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Abstract. This paper presents an original HSDT deformation hypothesis, which satisfies the
Saint-Vénaut correlation, some of the Cauchy conditions and —for the very first time- the Gay conditions. In
some cases — when the bar is thin enough — this deformation theory can be simply reduced at the well-
known Bernoulli hypothesis.
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1. INTRODUCTION

It is known that the success in action of modeling the elastic behavior of
composite materials depends mainly on quality of the elastic deformation
hypothesis that is used in order to reach this purpose. This paper presents a
hypothesis like this based on a HSDT (third order) field of elastic displacements.
Thisfield presents also an advantage: it can take avery simple form in case of thin
bars: the well — known Bernoulli hypothesis.

2. THEORETICAL CONSIDERATIONS

We will consider a right composite bar having a rectangular section. Let's
note the length of the bar with L, the bar’ s section having the dimensions B and H.
WE'll consider that the bar has a constant section and — very important — it remains
right in its non deformed status. The bar has its own reference system Ox;XoXs
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positioned the way that the plane Ox,x; is parallel to the plane of the section the
Ox4, axis being positioned on the length of the bar.

If the bar is not a homogeneous one, we can apply a homogenization theory
like the one that had been presented in [1]. In this case the Ox; axis can be
considered as describing amasic and elastic symmetry.

In conditions like those presented we'll consider an elastic displacements
field:

w={o} {7}, @
where {T} :{E;TZ;E}t is the unit vector basis of the Ox,x,x; reference system and

{W} :{V\ﬁ,wz,w3} is the column vector of w.
Our assumption is that:
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where:

1 o ={u}'{7} ={uuzus}{i} characterizes the displacement of the elastic
center of the bar section;

2. q={q}'{i} ={0a;q2;q3}t{f} characterizes the total rotation of the section
of the bar. We have: T =(x,t) and q=q(x,t);

3. 7 ={0;%; x3}{T} describes the position of a point of the bar considered in
its own section, which section is characterized by its x; coordinate.

4.1 ={O;ax2;bx3}t{f} is a vector, very much like 7, where a, b are
number s depending on the form of the bar section;

5.7 ={0;] 5] 3}{?}t is a vector that considers the rotations of the bar

sections only around the x, and X axis:

— fus .. _ Tu,
- +_1 - ] 3
J2=0y ™ ] 3=03 % ©)

u , , . .
Ugs =— and uy, - Ju, describes the rotations of the sections due to simple
, % :

bending (Bernoulli); we have: j* =) (x,t).
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6. Ty :{0; kax3; kbxg}{f} is a correcting vector, k being a corrector (scalar)
having no physical dimension.
The vectoria relations (2) produces[2], e ementarely, the following relations:
: W = Uy - Gg% +0pXg - @) 2X5%g +bj %08 +
i +(1- K)aj 3 + (k- Dbj 4§
: Wo = Uy - Oh X3
¥ Wa = Uz + (X5

In case we are considering a homogeneous bar (or a“homogenized” bar) [3, 4]
we put:

(4)

4 4 14
a=?;b=m;k=3; (5)
So, (4) becomes, with (3):

i 4
':'Wl=U1‘ Q3X2+Q2X3+F(Q3 ‘Huz) X, X2 - ( + 3)X2X3
;
4 . fu 4 fu ,
}_ - E(% 2) §m dz +ﬂ_xj)xg 4)

: Wy = Uy - Oh X3
TWs =Uz + 0 X;.

It can be elementarely proved that, using a matrix formalism (4) becomes,
taking account of (3):

{w} ={u} - [r]{q} - gr]m[r][r] +1—:[r1[D][D][T]§{j }, (5)
where;
é y
60 - %0 €00 oq goi %4
=gx ©0 04 (D= ‘f‘0x3 pM=9 5 o (6)
%XZOOH 80 0 xf & 4 0
€0 0 —u
) B2(0

It can be elementarely verified that the Saint-V énant conditions are respected:



800 Sabin Rizescu et al. 4

[SVI([DK{w}) ={C}, (7)
where;
e T Tu
&= 0 0 0 —— "
gﬂ_xl fixs ﬂng
e 1 1 10
D]=¢0 — 0 —/— 0 —— 8
P20 % 0w 0wl X
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e u
¢ o S G SO (G VU N W00 7
] Tafxo 2 ™l 2 T 2 15

are the operator [D] of the linear-elastic deformations and [SV] is the Saint-V énant
operator.

Considering an ortothropic elastic symmetry the constitutive equation of the
material of the bar is:

{s} =[C1(IDI{W}); (10)

where [C] istherigidy matrix:
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€C11 Gip Cuzs 0 0 0 0
U
ngzn Coo2 Gz 0 0 0
6 0O 0 oO0u
c] =2C3811 ngzz 03833 . O (1)
§: 2323 U
€0 0 0 0 Cgy 0U
e0 0 0 0 0 GCppg
where:
Ciw =Cjiw =Cijik =Cuij» 1.J,k=13 (12)
and:
t
{s} ={511:522:533:523:513:S 12} (13)

isthe very well known strain column vector.
Using (3) in (8) it result a very important issue:

S,3 =S5 =0 (Cauchy). (13)

The Gay conditions [5] for abar like thiswhich is studied take the following
particular form:

@‘gr][T][f][r] +%[r][D][D][T]E{j yds={a},

S

(‘ﬁrlér][T][r][r] +1—;[r][D][D][T]g{j }ds={0} , (14)
S

the bar being considered a homogeneous one. In (14) we noted S as the bar section
surface.

The fact of the matter is that the Gay conditions [5] are taking the next form,
in case of homogeneous bars, that el ementarely results from the matrix form (14):

@PwmdS=0; @Pw.dS=0; EPWsdS=0;

S S S (15)
@PM*dS=0; @PwxsdS=0,

S S

where we have been noted:
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Dw, =

BZJ 2X5%g + 2] X5 —

5 4. 5
982]32 9H212X3

Dw; = -ty X,
Dws =gy %,.

So, therelations (14) or (15) are, in fact, the following:

B H
@PWL0S = qPw.dxadxs = - 0 i‘)d > gx3dx3 =0,
® > 2 2

B H

2
@PWLAS = PVsdxdxs =g OXdX, X3 =0,
S s B

.B .H
2 2
B H
2 2
@‘j)/\ﬁxzd8=@‘0<2[)v\ﬁdx2dx3=+ 513 oxzdx2 O X2dxs -
S s H
'E T2
B H B H
4. 2 2 5 4. 2 2
" g2l 2 OX3dx, () Xatlxs - 5?1 3 X5 ()dxs +
B H .B H
2 2 2 2
B H B H
4 2 2 4] 3 2 Xg 2
X,0X, ) X3dx ——3><—2 X3
9H212(322(H)33H 3l s 3| 4
2 T2 2 2
B H
5. 45 %52 2 4, 1aB® B3oaH3
- IXC 2 XL XK = et e
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(545 1a8% B0 jgHB® jSHB®
9 B2 5§32 32, 36 %

(16)

(17)

(18)

(19)
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3. CONCLUSIONS

We conclude that for an orthotropic homogeneous right composite bar, free
of tensions on its frontier, we have at our disposa a displacements field of third
order (HSDT) that satisfies some very important i ssues:

— it satisfies the Saint-V énant, conditions of compatibility;

— S,3=S3, % 0, onthefrontier;

—the Gay conditions are satisfied, so we can assimilate the deformed section

with aplane one;

—the displacements field, in its matrix form, is written using some significant
issues concerning the form of bar section, issues that have important
geometrical interpretation.

This paper is only a very small contribution added to the generally resuming
effort to step beyond the Bernoulli-hypothesis which simply doesn’t work in case
of non-homogenous (composite) materials.

The work isfar from being finished.

The theoretical research must be continued, at least for homogenous
materials, in order to reach a deformations hypothesis that could satisfy more in
terms of the condition to be the strain-stress status is zero on the frontier (here we
haveonly s,3 =S5, =0).

In case of non-homogenous materials we shall use a “homogenization
method” combined with this (or a better one) displacements field.

Elsewhere, we must be fair and recognize that all considerations we made are
available only in case of right bars. The case of curved bars raises some particular
difficult problems and must be treated separately. Also the bars (whatever they are
right or curved) which are not tensions free on the frontier rises some enormous
difficulties of studying them.

Finally, we have to add that in case of non-homogenous bars is not
appropriate to combine whatever homogenization method with no matter HSDT
deformation theory; it must be verified the compatibility of strain-stress conditions
between whatever two constituents of the composite material and the strain-stress
conditions on the frontier of the material.
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