calculating the potential energy with the dinuclear system model. For the description of
ternary ﬁssion we extend the scission-point model of binary ﬁssion. The ternary system
with a light nucleus between two heavy fragments is assumed to be formed from the binary
conﬁguration near to the scission point. Charge number distributions, mean total kinetic
energies and neutron multiplicity distributions are treated and compared with the experimental data for binary ﬁssion of actinides and for ternary ﬁssion of 252 Cf accompanied by
diﬀerent light charged particles.
Key words: binary ﬁssion, dinuclear system, ternary ﬁssion, scission point model.

1. INTRODUCTION
The process of nuclear ﬁssion and cluster radioactivity was and is intensively investigated by experimentalists and theorists. Poenaru et al. were
the ﬁrst who predicted the cluster radioactivity before this decay was found in
experiment (see [1] and [2]). Despite of the large theoretical eﬀorts, our knowledge of the ﬁssion process is far from completeness and should be extended
further.
Among various models, the scission-point model [3] together with the dinuclear system (DNS) concept [4] provides a quite simple and clear mechanism
for the description of ﬁssion. The present work is devoted to the description
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of binary ﬁssion using the scission-point model and dinuclear system concept.
The ternary ﬁssion is described in an analogous manner.
We consider the ﬁssion of heavy nuclei from Th to No. There exists detailed experimental information on the ﬁssion characteristics in this region [5–
14]. Masses and charges of ﬁssion fragments, their kinetic energies, the number of neutrons emitted from the fragments after the decay were measured. In
the last two decades there were many experiments [15–20] carried out on the
spontaneous ternary ﬁssion of 252 Cf. The study of these rare processes is a
challenge for the theory and is important for the understanding of the ﬁssion
mechanism. Due to the emission of a light charged particle (LCP) from the
region between the two heavy fragments, the process of the formation of ﬁssion
fragments near the scission point becomes observable and the nuclear shape
at the scission point can be explored. Based on the experimental information,
it has been suggested in Ref. [21] that the ternary ﬁssion is a particular case
of binary ﬁssion, i.e. the LCP is formed in the process of binary ﬁssion. The
microscopic study [22] of the formation probability of an alpha-particle in the
ﬁssioning nucleus supports the hypothesis of the formation of an alpha-particle
between the heavy fragments in the last stage of the ﬁssion process. The same
conclusion follows from classical and semiclassical dynamical and statistical
treatments [23–26]. In the present work we consider the formation of the
ternary system as the second step after the formation of the binary system.
In Section 2 we consider the method of the calculation of the potential
energy of binary and ternary scission conﬁgurations. Sections 3 contains the
results of the calculations of charge distributions, mean TKE-mass distributions and neutron multiplicity distributions for both binary and ternary ﬁssion
processes. A summary is given in Section 4.
2. POTENTIAL ENERGY OF
THE SCISSION CONFIGURATION
2.1. BINARY SYSTEM
In the binary ﬁssion the ﬁssioning nucleus with the mass number A and
charge number Z is modeled near the scission point by the dinuclear system
consisting of two co-axial nearly touching axially symmetric prolate deformed
ellipsoids. The geometry of this binary system is described with the set of
parameters: the mass numbers Ai and charge numbers Zi of the fragments
(i = 1, 2), the deformation parameters of the fragments βi , and the distance
d between the centers of the fragments. To describe the deformation of the
fragments, the ratio of major (ci ) and minor (ai ) semiaxes of the ellipsoid
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was chosen as deformation parameter βi = ci /ai . The volume conservation
condition is taken into account. A schematic picture of the binary system
with the parameters is presented in Fig. 1.

Fig. 1 – Schematic picture of a binary system with the parameters
describing its geometry.

In the scission-point model the probabilities of formation of diﬀerent
scission conﬁgurations depend on the value of the potential energy of the
system at the scission point. The general expression for the potential energy
of a binary system consists of the following terms: the binding energies of the
individual fragments, the energy of interaction between the DNS fragments
and the rotational energy of the system:
U ({Ai , Zi , βi }, d, L) = U1LD (A1 , Z1 , β1 ) + δU1sh (A1 , Z1 , β1 )
+ U2LD (A2 , Z2 , β2 ) + δU2sh (A2 , Z2 , β2 )
+ V C,int ({Ai , Zi , βi }, d) + V N,int ({Ai , Zi , βi }, d)
(1)
+ V rot ({Ai , Zi , βi }, d, L),
where L is the angular momentum of the system. The energy of the i-th fragment consists of the liquid-drop energy UiLD and the microscopic shell correction term δUish . The liquid-drop energy is calculated by using the parameters
of Ref. [27]. The shell correction term is calculated in the Strutinsky prescription [28] by using the two-center shell model [29]. The interaction potential
consists of the Coulomb interaction V C,int and nuclear interaction V N,int . The
ﬁrst interaction is calculated with uniformly charged ellipsoids, while the second one with a double-folding of nuclear densities with density-dependent
Skyrme-type delta-forces [30]. For spontaneous and neutron induced ﬁssion
we take V rot = 0.
For a particular binary system at ﬁxed fragment deformations the interaction potential is a function of the distance between the two binary fragments.
The nuclear interaction has a minimum as a function of the distance, i.e. it
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is attractive for large distances and repulsive for small distances. As result
of the summation of the diﬀerent potentials, we ﬁnd a potential with a minimum which we call “potential pocket” (Fig. 2). The depth of this minimum
depends on the masses and deformations of the interacting nuclei. The depth
is larger for light nuclei and smaller for heavy ones. With increasing deformations the depth of the potential pocket decreases. For very heavy fragments,
for example, in the ﬁssion of nuclei heavier than 262 No into a symmetrical fragmentation, there is no potential pocket at any deformations of the fragments.
For lighter nuclei like U, Pu, Cf the potential pocket can exist for small deformations but disappears for larger ones. If the fragments are light, the pocket
exists at any reasonable deformation. The barrier resulting from our calculations is consistent with the existence of third minima found experimentally [31]
in some heavy nuclei and with the shell model and macroscopic-microscopic
calculations [32]. It was already earlier mentioned in Ref. [33] that the qualitative reason for such a third well is the complete formation of the fragments
at the scission point.

Fig. 2 – The interaction potential as a function of the distance between
the fragments for the system 235 U(nth , f ) →102 Zr +134 Te. The deformations β1 = 1.75 and β2 = 1.2 are taken at the minimum of the potential
energy surface. The masses and charges of the fragments are taken at the
maximum of the distribution of the ﬁssion fragments.

Due to the potential pocket the binary system lives some time before ﬁssion. The potential barrier prevents the system from immediate decay. During
this time the system achieves equilibrium between the collective and internal
degrees of freedom. This fact allows us to use the statistical approach for the
calculation of diﬀerent characteristics of ﬁssion which are mostly determined
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by the conﬁguration of the ﬁssioning system at the scission point. To obtain
charge and mass distributions of the ﬁssion fragments, distributions of the
total kinetic energies and neutron multiplicity distributions from the ﬁssion
fragments, we take the values of the potential energy at the distance d = db
corresponding to the barrier of the interaction potential. If we are interested
only in the probability of formation of the binary system (Section 3.1.2), we
have to take the potential energy at the distance d = dm where the minimum
of the interaction potential is situated.
The inclusion of deformations of the fragments of binary and ternary
systems is one of the most important features of the present model. We search
for deformations of the fragments, where the conﬁguration of the system has
minimal potential energy. Due to shell eﬀects the potential energy surface
can have one or several minima corresponding to diﬀerent deformations of the
fragments. The system lives a certain time in the scission conﬁguration and
the statistical equilibrium is achieved in the collective coordinates β1 and β2
of fragments 1 and 2, respectively. It is convenient to investigate the potential
energy surface as a function of the deformations β1 and β2 of the fragments of
the binary system. Two examples of the potential energy surfaces are shown
in Fig. 3. Due to Coulomb repulsion the fragments can be strongly deformed
compared to the ground-state deformations of the corresponding nuclei.

Fig. 3 – Calculated potential energy surfaces for the neutron induced binary ﬁssion of 236 U. The left part is for the system 96 Sr+140 Xe and the
right part for 102 Zr+134 Te. The potential energy is given relatively to the
potential energy of the compound ﬁssioning nucleus.
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2.2. TERNARY SYSTEM
For the description of ternary ﬁssion we developed a model similar to the
DNS model for binary ﬁssion. The ternary system near scission is modeled by
three co-axial ellipsoids: two heavy fragments 1 and 2, and the light fragment
3 between them (Fig. 4). The parameters of the system are the masses, charges
and deformations of the three fragments and the distances d1 and d2 between
the fragments. The potential energy of the ternary system, consisting of the
fragments with (Z1 , A1 ), (Z2 , A2 ) and (Z3 , A3 ), is deﬁned analogously to the
binary case as follows
U ({Ai , Zi , βi , di }, L) = U1LD (A1 , Z1 , β1 ) + δU1sh (A1 , Z1 , β1 )
+U2LD (A2 , Z2 , β2 ) + δU2sh (A2 , Z2 , β2 ) + U3 (A3 , Z3 )
+V int ({Ai , Zi , βi , di }) + V rot ({Ai , Zi , βi , di }, L),

(2)

with
V int ({Ai , Zi , βi , di }) =
C
N
(A1 , Z1 , A2 , Z2 , β1 , β2 , d1 + d2 ) + V12
(A1 , Z1 , A2 , Z2 , β1 , β2 , d1 + d2 )
= V12
C
N
(A1 , Z1 , A3 , Z3 , β1 , β3 , d1 ) + V13
(A1 , Z1 , A3 , Z3 , β1 , β3 , d1 )
+V13
C
N
(A2 , Z2 , A3 , Z3 , β2 , β3 , d2 ) + V23
(A2 , Z2 , A3 , Z3 , β2 , β3 , d2 ).
+V23

(3)

We consider only a light third fragment up to oxygen. Hence, the third fragment is stiﬀ and its potential energy U3 is taken at the ﬁxed deformation of
the ground state of the nucleus with (A3 , Z3 ). The parameters of radii r0 (in
fm) are set to 1.03 for 4 He, 1.12 for 8,10 Be, and 1.15 for other nuclei.

Fig. 4 – Schematic picture of the ternary system with the parameters describing its geometry (the parameters of the third particle are
not shown).

7

Binary and ternary ﬁssion

223

At ﬁxed deformations of the fragments the interaction potential is a function of two distances d1 and d2 . The potential is the sum of three Coulomb and
N is
three nuclear interactions in the three pairs of the fragments. The term V12
negligible because the overlapping of the nuclear densities of the fragments 1
and 2 is small. At ﬁxed deformations of the fragments the interaction potential
has a minimum as a function of d1 and d2 near to the touching distances. Like
in the binary case we need to calculate the potential energies for the distances
d1 and d2 corresponding to the barrier of the interaction potential. The height
of the barrier is about 1 MeV and depends on the particular way from the
minimum to the barrier in the (d1 ,d2 )-space. But this dependence is small. For
the calculations we chose the relation A1 d1 = A2 d2 , corresponding to the case
when the third particle stays at rest in the center-of-mass coordinate system.
Since the deformation of the third fragment is ﬁxed, the potential energy surface can be drawn for the ternary system as a function of β1 and β2
analogously to the binary case. In ternary systems the distance between the
heavy fragments is larger than in the binary ones and, therefore, the Coulomb
interaction is smaller. Hence, the deformations of the fragments in ternary
systems are, in general, smaller than those in binary systems.
3. RESULTS OF THE CALCULATIONS
3.1. RELATIVE CHARGE DISTRIBUTIONS
3.1.1. Binary fission
The statistical approach allows us to calculate the yields of diﬀerent
binary system conﬁgurations by using the potential energy of the system at
the scission point. The probability of formation of the system with mass and
charge numbers of the fragments (A1 , Z1 ) and (A2 , Z2 ) at some deformations
β1 and β2 is proportional to the Boltzmann factor

U (A1 , Z1 , β1 , A2 , Z2 , β2 , E ∗ )
,
w(A1 , Z1 , β1 , A2 , Z2 , β2 , E ) ∝ exp −
T
∗



(4)

where T is the temperature of the system. It depends on the excitation energy
and can be estimated by using the expression T = (E ∗ /a)1/2 , where a is
the level density parameter. For the present calculations we chose the value
a = A/12 MeV−1 which was used for the description of fusion [34]. The
excitation energy is calculated as the initial one of the ﬁssioning nucleus plus
the diﬀerence between the potential energy of the ﬁssioning compound nucleus
and the potential energy of the system at the scission point. For the calculation
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of the temperature of the system the value of excitation energy is taken in the
deepest minimum of the potential energy surface.
If one needs to calculate the relative yield of a certain system regardless
of the deformation parameters, this probability should be integrated over the
deformations:


 
U (A1 , Z1 , β1 , A2 , Z2 , β2 , E ∗ )
∗
dβ1 dβ2 , (5)
exp −
Y (A1 , Z1 , A2 , Z2 , E ) = Y0
T
where Y0 is the normalization factor. It should be noted that the statistical
approach does not allow to calculate the absolute values of the yields; one
just obtains the relative yields of the systems. Since the temperatures of
the systems considered here are about 1 MeV, only deformations near to the
minima give signiﬁcant contributions to the probabilities and yields.
In order to obtain the charge distributions one has to sum the expression (5) over the mass number A1 of the fragments


 
U (A1 , Z1 , β1 , A2 , Z2 , β2 , E ∗ )
dβ1 dβ2 .
(6)
exp −
Y (Z1 ) = Y0
T
A1

Fig. 5 – Comparison of calculated and experimental charge number distributions for neutron induced ﬁssion of 236 U and 240 Pu, and spontaneous ﬁssion of 252 Cf. The experimental data are taken from Refs. [6], [8], and [10],
respectively. The yields are normalized to unity.

In Fig. 5 we compare the experimental [6, 8, 10] and calculated charge
distributions. The agreement is good for spontaneous ﬁssion of 252 Cf and neutron induced ﬁssion of 240 Pu. In the case of 236 U the calculated charge number
distribution appears to be shifted by two units relative to the experiment [6]
towards the symmetrical charge division. The calculated distribution has a
maximum at Zr, while the experimental one at Sr. But in the experiment [35]
the yield has its maximum for Zr nuclides.
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3.1.2. Ternary fission
The calculations show that the potential energies of ternary systems in
actinides are about 20 MeV lower than in binary systems. If one assumes a
direct formation of the ternary system which competes with the formation of
the binary system, then ternary ﬁssion would have a larger yield than binary
ﬁssion. Since this contradicts the experimental results, the ternary system
is not directly formed. We assume that the binary system is formed ﬁrst,
and then the ternary system follows by extracting the light charged particle
(LCP) into the region between the two heavy fragments. The LCP is built
up from one or several alpha-particles and neutrons. Then the ternary system
decays. In this picture the charge distribution for ternary ﬁssion is strongly
ruled by the one for binary ﬁssion. Such relationships between binary and
ternary charge distributions are found in the experiment [16].
Using the statistical approach, one can estimate the relative yields of
ternary systems with a given LCP with (Z3 , A3 ). First, the relative probability
for the formation of the binary system containing the fragments with (Z1b , Ab1 )
and (Z2b , Ab2 ) is calculated as follows:
 
b
b
0
(7)
exp(−Ub (Ab1 , Z1b , β1 , Ab2 , Z2b , β2 , E ∗ )/T )dβ1 dβ2 ,
Yb (A1 , Z1 ) = Yb
where Yb0 is the normalization factor and Ub the potential energy of the binary
system at the minimum at d = dm . The sums Ab1 + Ab2 and Z1b + Z2b are equal
to the mass and charge numbers of the ﬁssioning nucleus, respectively. Then,
from each binary system several ternary systems with diﬀerent charge and
mass asymmetries can be formed by extracting one or several alpha-particles
plus several neutrons from one or both fragments. The formation of the third
particle between the two heavy fragments in the region of their interaction is
more preferable than in any other place because such a co-axial conﬁguration
has the minimal potential energy.
Examples of the formation of ternary systems from binary ones are listed
in Table 1 for 252 Cf. The system with the same charge asymmetry can be
formed from several diﬀerent binary systems. For each binary system and a
certain LCP, the relative probabilities for the ternary systems are calculated:
Yt (A1 , Z1 , A3 , Z3 , Ab1 , Z1b ) = Yt0 (A3 , Z3 , Ab1 , Z1b ) ×
 
×
exp(−U (A1 , Z1 , β1 , A2 , Z2 , β2 , A3 , Z3 , E ∗ )/T )dβ1 dβ2 ,

(8)

where Yt0 (Z3 , A3 , Z1b , Ab1 ) is the normalization factor. The potential energies
correspond to the barriers of the interaction potential because the yields for
ternary ﬁssion are of interest. To ﬁnd the yield of decay of a certain ternary
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system formed from a certain binary system, one should multiply the corresponding probabilities: Yb (Z1b , Ab1 ) × Yt (Z1 , A1 , Z3 , A3 , Z1b , Ab1 ). Finally, the
yields are summed for the systems with the same charge asymmetries and the
same LCP, and then the charge distribution is obtained:

Yb (Ab1 , Z1b ) × Yt (A1 , Z1 , A3 , Z3 , Ab1 , Z1b ).
(9)
Y (Z1 , A3 , Z3 ) =
Ab1 ,Z1b ,A1

The normalization factors in (7) and (8) are chosen so that the binary yields
as well as the yields of ternary systems from a certain binary system are
normalized to unity. Hence, the obtained charge distribution Y is normalized
to unity. The probability of formation of the alpha-particle from the heavy
fragment is practically the same for all the heavy fragments considered in the
present work (see [36]) and does not inﬂuence the relative yields.
Table 1
Examples of formation of ternary systems from binary ones in 4 He- and
10
Be-accompanied spontaneous ternary ﬁssion of 252 Cf
Binary system
102

Zr+

150

Ce

Ternary system
98

4

Sr+ He+

102

106

Mo+146 Ba

102
106

150

Ce

Zr+4 He+146 Ba
Zr+4 He+146 Ba

Mo+4 He+142 Xe

Ternary system
92

Kr+10 Be+150 Ce

98

Sr+10 Be+144 Ba
Zr+10 Be+140 Xe

102
96

Sr+10 Be+146 Ba

102
106

Zr+10 Be+140 Xe
Mo+10 Be+136 Te

The results of the calculations for the spontaneous ﬁssion of 252 Cf in
comparison with the experimental data are shown in Fig. 6. Since the binary
system Mo+Ba has the largest yield and the potential energy of the ternary
system Mo+4 He+Xe is smaller than for Zr+4 He+Ba, the ternary charge distribution with the LCP 4 He has a maximum at Mo. This is in agreement with
the data of Ref. [37], where Y (Mo+4 He+Xe)/Y (Zr+4 He+Ba)=1.6. However,
in the recent processing of the experimental data [16] the LCP 4 He seems to
be extracted with a larger preference from the light fragment and the distribution has a maximum at Zr. The width of the distribution seems to be well
reproduced in the present calculations.
For the LCP 10 Be, the maxima of the experimental and calculated distributions coincide. It should be mentioned that the distribution has a larger
width than in the case of 4 He. For the 14 C-accompanied ternary ﬁssion, the
calculated and experimental maxima again coincide, but the calculated yield
at Z1 = 36 is smaller than in the experiment. The width of the distribution is
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larger than in the case of 10 Be-accompanied ternary ﬁssion. We also present
the calculated charge distribution for ternary ﬁssion with the LCP 20 O in
Fig. 6. The tendency of the increase of the width of the charge distribution
with the charge of the LCP can be easily explained. If the LCP is heavier and
consists of several alpha-particles, then one can form more ternary systems
with diﬀerent charge asymmetries from one binary system.

Fig. 6 – Charge distributions in spontaneous ternary ﬁssion of 252 Cf
accompanied by the indicated LCPs. The calculated and experimental [16]
points are shown by open and closed circles, respectively, connected by
straight lines.

3.2. TOTAL KINETIC ENERGY OF THE FISSION FRAGMENTS
The kinetic energy of the ﬁssion fragments is an important characteristic.
For binary ﬁssion we suppose that all the interaction energy of the system at
scission transforms after ﬁssion into kinetic energy of the fragments:
TKE = V C,int + V N,int ,

(10)

where TKE is the total kinetic energy of the fragments. In the statistical
approach the mean total kinetic energy of the fragments for the ﬁssion of a
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particular binary system can be calculated using the following expression:
TKE (A1 , Z1 , A2 , Z2 ) =

TKE({Ai , Zi , βi }) exp[−U ({Ai , Zi , βi })/T ]dβ1 dβ2

.
=
exp[−U ({Ai , Zi , βi })/T ]dβ1 dβ2

(11)

It is interesting to describe theoretically the experimental TKE-mass distributions which are the mean TKE of ﬁssion fragments as a function of mass
number of one of the fragments, e.g. A1 . To obtain the TKE-mass distribution
we sum over the charge number of this fragment as follows:

TKE (A1 ) =
TKE (A1 , Z1 , A2 , Z2 ).
(12)
Z1

Fig. 7 – Calculated and experimental [5–8] TKE as a function of A1 for
neutron-induced ﬁssion of 234,236 U and 240 Pu. The points are connected
by lines to guide the eye.

The experimentally determined ﬁssion fragments are those after neutron
evaporation. The calculated quantities, however, are the primary mass and
energy distributions of the ﬁssion fragments before the prompt neutron emission. In order to reconstruct the pre-neutron yield, a Monte-Carlo simulation
was done in Ref. [6]. The emission of one neutron changes the kinetic energy by about 1 MeV [9]. Since for 234 U, 240 Pu and 250 Cf the pre-neutron
yields are not presented in Refs. [5, 8, 9], the diﬀerence between the pre- and
post-neutron TKEs at the same A1 , presented for 236 U ﬁssion in Ref. [6], is
added to the measured post-neutron TKE. Thus, the TKEs of primary ﬁssion
fragments are 1–3 MeV larger than those after neutron emission and these corrected experimental values are compared with the calculated results in Fig. 7
and Table 2.
For ternary systems we calculated the total kinetic energy of the heavy
fragments taking its value equal to the interaction energy at the scission point.
The kinetic energy of the third particle was not taken into account here. To
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Table 2
Comparison of the experimental (exp) [9–14] and calculated (th) mean
TKE of pairs of ﬁssion fragments (in MeV)
Fragmentation
Th → 98 Sr + 134 Te
232
Th → 88 Se + 144 Ba
232
Th → 114 Ru + 118 Pd
250
Cf → 74 Zn + 176 Er
250
Cf → 80 Ge + 170 Dy
250
Cf → 88 Kr + 162 Sm
252
Cf → 102 Zr + 150 Ce
252
Cf → 106 Mo + 146 Ba
252
Cf → 112 Ru + 140 Xe
252
Cf → 118 Pd + 134 Te
252
Cf → 124 Cd + 128 Sn
252
Cf → 74 Ni + 178 Yb
258
Fm → 126 Sn + 132 Sn
258
Fm → 126 Cd + 132 Te
258
No → 126 Cd + 132 Xe
232

TKEexp
168
158
153
159
164
170.5
183
189
193
200
192
230
205
204

TKEth
174
153.5
159
164.5
169
177.5
179
190
195
198
198
159
229
198
200.5

Fig. 8 – Calculated and experimental [39] TKE of the heavy fragments
as a function of A1 for spontaneous 4 He-accompanied ﬁssion of 252 Cf. The
shown points are connected by lines to guide the eye. For ﬁxed A1 , the
most probable charge splitting was found by minimizing the total energy
with respect to Z1 .

overcome the Coulomb barrier the third particle should have the kinetic energy already at scission. The mechanism of alpha-particle emission is a subject of dynamical trajectory calculations [38] and will not be discussed here.
Fig. 8 shows the comparison of the calculated and experimental [39] mean
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total kinetic energy of the heavy fragments in the spontaneous ternary alphaaccompanied ﬁssion of 252 Cf.
3.3. NEUTRON MULTIPLICITY DISTRIBUTION
Due to the excitation energy, the ﬁssion fragment can evaporate several neutrons after ﬁssion. The system at scission has the intrinsic excitation
energy E ∗ . In the case of binary ﬁssion this energy is assumed to be divided between the fragments proportional to their level densities. Since the fragments
are deformed at scission, the relaxation of the deformations to the groundstate values takes place after ﬁssion and the energies Eidef of deformations are
transformed into the intrinsic excitation energies Ei∗ of the fragments.
ai
+ Eidef ,
(13)
Ei∗ = E ∗
a1 + a2
where a1 and a2 are the level density parameters of the nuclei which are
expressed by the following formula [40]


1 − exp{−(E − Ec )/ED } sh
δUi
.
(14)
ai = ãi (Ai ) 1 +
E − Ec
Here, the parameters a˜i (Ai ) are taken proportional to Ai , and Ec is the energy
of condensation which reduces the ground state energy of a Fermi gas by
2 MeV.
To calculate the neutron multiplicity distribution, the following expression is used:
Ei∗
,
(15)
νi  =
Bni + 2Ti
where Bni is the energy of separation of the neutron and Ti is the temperature
of the fragment, Ti = (Ei∗ /ai )1/2 . For small excitation energies, Bni is taken
as the separation energy of the ﬁrst neutron. In the case of high excitations,
Bni is assumed as the average over the separation energy of the ﬁrst and
second neutron. The term 2Ti is included to describe the kinetic energy of the
evaporated neutron [41].
The calculated neutron multiplicity from individual fragments in binary
ﬁssion of 252 Cf is compared with the experimental data in Fig. 9. Since the
mean kinetic energies of the ﬁssion fragments are well described with the
approach presented, the calculated excitation energies of the fragments as well
as the neutron multiplicities are in good agreement with the experiment [15].
Neutron multiplicity calculations for ternary ﬁssion are similar to binary
ones. The excitation energy of the LCP is assumed to be small. To overcome
the Coulomb barrier, the LCP obtains the energy E LCP in the considered
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scission conﬁgurations. Therefore, the intrinsic excitation energy of the ith
heavy primary fragment (i = 1, 2) of the ternary ﬁssion is
ai
+ Eidef .
(16)
Ei∗ = (E ∗ − E LCP )
a1 + a2
To calculate the neutron multiplicity distribution, the same expression (15) as
for the binary case is used.

Fig. 9 – Neutron multiplicity of the ﬁssion fragments in the spontaneous
binary (upper part), 4 He- (middle part) and 10 Be-accompanied (lower
part) ternary ﬁssion of 252 Cf as a function of the fragment mass number A1 . The experimental data [15] are shown by closed circles. The
results, calculated with excitation energies E1∗ and E2∗ from Eq. (16) and
with E1∗ → E1∗ − 2 MeV and E2∗ → E2∗ + 2 MeV for 4 He-accompanied
ﬁssion, are presented by open circles and triangles, respectively.

In alpha-accompanied ternary ﬁssion, the TKE of the heavy fragments,
which is equal to the interaction energy V int at scission, is in good agreement
with the experimental values as shown in Fig. 8. The alpha-particle obtains a
kinetic energy E LCP of about 16 MeV from the excitation energy to overcome
the Coulomb barrier (this fact follows from dynamical calculations [38]). The
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calculated number of neutrons emitted from the ﬁssion fragments in spontaneous alpha-accompanied ternary ﬁssion of 252 Cf is compared with experimental data [15] in Fig. 9. The results obtained with E1∗ and E2∗ from Eq. (16)
do not so well agree with the experiment as with E1∗ → E1∗ − 2 MeV and
E2∗ → E2∗ + 2 MeV, but are still satisfactory.
For 10 Be-accompanied ﬁssion, the mean kinetic energy of 10 Be is about
18 MeV [15, 16]. But in Ref. [15] the neutron multiplicities were measured with
the low energy cut-oﬀ for 10 Be of 26 MeV. Therefore, for comparison with the
data [15] E LCP = 26 MeV was taken, and we deal with data on the neutron
multiplicity only for a part of 10 Be-accompanied ﬁssion. Note that for 4 He
the cut-oﬀ is smaller than the mean kinetic energy of 4 He. Again Eqs. (14)
and (16) were used in the calculation of Ei∗ (i = 1, 2). The comparison of
the calculations with the experiment is presented in Fig. 9. As in binary
ﬁssion, the dependence of ν(A1 ) in ternary ﬁssion looks like a “saw-tooth”
curve. For 4 He and 10 Be as LCPs, the values of ν(A1 ) are almost the same in
the vicinity of A1 = 132, indicating the importance of the shell structure at
Z = 50 and N = 82. The present model also predicts the same “saw-tooth”
curves for heavier LCPs. The quite good description of neutron multiplicities
results from the possibility of the present approach to determine the excitation
energies of ﬁssion fragments, as well as their kinetic energies.
4. SUMMARY
In the present work a scission-point model for the description of binary
and ternary heavy nuclear ﬁssion is developed. Based on calculations of the
potential energy of the ﬁssioning system at the scission point the statistical
approach reproduces the mass, charge and kinetic energy distributions for binary and ternary ﬁssion, and the neutron multiplicity distribution from ﬁssion
fragments.
In binary ﬁssion the nucleus at scission is described within the dinuclear system model, which allows to set the mass and charge numbers of the
fragments independently as well as their deformations. The dependence of
the shell eﬀects on deformations of the fragments plays an important role in
the calculation of ﬁssion characteristics. With the potential energy of diﬀerent scission conﬁgurations, we proposed a method to calculate the mass and
charge distributions. The calculated results of charge distributions agree well
with the experimental data. The total kinetic energy (TKE) of the fragments
is assumed as the value of the interaction potential at the scission point. The
experimental dependence of the mean TKE of the ﬁssion fragments on the
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mass of the light fragment is well reproduced. By using the calculated excitation energies the number of neutrons emitted from each ﬁssion fragment is
obtained. The dependence of the number of neutrons on the fragment mass is
in a good agreement with the experimental data.
For ternary ﬁssion we developed a model analogous to the scission-point
model of binary ﬁssion. The ternary ﬁssion is considered as a two-step process. In the ﬁrst step the binary system is formed, in the second step the third
light charged particle (LCP) originates from one or several alpha-particles and
neutrons in the region of interaction between the two binary fragments. The
potential energy for the ternary scission conﬁguration is calculated analogously
as in the binary case. Using the values of the energies of ternary scission conﬁgurations we obtained the probabilities for the formation of ternary systems
from diﬀerent binary ones. Taking into account the probabilities for the formation of binary systems we calculated the charge distributions of ternary
systems for the spontaneous ternary ﬁssion of 252 Cf accompanied by the LCPs
4 He, 10 Be, 14 C, and 20 O. The results are in agreement with the experimental
data. The kinetic energy of heavy fragments as well as the neutron multiplicity
distributions are also well reproduced.
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