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Abstract. A theoretical and experimental analysis of two applications of the 42m electrooptic modulator is performed in the time and in the frequency domains. The analysis refers to the
case of a harmonic electric input signal. The two applications are that of frequency transmitter, when
the modulation is linear and the output signal has the same frequency as the modulating voltage, and
that of frequency doubler, when the modulation is not linear but the output is a clean harmonic signal
with twice the modulating frequency. Experimental recordings of the output signal and of its
frequency spectrum are given, as function of the amplitude of the modulating voltage. The recordings
are presented in comparison to some graphical representations of the output, resulting from the
theoretical considerations. By means of a Bessel analysis, conditions for achieving single-frequency
outputs are obtained.
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1. INTRODUCTION
The modulation of the state of optical polarization is widely encountered in
fields like the optical transmission of information [1] and the dynamic ellipsometry
[2]. The purpose of the modulation process, depending on the application for which
it is performed, can be either to obtain an output signal which is undistorted with
respect to the one applied at the input [3], as in the optical transmission of
information, or to obtain certain information from the nonlinearities which occur in
the process, as modifications of the spectral structure of the output signal with
respect to the one performing the modulation [4]. This last situation is of interest in
the dynamic ellipsometry.
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The polarization state modulation can be performed in a variety of ways,
some of them being presented in Refs. [5–7]. What we will theoretically and
experimentally analyze is the longitudinal electro-optic effect in crystals of class
42m . The modulation process is performed by applying on the crystal a harmonic
time-varying voltage and is converted in intensity modulation by using at the
output a detector which is a square-law converter. A continuous voltage is
simultaneously applied in order to set the point on the transmission characteristic of
the crystal in the vicinity of which the modulation process will take place.
Depending on this point, one can distinguish some particular cases, two of
which will be analyzed: the case in which the modulation is performed at the
middle of the linear portion of the transmission characteristic and the case in which
the modulation is performed at the bottom of the transmission characteristic (with
no continuous voltage on the crystal). A low-amplitude input signal leads to
different outputs in the two above mentioned situations. In the first, the output is a
clean harmonic signal having the same frequency as the modulating voltage, which
makes the modulator function as a frequency transmitter (linear modulation). In the
second, the output is a clean harmonic signal with twice the modulating frequency,
which makes the modulator function as a frequency doubler.
In both situations, the increase of the amplitude of the modulating voltage
can lead to a modification of the time-varying form and spectral structure of the
output signal. This modification will also be an object of our theoretical and
experimental analysis, because, in certain applications, as we have previously
mentioned, the nonlinearities of the modulation process have a practical importance.
2. THE MODULATION ARRANGEMENT

The modulation arrangement is presented in Fig. 1, in which A is an ADP
electro-optic crystal. The modulation is performed by applying a voltage between
two semitransparent electrodes, placed on the anterior and posterior sides of the
crystal (with respect to the OZ axis). By construction, the electrically induced axes of
the crystal (O′X′, O′Y′) make a 45° angle with the major axis of the input polarizer
IP. The output polarizer OP has the role of selecting the linear polarization
component of the modulated light, to be detected by the photo-detector PD.
The applied voltage has a continuous and also a time-varying component,

U = U0 + Um sin ȍt ,

(1)

and by the electro-optic effect it determines the appearance of a retardance 2δ
between the linear polarization components along the two electrically induced axes
of the crystal. The retardance will also have a constant term, 2δ0, and a harmonic
one, of amplitude 2Γ, given by the formulae:
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U
2δ0 = 2 π n03r63U0 = π 0
λ0
Uλ / 2

and

U
2Γ = 2 π n03r63Um = π m ,
λ0
Uλ / 2
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(2)

where n0 is the refractive crystalline index in the absence of any voltage, r63 is one
of the non-vanishing electro-optic coefficients for a crystal of class 42m and λ0 is
the vacuum wavelength of the incident light. Uλ / 2 is the voltage for which the
induced retardance is π, known as the half-wave voltage of the crystal. Thus, the
expression of the phase difference is:
2δ = 2δ0 + 2Γ sin Ωt = 2δ0 + π

Um
sin Ωt .
Uλ / 2

(3)

Fig. 1 – Modulation arrangement:
L – Laser light source; IP – input
polarizer; A – ADP modulator;
OP – output polarizer; PD – photodetector.

3. THEORETICAL ANALYSIS

We consider the light beam monochromatic and totally polarized, making the
Jones formalism well suited for its description. Because the major axis of the input
polarizer is set horizontally, we will perform the calculi in the OXY coordinate
system, which provides less complicated results.
The Jones matrix M of the modulator is that of a linear retarder with 45°
azimuth and variable retardance,

ª cos δ i sin δ º
M=«
»,
¬i sin δ cos δ ¼
which leads to the following reduced Jones vector of the modulated light:
ªeiω0t º ª cos ( δ0 + Γ sin Ωt ) º
ª Eox º
=
M
«
»=«
»=
«E »
¬ oy ¼
¬ 0 ¼ ¬i sin ( δ0 + Γ sin Ωt ) ¼

(4)

1090

V. Manea, M. Mogîldea

4

∞
∞
ª
iπ
ª
º
ª
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J 2 k ( Γ ) ei ¬ω0 + 2 k Ω ¼ t + e 2 sin δ0
J 2 k −1 ( Γ ) ei ¬ω0 +(2 k −1)Ω ¼ t »
« cos δ0
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∞
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« e 2 sin δ
¼ + cos δ
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J2k ( Γ ) e ¬ 0
J 2 k −1 ( Γ ) e ¬ 0
0
0
«
»
k =−∞
k =−∞
¬
¼

¦

¦

¦

¦

where J(Γ) are the Bessel functions of the first kind.
The phase difference between the different harmonic components of the
modulated light is not constant in time, because their angular frequencies are
different. Nevertheless, after a period of 2π/Ω, any relative phase configuration is
reproduced, so that the spectral components are coherent, in the sense of
generalized coherence [9], which determines the beats at the intensity level and,
more generally, in a spatio-temporal detection, of the intensity waves [10].
The electrical signal given by the photo-detector is directly proportional to
the intensity of the light beam emerging from the output polarizer. The intensities
of the polarization components Eox and Eoy have the following expressions, which
can also be considered, without changing the notation, as expressions of the output
signal, obtained by a proper positioning of the output polarizer:
2
I ox = 1 Eox = 1 cos2 ( δ0 + Γ sin Ωt )
2
2
2
I oy = 1 Eoy = 1 sin 2 ( δ0 + Γ sin Ωt ) .
2
2
The harmonic structure of the two time-varying forms is the following:

∞
°
ª
º
I ox ,oy = 1 ®1 ± cos2δ0 « J 0 ( 2Γ ) + 2 J 2 n ( 2Γ ) cos2 nΩt » B
4°
«¬
»¼
n =1
¯

(6)

¦

ª ∞
º ½°
B sin 2δ0 « 2 J 2 n −1 ( 2Γ ) sin(2 n − 1)Ωt »¾ .
«¬ n =1
»¼ °¿

(7)

¦

As one can see in the above expression, the output signal generally has a
complex form, containing, apart from the fundamental modulation frequency, all
its odd and even harmonics. Their amplitudes depend on the values of the Bessel
function in 2Γ = πU m / Uλ / 2 , so that the higher order harmonics appear by increasing
the amplitude of the modulating voltage. The signals corresponding to the two
orthogonal polarization components only differ by a 180° relative phase shift.
Thus, the analysis of the nonlinearities which occur in the modulation
process, or of the conditions for achieving a clean harmonic output, imposes the
substitution of 2Γ in Eq. (7) by πUm / Uλ / 2 which introduces the relevant parameter
for the analysis (not Um, but the fraction it represents with respect to the half-wave
voltage of the crystal).
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As we have mentioned in the Introduction, we will focus on two particular
cases, with respect to the value of the continuous component of the input signal. In
the first case, there is no continuous voltage on the crystal (U0 = 0), while in the
second case, the value of the continuous voltage is equal to the quarter-wave
voltage of the crystal (U0 = Uλ/4 = Uλ/2 /2).
a) U0 = 0. In this case, only the even order harmonics are present in the
output signal:
I ox ,oy

∞
ª
º
§ Um ·
§ U ·
1
= «1 ± J 0 ¨ π
± 2 J 2 n ¨ π m ¸ cos2 nΩ t » .
¸
4«
© Uλ / 2 ¹ n =1
© Uλ / 2 ¹
»¼
¬

¦

(8)

For a low-amplitude modulation, the output is a clean harmonic signal with
twice the modulating frequency. As the experimental recordings will confirm, in
order to discuss the conditions for the output to be undistorted with respect to the
harmonic form, one must only refer to the first two Bessel amplitudes of the
different harmonics. For example, in Eq. (8), the fourth harmonic J4 takes
important values, distorting the signal, before the sixth begins to increase.
As a general condition for obtaining an undistorted output signal, we consider
sufficient to have an amplitude of the modulating voltage for which the distorting
Bessel amplitude is with at least two orders of value under the one of the main
frequency. In the case of no continuous voltage, the main frequency is twice that of
the modulating signal, while in the case in which U0 is equal to the quarter-wave
voltage, the main frequency is the modulation frequency itself. For making some
quantitative evaluations, we will use the following approximation for the Bessel
functions of small argument (which is the case in our discussion) [11]:
J n ( x ) = n1 x n .
2 n!

(9)

As we have previously mentioned, the two relevant Bessel functions for the
case of no continuous voltage are J2 and J4, leading to the following condition for
obtaining a clean double-frequency output signal:
2

2§ U
·
J 4 / J 2 ≤ 0.01 ⇔ π ¨ m ¸ ≤ 0.01  U m ≤ 0.22Uλ / 2 .
48 © Uλ / 2 ¹

(10)

This means that the amplitude of the modulating voltage must be less than
22% of the half-wave voltage of the crystal.
If the amplitude of the input signal is increased sufficiently, a “hump” is
produced on the upper side of the output signal (Fig. 2). The condition for the
occurrence of this situation can be obtained by performing the temporal derivative
of the output signal and by imposing on it to have a point of annulment on the
interval (0, T/4), where T is the period of the modulating voltage:
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Fig. 2 – Theoretical representation
of the asymmetric “humps”.

dI oy
=0
dt

(

)

ª U
º
(11)
sin « π m sin(Ωt ) » cos(Ωt ) = 0,
t ∈ 0, π .
2Ω
¬ Uλ /2
¼
This condition arises from the fact that the number of points of local
extremum for the first quarter-period (open interval) is equal to the number of
“humps”. The local extremum corresponding to the left “peak” (the one of interest)
is determined by the annulment of the sine factor. This is possible for the first
quarter-period only if U m > Uλ / 2 . Thus, the first “hump” appears when the
amplitude of the modulating voltage exceeds the half-wave voltage of the crystal.
If the amplitude of the input signal is increased even more, the “hump”
becomes deeper, until it reaches the lower side of the output signal and a second
“hump” begins to arise from it (Fig. 3). The general condition for the appearance of
the n-th “hump” derives from considerations similar to the previous and requires
for the amplitude of the modulating voltage to become n times greater than the
half-wave voltage of the crystal.
b) U0 = Uλ/4. The constant retardance 2δ0 is π/2, so Eq. (7) becomes:
⇔

∞
ª
§ U
I ox ,oy = 1 «1 B 2 J 2 n −1 ¨ π m
4«
© Uλ /2
n =1
¬

¦

º
·
¸ sin(2 n − 1) Ωt » .
¹
¼»

(12)

In this case, only the odd harmonics are present in the spectrum of the output
signal, so a linear modulation is possible. In this sense, the relevant Bessel
functions are J3 and J1, so, according to the general condition enounced at point a),
in order to have a reasonably linear transmission of the signal, its amplitude must
have a value that satisfies the following relation:
2

J3 / J1 ≤ 0.01



π2 § U m · ≤ 0.01  U ≤ 0.15U ,
λ/2
m
24 ¨© Uλ / 2 ¸¹

so it must be less than 15% of the half-wave voltage.

(13)
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Fig. 3 – Theoretical representation
of the output signal for U m = 2Uλ / 2
(uper) and U m = 3Uλ / 2 (lower).

By increasing the amplitude of the input signal beyond a certain limit, a pair
of symmetric “humps” appears in the time-varying form of the output (Fig. 4).
Again, the exact value of this limit can be obtained by performing the temporal
derivative of the output signal and by imposing on it to have a point of annulment
on the first quarter-period (open interval):
dI oy
=0
dt

⇔

U
ª
º
sin « π + π m sin(Ωt ) » cos(Ωt ) = 0,
2
U
λ/2
¬
¼

(

)

t ∈ 0, π .
2Ω

(14)

This time, by analyzing the above condition, it results that the first pair of
“humps” appears when the amplitude of the modulating voltage exceeds the
quarter-wave voltage of the crystal (Um > Uλ/2/2). The evolution of the humps with
the increase of the amplitude of the input signal resembles that of the previous
case, the difference being that this time the “humps” appear always in pairs. For the
appearance of the n-th pair of “humps” the amplitude of the input signal must
become n-1/2 times greater than the half-wave voltage of the crystal.
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Fig. 4 – Theoretical representation
of the symmetric “humps”.

4. EXPERIMENTAL RECORDINGS
For performing the experimental recordings, the employed photo-detector
was connected to a computer, which was responsible for the acquisition and digital
processing of the output signal. With the aid of a virtual oscilloscope program, the
time-varying form of the output signal could be displayed on the monitor of the
computer, together with its frequency spectrum. The images that we recorded are
presented in this section.
Again, we refer to the particular cases in discussion (U0 = 0 and U0 = Uλ/4).
As a general observation, the presented figures confirm the theoretical
expectations, more specifically, in the first case only the even order harmonics
appear in the frequency spectrum, while in the second, only the odd order ones.
a) U0 = 0 – in Fig. 5 (upper) one can see the clean double-frequency output
for low-amplitude modulation. The asymmetric “humps” are presented in Fig. 5
(lower), for an amplitude of the modulating voltage which exceeds the half-wave
voltage of the crystal.
In Fig. 6, one can see the output signal for higher amplitudes of the
modulating voltage, leading to the appearance of the higher order “humps”. The
recordings correspond to one of the cases theoretically represented in Fig. 3, and
one can see that they confirm the expectations.
b) U0 =Uλ/4 – This is the case in which a linear process of modulation can be
achieved for low amplitude modulating voltages (Fig. 7).
The distortions produced by increasing the amplitude of the input signal are
presented in Fig. 8, more specifically the first pair of symmetric “humps” (upper),
for an amplitude which exceeds the quarter-wave voltage of the crystal, and the
second order pair of symmetric “humps” (lower), for an amplitude which exceeds
by more than one and a half times the half-wave voltage. By analyzing Fig. 8 (upper),

Fig. 5 – Double frequency output (upper) and asymmetric “humps” (lower) – U0 = 0.

Fig. 6 – Output for Um = 3Uλ/2 (U0 = 0).

Fig. 7 – Output in the case of linear
modulation (U0 =Uλ/4).

Fig. 8 – Symmetric “humps” (upper) and double “humps” (lower) output ( U0 =Uλ/4).
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it becomes evident that the third harmonic is responsible for the distortion of the
clean output signal in Fig. 7, before the amplitude of the fifth harmonic takes
significant values.

5. CONCLUSIONS
The electro-optic modulator of type 42m was theoretically and
experimentally analyzed, as function of the two main controllable parameters: the
continuous and the alternative voltage applied on the crystal. The output signal was
directly proportional to the intensity of the beam emerging from the output
polarizer, leading to the time-varying forms expressed in Eqs. (6).
The theoretical and experimental analysis was concentrated on two cases of
modulation, corresponding to the most common values of the continuous voltage,
U0 = 0 and U0 =Uλ/4. One could see that, in the two analyzed cases, the output
signal contains either the even, or the odd harmonics, respectively.
By performing a Bessel analysis of Eqs. (8) and (12), conditions were
achieved for obtaining a clean double frequency signal, when U0 = 0, and for
having a linear process of modulation, when U0 =Uλ/4, in other words, for the
modulator to function as a frequency doubler or as a frequency transmitter,
respectively. Furthermore, the specific forms of the nonlinearities which occur in
the modulation process were theoretically described (making also use of some
graphical representations) and rigorous conditions were given for the obtainment of
each specific form. The evolution of the modulation distortions was experimentally
illustrated in the two mentioned cases, and the theoretical expectations were
confirmed by the experimental recordings.
We equally emphasized in our analysis the linearity and the nonlinearities of
the modulation process because of their practical importance. In the optical
transmission of information, the interest is to obtain a high linearity of the
modulation, with a greater tolerance for the amplitude of the input signal than the
one offered by Eq. (13). This can be obtained, for example, by means of a multistage modulator, as is described in Ref. [3]. On the other hand, the modifications of
the spectral structure of the output signal are important in the dynamic
ellipsometry, where such modifications hold the relevant information concerning
the analyzed system [12, 13].
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