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Abstract. We give an overview of recent results obtained in the study of discrete surface
spatiotemporal optical solitons (“discrete surface light bullets”). We analyze spatiotemporal light
localization near the edges of semi-infinite arrays of weekly coupled nonlinear waveguides and in the
corners or at the edges of truncated two-dimensional photonic lattices and demonstrate the existence
of novel classes of continuous-discrete spatiotemporal optical solitons. We study the existence and
stability of the families of discrete surface light bullets and compare their properties with those of the
spatiotemporal nonlinear modes located deep inside the one- and two-dimensional photonic lattices.
Key words: spatiotemporal optical solitons, light bullets, discrete solitons, surface solitons.

1. INTRODUCTION
In the past years there has been an increasing interest in the study of localized
structures of light, which defy either diffraction or dispersion and represent the
particle-like counterpart of the more common nonlocalized (extended) light
structures. Optical solitons are packets of localized electromagnetic radiation that
propagate without spreading out despite diffraction or group-velocity dispersion
(GVD) [1–5]. The optical media that might sustain such localized self-guiding light
structures should be nonlinear; their refractive index should be dependent on the
light intensity. It has been shown that different types of optical nonlinearities, such
as absorptive, dispersive, second-order (quadratic), third-order (cubic, Kerr-like),
nonlocal, etc., can be used in practice to prevent either temporal dispersion or
spatial diffraction of light beams or both of them. As a result, the field of temporal
or spatial optical solitons emerged from these fundamental studies of the
interaction of intense laser beams with matter. These temporal/spatial optical
solitons could be used as bits of information in both sequential and parallel
transmission and processing of information.
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However, there also exists a third kind of optical solitons, which are spatially
confined pulses of light, the so-called spatiotemporal optical solitons [4], alias
“light bullets” [6]. These spatiotemporal optical solitons are nondiffracting and
nondispersing wavepackets propagating in nonlinear optical media. The threedimensional (3D) spatiotemporal optical solitons are localized (self-guided) in the
two transverse (spatial) dimensions and in the direction of propagation due to the
balance of anomalous GVD of the medium in which they form and nonlinear selfphase modulation. Therefore, the “light bullet” is a fully three-dimensional
localized object in both space and time. It is now believed that the spatiotemporal
optical solitons could be used as information carriers in future all-optical
information processing systems due to their remarkable potential for massive
parallelism (in space) and pipelining (in time) [4].
However, both two-dimensional (2D) and three-dimensional solitons in selffocusing cubic (Kerr-like) media are unstable because of the occurrence of collapse
in the governing nonlinear Schrödinger model [7]. Several possibilities to arrest
this intrinsic collapse were considered, such as periodic alternation of self-focusing
and defocusing layers [8] and various generalizations of this setting [9], the use of
weaker nonlinearities such as saturable nonlinearities [10], quadratic nonlinearities

( χ( ) )
2

[11–14], the combination of quadratic and cubic nonlinearities, or self-

focusing cubic and self-defocusing quintic nonlinearities [15], the use of tandem
layered structures [16], of off-resonance two-level systems [17] and self-inducedtransparency media [18].
The undesired collapse effect does not occur in cubic nonlinear media whose
optical nonlinearity is nonlocal, therefore these media may also give rise to stable
two- and three-dimensional optical solitons, see [19–20]. Moreover, multipole
vector solitons in nonlocal nonlinear media [21], one-dimensional solitons of even
and odd parities supported by competing nonlocal nonlinearities [22], and 2D
vortex solitons [23] and 3D fundamental (vorticityless) and spinning (vortex)
solitons [24] were considered in the context of nonlocality in various optical
models. Localized optical vortices (alias vortex solitons), have drawn much
attention as objects of fundamental interest, and also due to their potential
applications to all optical information processing, as well as to the guiding and
trapping of atoms [25]. Unique properties are also featured by vortex clusters, such
as rotation similar to the vortex motion in superfluids. The complex dynamics of
vortex clusters in optical media with competing nonlinearities has been studied too
[26]. Various complex patterns based on vortices were theoretically investigated in
the usual BEC models, based on the Gross-Pitaevskii equation with the local
nonlinearity [27].
Multidimensional soliton necklaces [28–29] and rotating soliton clusters
\cite{cluster} were investigated, too. Moreover, in nondissipative optical media
with competing nonlinearities, robust soliton complexes (in the form of “clusters”
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or soliton “molecules”) composed by several fundamental (nonspinning) solitons
were thoroughly investigated [30]. The quasi-stable propagation of such robust
soliton clusters is a generic feature of media with competing nonlinearities (selffocusing cubic and self-defocusing quintic nonlinearities or quadratic nonlinearities
in competition with self-defocusing cubic nonlinearities) [30]. A new class of both
2D and 3D spatially modulated vortex solitons, the so-called azimuthons, was
introduced recently [31].
Competing combinations of optical nonlinearities such as a combination of
quadratic and self-defocusing cubic nonlinearities, or self-focusing cubic and selfdefocusing quintic nonlinearities are necessary to prevent the spatiotemporal
collapse and they also provide for a possibility to get stable 3D solitons with
internal vorticity. Both fundamental (nontopological) and topological (vorticitycarrying) stable three-dimensional spatiotemporal optical solitons have been
predicted, in media with such competing optical nonlinearities [15].
It should be mentioned that, while theoretical studies of multidimensional
optical solitons have advanced a great deal in recent years, the reported
experimental results remain more modest, being thus far limited to the
experimental observation of two-dimensional spatiotemporal optical solitons that
overcome diffraction in one transverse spatial dimension in quadratic nonlinear
optical media [32].
Recently, it was shown the existence of stable three-dimensional
spatiotemporal optical solitons confined by either harmonic two-dimensional
optical lattices [33] or radially symmetric Bessel lattices [34]. Thus it was
predicted the existence of stable three-dimensional spatiotemporal solitons in a
two-dimensional photonic lattice and it was found that the Hamiltonian (H)-versussoliton norm (N) diagram exhibits a generic two-cusp structure. Correspondingly, a
“swallowtail” shape of the H – N diagram emerged, which is a quite rare physical
phenomenon [33]. This unique feature is a generic one for both nontopological
(nonspinning) [33–36] and topological (spinning) [37] 3D solitons. This unique
property has been also found in the case of radially symmetric Bessel lattices [34],
which is a result suggesting a promising approach to generate both stable „light
bullets” in optics and stable three-dimensional solitons in attractive Bose-Einstein
condensates [35], and in the search for stable light bullets in media with quadratic
nonlinearities in competition with self-focusing cubic nonlinearities [36].
In recent years, there was also an increasing interest in the study of
multidimensional dissipative localized structures. These localized physical objects
are modeled by nonlinear partial differential equations involving gain and loss
terms in addition to the common nonlinear and dispersive/diffractive terms, which
allow for the formation under certain conditions of stable dissipative solitons [38].
One of the prototype dissipative dynamical system is that governed by the complex
Ginzburg-Landau (GL) equation, which is one of the most studied nonlinear partial
differential equation in nonlinear science [39]. Recently stable fundamental
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(vorticityless) and spinning (with nonzero intrinsic vorticity) spatiotemporal
dissipative optical solitons described by the complex cubic-quintic GL equation
were found [40–45] and both elastic and inelastic collision scenarios were
identified [46–47].
Over the past decades a great deal of interest has been drawn to nonlinear
optical surface waves guided by single and multiple interfaces separating different
media. Quite often, features exhibited by such surface optical solitons have no
analogue in the corresponding bulk media, which makes their study especially
relevant. The nonlinear surface modes might be potentially useful for practical
applications. These electromagnetic waves are a purely nonlinear phenomenon
with no counterpart in the linear limit; therefore they exist only if the mode power
exceeds a certain threshold. Nonlinear transverse-electric, transverse-magnetic, and
mixed polarization surface waves travelling along single and multiple dielectric
interfaces were theoretically predicted and systematically analyzed more than two
decades ago [48–55]. However, direct observation of surface optical solitons has
been hindered by huge experimental difficulties, related to their proper excitation
and high power thresholds required for their formation.
Recently, the interest in the study of nonlinear self-trapped optical surface
waves has been renewed after the theoretical predictions [56–58] and subsequent
experimental demonstrations [59–60] of nonlinearity-induced light localization
near the edge of a truncated one-dimensional nonlinear waveguide array that can
lead to the formation of the so-called discrete surface optical solitons. The
generation of discrete surface solitons can be understood with the help of a simple
physics [61] as a trapping of the optical field [3] near the repulsive edge of the
lattice when the beam power exceeds some threshold value. These surface solitons
become possible solely due to discreteness effects and they exist in neither
continuous nor linear limits. Some of the specific features of such discrete surface
optical solitons in other relevant physical settings have been recently investigated
both theoretically [62–65] and experimentally [66–69] (see also Ref. [70] for recent
comprehensive overviews of experimental and theoretical developments in the area
of discrete optical solitons).
The concept of surface optical solitons has been recently extended to the case
of spatiotemporal surface solitons [71–74] described by the continuous-discrete
nonlinear equations similar to those investigated earlier for cubic [75] and
quadratic [76] nonlinear optical media, but with the properties strongly affected by
the presence of the surface in the form of the lattice truncation.
Following our earlier studies [71–74], we recently considered both (2+1)dimensional [77] and (3+1)-dimensional [78] continuous-discrete spatiotemporal
models described by the complex GL equation. We thus investigated the effects of
gain and loss due to optical amplifiers and saturable absorbers in truncated periodic
photonic structures and we introduced dissipative surface light bullets [77, 78].
Similar to other types of discrete dissipative solitons in both one- and two-
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dimensional lattices [79–82], the dissipative surface light bullets exhibit novel
features that, as a result of both discreteness and gain (loss) effects, have no
counterpart in either the continuous limit or in other conservative discrete models
for both cubic and quadratic nonlinear media [83–88].
In this work we briefly overview the recent studies of discrete surface
spatiotemporal optical solitons (“discrete surface light bullets”). We analyze
spatiotemporal light localization near the edges of semi-infinite arrays of weekly
coupled nonlinear waveguides and in the corners or at the edges of truncated twodimensional photonic lattices. We also overview the recent results concerning the
existence and stability of the one-dimensional families of discrete surface light
bullets and compare the properties of discrete surface spatiotemporal solitons with
those of the spatiotemporal nonlinear modes located deep inside the one- and twodimensional photonic lattices.
2. DISCRETE SURFACE LIGHT BULLETS
IN TRUNCATED WAVEGUIDE ARRAYS
Recently we extended the concept of discrete surface solitons and initiated
the study of a rich variety of the surface-mediated effects associated with
spatiotemporal evolution of surface solitons [71]. We consider a truncated array of
weakly coupled nonlinear optical waveguides, which form a one-dimensional
photonic lattice, taking into account the spatiotemporal evolution of light near the
edge of this semi-infinite waveguide array. Thus we combine the key features of
both continuous and discrete nonlinear models and analyze the existence, stability
and robustness of continuous-discrete soliton families describing discrete surface
light bullets, or in other words, discrete surface spatiotemporal optical solitons.
We consider an array of weakly coupled nonlinear optical waveguides
described, in the tight-binding approximation, by the effective discrete nonlinear
equations [3]. We take into account the spatiotemporal evolution of light, similar to
the earlier studies [75], but also assume that our nonlinear waveguide array is
truncated so that the spatiotemporal light localization occurs near its edge. The
corresponding nonlinear dynamical model can be written in the form,

i

∂E1
∂2 E
2
– γ 2 1 + E2 + σ E1 E1 = 0,
∂z
∂t

∂E
∂2 E
2
i n – γ 2 n + ( En +1 + En –1 ) + σ En En = 0, n ≥ 2,
∂z
∂t

(1)

where n = 1 designates the edge of the waveguide array. Here the propagation
coordinate z and the dispersion coefficient γ are normalized to the intersite
coupling V. In deriving eqs. (1) the actual electric field in the n-th guide En has
been decomposed into the product of the vectorial guided mode profile of the
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isolated channel waveguide e ( x, y ) and the respective mode amplitude ε n , which

can be finally normalized to give En = χeff / V E n , where the effective nonlinear
coefficient is χeff =

ω n2
. Here n2 is the nonlinear refractive index of the material
c Aeff

and Aeff is the effective mode area. The parameter σ = ±1 defines self-focusing or
self-defocusing nonlinearities of the waveguide material, respectively.

Fig. 1 – Examples of stable discrete surface spatiotemporal optical solitons localized at distances of:
a) d = 0, b) d = 1, and c) d = 2 from the edge of the waveguide array (at β = 3.5), and unstable
nonlinear surface modes centered at distances of d) d = 0, (e) d = 1, and f) d = 2 (at β = 2.5).

The spatiotemporal soliton solutions of this nonlinear dynamical model are
looked for in the form En ( t ; z ) = exp ( iβz ) En ( t ) , where β is the nonlinearityinduced shift of the waveguide propagation constant, serving likewise as a family
parameter, and the envelope En ( t ) describes the temporal evolution of the solitonlike pulse in the n-th waveguide. We consider here only the case of anomalous
dispersion ( γ < 0 ) , self-focusing nonlinearity ( σ = +1) in-phase solitons
(unstaggered solutions).
We can scale out the dispersion parameter by the transformation t → τ γ
and we obtain
dE1
2

dτ
d 2 En
dτ 2

2

– β E1 + E2 + E1 E1 = 0,
(2)
– β En + ( En +1 + En –1 ) + En En = 0, n ≥ 2,
2
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We found numerically localized solutions En ( τ ) of the coupled equations (2)
assuming that the amplitude of the pulses in each waveguide, max En , decays
rapidly far from the edge of the waveguide array, so that the corresponding solution
describes a mode localized near the surface [71].

Fig. 2 – Families of discrete surface light bullets: a) normalized power versus propagation constant β
for the surface solitons located at the distances d = 0, d = 1, and d = 2 from the edge of the waveguide
array; b) Hamiltonian versus power for the localized nonlinear surface modes.

Figure 1 shows several examples of stable [panels (a), (b), and (c)] and
unstable [panels (d), (e), and (f)] nonlinear spatiotemporal continuous-discrete
localized states (`discrete surface light bullets') located at different distances d from
the edge of the one-dimensional photonic lattice. The nonlinear modes can be
characterized by the total mode power
P (β ) =

∑ ∫
∞

+∞

n =1 – ∞

En ( β ) dτ,
2

(3)

which is a conserved quantity.
The solution centered at n = 1 (that is, at the distance d = 0 from the edge of
the waveguide array) describes the light bullet with the maximum localized at the
edge of the semi-infinite waveguide array; this solution is a spatiotemporal
generalization of the discrete surface solitons predicted earlier in Ref. [57]. The
typical field distribution of other surface spatiotemporal nonlinear modes are
shown in Figs. 1(b)-(f), with the corresponding power dependencies constructed in
Fig. 2(a); they describe the crossover regime between the continuous-discrete
surface light bullet of Fig. 1(a), with the maximum amplitude located at the
surface, and their counterpart predicted to exist deep inside of the waveguide
arrays [75] when the surface effects vanish. If we compare the corresponding
power curves of different surface modes including the case of a spatiotemporal
soliton localized deep inside the array [see the curve corresponding to infinite
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arrays in Fig. 2(a)], we notice that the threshold power of surface localized modes
is lower than that of the bulk mode. Therefore, in sharp contrast with onedimensional surface solitons [57, 61], the edge of a semi-infinite waveguide array
creates an effectively attractive potential for the spatiotemporal localized modes
that reduces the threshold power for the nonlinear mode localization at the surface.

Fig. 3 – Instability-driven evolution of unstable solitons corresponding to the upper branches in Fig. 2
for β = 3: a,b) reshaping of the unstable d = 0 soliton (z = 0) into a stable d = 0 soliton at z = 1200;
c,d) hopping of the unstable d = 1 soliton (z = 0) into the neighboring site and the generation of a
stable d = 2 soliton at z = 1200.

To analyze the linear stability of each nonlinear surface mode found
numerically, we need to calculate not only the mode power (3) but also the second
conserved quantity of the dynamical system (1), that is, the Hamiltonian H of the
corresponding conservative dynamical system [71]. We thus expect that the stable
surface spatiotemporal optical solitons should correspond to the lower branch of
the dependence H = H(P). The occurence of the typical single cusp of the curve
H = H(P) is shown in Fig. 2(b). The upper branches of the Hamiltonian-power
curves correspond to unstable surface solitons, whereas the lower branches
correspond to stable surface modes. This conclusion is fully confirmed by direct
numerical simulations of the propagation of the stationary surface solitons
perturbed by a white input noise.
Figures 3(a-d) demonstrate two different scenarios of the evolution of
unstable high-power spatiotemporal solitons located at the distances d = 0 and
d = 1 from the edge of the waveguide array and corresponding to the upper
unstable branches in Figs. 2(a) and 2(b). Typically, we observe either reshaping of
an unstable soliton into a stable soliton of the same family [see Fig. 3(a,b)] or
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hopping of the surface mode into the neighboring site and the formation of a stable
soliton pertaining to another family with the center position shifted away from the
surface [see Figs. 3(c,d)].
The results briefly overviewed here can be easily extended for describing
spatiotemporal localization effects for staggered solitons (π-out of phase nonlinear
modes) such as surface gap solitons [58–60] in self-defocusing nonlinear optical
media with normal GVD.
As concerning the implementation of the results presented in this section to a
concrete physical setting we mention that recently the conditions for low-power
spatiotemporal soliton formation in arrays of evanescently-coupled silicon-oninsulator (SOI) photonic nanowires have been thoroughly analyzed [85]. It was
shown in Ref. [85] that pronounced soliton effects can be observed even in the
presence of realistic loss, two-photon absorption, and higher-order GVD. The well
established SOI technology offers an exciting opportunity in the area of
spatiotemporal optical solitons because a strong anomalous GVD can be achieved
with nanoscaled transverse dimensions and moreover, the enhanced nonlinear
response resulting from this tight transverse spatial confinement of the
electromagnetic field leads to soliton peak powers of only a few watts for 100-fs
pulse widths (the corresponding energy being only a few hundreds fJ). The arrays
of SOI photonic nanowires seem to be suitable for the observation of discrete
surface light bullets because a suitable design of nanowires can provide dispersion
lengths in the range of 1 mm and coupling lengths of a few millimeters (for 100-fs
pulse durations) [85].

3. INTERFACE DISCRETE LIGHT BULLETS IN WAVEGUIDE ARRAY
Next we analyze spatiotemporal light localization at the interface separating
two different periodic one-dimensional photonic lattices, that is, two different
arrays of optical waveguides. We demonstrate the existence of a novel class of
continuous-discrete spatiotemporal solitons propagating along the interface,
including hybrid staggered-unstaggered discrete light bullets with tails belonging
to the spectral gaps of different types.
We consider light propagation in an inhomogeneous array of optical
waveguides described by the system of coupled-mode equations [3], where we take
into account the spatiotemporal evolution of light, similar to the earlier studies
[75]. The corresponding nonlinear system of coupled equations can be written in
the form,

i

∂ 2 En
∂E1
2
+ ( En +1 + En –1 ) + f n En En = 0,
– γn
2
∂z
∂t

(4)
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f n En

2

)=ε
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2

n

+ σ n En , the propagation coordinate z and dispersion

coefficient γ n are normalized to the intersite coupling V (see also the preceding
section).

Fig. 4 – Examples of (a) stable (at β = 3.7) and (b), (c) unstable (at β = 3.2 and β = 3.7,
respectively) unstaggered (in-phase) spatiotemporal interface light bullets.

Fig. 5 – Families of unstaggered spatiotemporal interface solitons. (a) Power versus propagation
constant. Points a-c mark the modes shown in Figs. 4(a)-4(c), respectively.
(b) Hamiltonian versus power.

We then consider two semi-infinite waveguide arrays described by Eq. (4)
with different propagation constants ε A , and ε B , with n = 0 being an interface site.
We define ε n = ε A for n < 0, ε n = ε0 at n = 0, and ε n = ε B for n > 0. We focus on
the interface localized modes defined by having their centers at either the first of
the A waveguides or the first of the B waveguides, and also consider different
combinations of the normalized dispersion ( γ n = ±1 ) and nonlinearity ( σ n = ±1 .
As in the previous section we look for spatiotemporal localized modes in the form
En ( t ; z ) = exp ( iβz ) En ( t ) , where β is the nonlinearity-induced shift of the
propagation constant serving likewise as a family parameter, and the envelope
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En ( t ) describes the temporal evolution of the solitonlike pulse in the n-th

waveguide. We find numerically localized solutions En ( t ) of the above coupled
nonlinear equations, assuming that the amplitude of the pulse in each waveguide,
max En , decays rapidly far from the interface, so that the corresponding solution
describes a localized mode.

Fig. 6 – Hopping of the unstable (at β = 3.2) soliton centered at $n=0$ into the neighboring site n = –1.

Figures 4(a)-4(c) show several examples of the unstaggered spatiotemporal
continuous-discrete nonlinear states located at the interface n = 0 for
ε A = ε 0 = – ε B = 0.6 , and the focusing nonlinearity ( σ n = +1) ; these modes
generalize the continuous-wave discrete interface modes analyzed earlier [89, 90]
in the case of the interface pulse propagation for the anomalous GVD ( γ n = –1) .
To analyze the linear stability of each nonlinear state found numerically, we
calculate the total mode power P = P ( β ) [see Fig. 5(a) where the arrow marks the
point separating stable and unstable branches of the dependence P = P ( β ) ]. The
typical single-cusp behavior of the dependence H = H(P) is shown in Fig. 5(b)
where the lower branch corresponds to the stable interface modes. The predictions
of the mode stability gained from the (H, P) diagram have been confirmed by both
linear stability analysis and direct simulations of the propagation of the stationary
solitons perturbed by a white input noise. We have found different scenarios of the
evolution of unstable spatiotemporal solitons corresponding to the upper unstable
branches in Figs. 5(a) and 5(b). Figures 6(a) and 6(b) show a typical example of
mode hopping into the neighboring site and the formation of a stable light bullet
with the center position shifted away from the interface. It is worthy to notice that
in sharp contrast with the discrete spatial interface modes [89, 90], the
spatiotemporal hybrid staggered-unstaggered interface solitons (with tails
belonging to spectral gaps of different types) may appear in a very narrow
parameter domain and under special conditions [72].
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4. DISCRETE SURFACE LIGHT BULLETS
IN TRUNCATED BINARY WAVEGUIDE ARRAYS

In this section we study spatiotemporal optical solitons at the edge of a semiinfinite binary array of optical waveguides and, in particular, we predict
theoretically the existence of a novel type of surface soliton, the surface gap light
bullets. We then analyze the stability properties of these solitons in the framework
of the continuous-discrete model of arrays of two types of optical waveguides.
We next describe the unique features of discrete surface spatiotemporal
optical solitons in binary waveguide arrays. In the tight-binding approximation, the
model of the binary waveguide array is known to support two different types of
discrete optical solitons localized either in the total internal reflection (TIR) gap or
in the Bragg-reflection (BR) gaps. These solitons have been previously analyzed
theoretically [91] and then observed experimentally [92]. Here we consider two
different types of truncated binary waveguide arrays taking into account the
spatiotemporal evolution of light near the edge of the waveguide array. We thus
combine the key features of both continuous and discrete nonlinear models and
analyze the existence and stability of continuous-discrete soliton families
describing spatiotemporal discrete surface light bullets in binary waveguide arrays.

Fig. 7 – Schematic structure of a binary array of weakly coupled optical waveguides truncated
at: a) wide and b) narrow waveguides, respectively.

We consider spatiotemporal light localization in a semi-infinite periodic
binary array of alternating wide and narrow weakly coupled optical waveguides, as
shown schematically in Figs. 7. As was established earlier [91, 92] for infinite
binary waveguide arrays, the properties of spatial discrete solitons can be
effectively managed by controlling the geometry of the waveguide arrays, e.g., the
intrinsic parameters of two types of semi-infinite (truncated) arrays.
We next describe the binary array in the framework of the tight-binding
approximation where the total field is decomposed into a superposition of weakly
overlapping modes of individual waveguides of two kinds [A (wide waveguide)
and B (narrow waveguide)]. We take into account the spatiotemporal evolution of
light, similar to the earlier studies [75], but also assume that our waveguide array is
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truncated so that the light localization occurs near its edge (see Fig. 7). The
corresponding governing equations for the mode amplitudes take the form,
i

∂En
∂ 2 En
2
– γn
+ ( En +1 + En –1 ) + f n En En = 0,
2
∂z
∂t

( )=ρ

where f n En

2

(5)

2

n

+ σ n En . Here n = 0, 1,..., and E–1 ≡ 0 due to the layered

structure termination. The parameter γ n is the GVD coefficient, ρn characterizes
the linear propagation constant of the mode guided by the n-th waveguide, and σ n
are the effective nonlinear coefficients. For the structure shown in Fig. 7(a), i.e., for
a binary array truncated at the wide waveguide, we take ρ2n = ρ , and ρ2 n +1 = – ρ ,
whereas for the structure shown in Fig. 7(b), i.e., for a binary array truncated at the
narrow waveguide, we have ρ2 n = – ρ and ρ2 n +1 = ρ . We consider also
σ n = – γ n = – sign ( ρn ) , for all n. In the numerical simulations outlined below we

take ρ = 0.6 and also consider both types of nonlinearity, i.e., σ n = ±1 .

Fig. 8 – Examples of unstaggered spatiotemporal solitons corresponding to points a-d in Fig. 9,
for β = 4: a) stable and b) unstable discrete surface light bullets in the array truncated at the wide
waveguide; c) stable and d) unstable surface solitons in the array truncated at the narrow waveguide.
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Figures 8(a)-8(d) show several examples of both stable and unstable
nonlinear spatiotemporal continuous-discrete localized states (`discrete surface
light bullets') located near the edges of the two kinds of binary waveguide arrays
for the case of self-focusing nonlinearity ( σ = 1) . Examples of unstaggered
(in-phase) spatiotemporal solitons plotted in Fig. 8 correspond to points a–d in
Fig. 9(a) and are found at β = 4. It is expected that stable spatiotemporal solitons
should correspond to the lower branch of the dependence H = H(P) [see Fig. 9(b),
where the typical single-cusp behavior of the dependence H = H(P) is shown]. The
arrows in Fig. 9(a) mark the points separating stable and unstable branches. Direct
numerical simulations of the propagation of the stationary solitons perturbed by a
white input noise confirm this expectation [73]. Moreover, by direct numerical
simulations, we have found that the interface (n = 0) unstable solitons reshape to
stable solitons located on the same site, pertaining to the lower (stable) branch of
the soliton family.

Fig. 9 – Families of discrete unstaggered surface light bullets in the binary array truncated at the wide
waveguide (first curve from the left in both panels), and in the waveguide array truncated at the
narrow waveguide (second curve from the left in both panels); a) power versus propagation constant.
Points a–d mark the modes shown in Figs. 8(a)-8(d), respectively; b) Hamiltonian versus power.

The linear spectrum of the binary waveguide array consists of two different
bands separated by a gap which occurs due to the difference between two types of
waveguides A and B. The spatiotemporal discrete surface solitons studied above
are located in the TIR gap, and they have unstaggered field profiles. A novel type
of spatial solitons, gap solitons, appears in the spectral gap due to the Bragg
reflection [91]. Therefore, surface spatiotemporal optical solitons in the BR gap
can also exist [73], and they can naturally be termed as surface gap light bullets;
such solitons should have staggered field profiles, and they can be associated with
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the surface Tamm states, similar to the case of waveguide arrays with selfdefocusing nonlinearity [58, 60].
In conclusion, in the study of spatiotemporal light localization at the edge of
semi-infinite binary waveguide arrays, we have revealed the existence of two
different classes of discrete surface spatiotemporal optical solitons including a
novel class of discrete surface gap light bullets which can be regarded as a
generalization of the familiar surface Tamm states to the spatiotemporal domain.
5. DISCRETE SURFACE LIGHT BULLETS
IN TWO-DIMENSIONAL PHOTONIC LATTICES

Theoretical studies of discrete surface spatial solitons localized in the corners
or at the edges of two-dimensional photonic lattices [93–95] and recent
experimental observations of two-dimensional surface spatial solitons in opticallyinduced photonic lattices [96] and laser-written waveguide arrays in fused silica
[97] demonstrated novel features of these nonlinear surface modes in comparison
with their counterparts in one-dimensional waveguide arrays [57, 59, 61]. In
particular, in a sharp contrast to one-dimensional discrete surface spatial solitons,
the nonlinear mode threshold is lower at the surface than in a bulk making the
mode excitation easier [94].
In this section we briefly overview the results concerning spatiotemporal
light localization in truncated two-dimensional photonic lattices and demonstrate
the existence of discrete surface light bullets localized in the lattice corners or the
edges [74]. We get the one-parameter families of discrete spatiotemporal surface
solitons, study their stability and compare their unique properties with those of the
nonlinear modes located deep inside the two-dimensional photonic lattice.
We consider a truncated two-dimensional photonic lattice described by the
coupled-mode equations for the normalized amplitudes En , m of the electric field,
i

∂En ,m
∂z

–γ

∂ 2 En , m
∂t

2

(

+ Vn + Vm + σ En ,m

2

)E

n,m

= 0,

(6)

where z is the normalized propagation distance, the lattice indices are n, m = 0,1,...,
and E–1, m = En ,–1 ≡ 0 due to the lattice termination [see Figs. 10(a)-(c)]. Here γ is
the dispersion coefficient, and σ = ±1 is for either self-focusing or self-defocusing
nonlinearity. We define the lattice couplings as: Vn En ,m = E1,m , for n = 0, m ≥ 0

and Vn En ,m = En +1, m + En –1, m , for n > 0, respectively Vm En , m = En ,1 for m = 0, n ≥ 0
and Vm En , m = En ,m +1 + En ,m –1 , for m > 0.
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Fig. 10 – a–c) Examples of the modes localized (top) in the lattice corner, at the edge, and in the
center of the lattice. Spatial cross sections (bottoms) of the corresponding stable spatiotemporal
surface solitons. The modes correspond to points (a)-(c) in Fig. 12(c) for: (a) β = 5, E =9.5; b) β = 5.5,
E = 10.09; and c) β = 6, E = 10.66.

We are looking for spatiotemporal soliton solutions of this nonlinear model
in the form En,m ( t ; z ) = En,m ( t ) exp ( iβz ) , where β is the nonlinearity-induced shift
of the propagation constant (soliton family parameter), and the envelope En,m ( t )
describes the temporal shape of the soliton-like pulse at the (n, m) lattice site. We
find different one-parameter families of localized surface solitons by solving the
stationary version of Eqs. (6) by means of a standard band-matrix algorithm
applied to the corresponding two-point boundary-value problem [74],
γ

d 2 En ,m
dt

2

(

+ –β + Vn + Vm + σ En ,m

2

)E

n,m .

(7)

The solutions of the above coupled differential equations become less
localized near the minimum (cut-off) value of the propagation constant ( βco = 4 )
Therefore, depending on the value of the propagation constant, we have used up to
301 discretization points in the continuous time interval [ 0,tmax ] , and up to 35 × 35
grid points for the discrete spatial coordinates [74]. Figures 10 and 11 present
several typical examples of spatiotemporal continuous-discrete localized states
(discrete surface light bullets) located in the corners or at the edges of the twodimensional photonic lattice, together with the central nonlinear mode representing
a discrete spatiotemporal optical soliton in an infinite two-dimensional photonic
lattice, for the self-focusing nonlinearity ( σ = +1) .
To make a preliminary conclusion about the linear stability of the surface
states found numerically, we calculate the total mode energy and the Hamiltonian
H = H ( E ) of the corresponding conservative dynamical system (see Fig. 12 (b)).
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E (β ) =

H =–

∑ ∫

∑ ∫

+∞

n ,m – ∞

+∞

n,m – ∞

{ E ( E

+γ

n,m

∂En ,m
∂t

2
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En , m ( β ) dt ,
2

∗
n +1, m

(8)

)

+ En∗,m +1 + c.c.


1
+ σ En , m
2

4


 dt .


Fig. 11 – Temporal cross sections of spatiotemporal surface solitons localized in the corner, at the
edge, and in the center of the lattice, respectively. Shown are the profiles of stable (higher curves) and
unstable (lower curves) spatiotemporal solitons corresponding to points (a)-(f) in Fig. 12(c).

Figures 12(a)-(c) present several one-parameter families of spatiotemporal
continuous-discrete surface solitons found numerically for the modes localized in
the corner, at the edge, and in the center of the two-dimensional photonic lattice.
The one-parameter families are characterized by the dependencies E = E ( β ) and
H = H ( E ) , as well as the dependence of the peak amplitude max En , m on the
total energy. We expect that stable spatiotemporal solitons should correspond to the
lower branch of the dependence H = H ( E ) . The typical single-cusp behavior of
the dependence H = H ( E ) is shown in Fig. 12(b) where the lower branches
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correspond to the stable surface nonlinear modes. This observation is fully
confirmed by direct numerical simulations of the propagation of the stationary
solitons perturbed by a white input noise (see below).

Fig. 12 – Families of spatiotemporal surface solitons in two-dimensional lattices for the modes
localized in the corner (co), at the edge (ed), and in the center (ce), respectively: a) power versus
propagation constant; b) Hamiltonian versus power; c) peak amplitude versus power. Points (a)-(f)
mark the examples shown in Figs. 10 and 11.

Fig. 13 – Evolution of the soliton amplitude versus propagation distance for a) stable corner (co)
(β = 5.0), and edge (ed) (β = 5.5) spatiotemporal surface solitons perturbed by a white input noise, and
b) unstable, unperturbed corner (co) (β= 4.1) and edge (ed) (β = 4.3) spatiotemporal surface solitons.
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Figure 12(c) shows the energy dependence of the peak amplitude of
stationary spatiotemporal solitons. As expected, for a fixed energy there exist two
stationary solitons, stable and unstable ones, the stable soliton having the peak
amplitude larger than the unstable one and, correspondingly, a smaller width. The
threshold energy Eth for the spatiotemporal surface soliton generated in a twodimensional photonic lattice is smaller than that corresponding to the
spatiotemporal soliton located far away from the lattice edges, with the corner
surface soliton having the smallest threshold energy: Eth = 9.317 (corner),
Eth = 9.933 (edge), and Eth = 10.553 (central). This conclusion is similar to the
case of two-dimensional discrete spatial solitons, see Refs. [89, 94]. These
numerical results should be compared to the value of the threshold power of
discrete surface light bullets in one-dimensional photonic lattices [71]: Pth  7.55 .
The stability results following directly from the analysis of the dependence
H = H ( E ) shown in Fig. 12(b), have been cross-checked by direct numerical
simulations of the dynamic equations (6) carried out by means of the CrankNicholson scheme; transparent boundary conditions were implemented in order to
permit the escape of radiation from the computation window [74]. The results of
the direct propagation simulations are found to be in agreement with the
predictions of the ( H , E ) diagram. Thus, we find that stable spatiotemporal surface
solitons resist a 10% input white noise, see Fig. 13(a), whereas unstable solitons
reshape and transform into stable solitons pertaining to the lower (stable) branch of
the soliton family, by increasing their peak amplitude during this process, as shown
in Fig. 13(b).
In conclusion, we have demonstrated that the properties of such continuousdiscrete localized surface states in two-dimensional photonic lattices are similar to
those of spatiotemporal solitons localized far away from the lattice edges, and they
differ substantially from the properties of one-dimensional discrete surface spatial
solitons [57, 61].
6. CONCLUSIONS

In this work we overviewed some recent results concerning the existence,
stability and robustness of discrete surface spatiotemporal optical solitons
(“discrete surface light bullets”). We analyzed spatiotemporal light localization
near the edges of semi-infinite arrays of weekly coupled nonlinear waveguides and
in the corners or at the edges of truncated two-dimensional photonic lattices and
demonstrated the existence of novel classes of continuous-discrete spatiotemporal
optical solitons. We also analyzed the spatiotemporal light localization at the
interface separating two different waveguide arrays and at the edges of semi-
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infinite binary waveguide arrays. We studied these one-parameter families of
discrete surface light bullets and compared their unique features with those of the
spatiotemporal nonlinear modes located deep inside the photonic lattices.
Once stable discrete surface light bullets are available, a problem of great
interest is to consider collisions between them. Recently [98] we presented generic
outcomes of collisions between discrete surface spatiotemporal solitons in
nonlinear waveguide arrays and we studied the effects associated with the
spatiotemporal light localization near the edge of semi-infinite arrays of weakly
coupled nonlinear optical waveguides. We demonstrated that the collision
outcomes were strongly affected by the presence of the surface and we shown that
they depend on the initial surface soliton parameters, such as the distance of their
centers from the surface and their transverse velocities. In addition to well-known
scenarios of soliton fusion and symmetric scattering, we have observed strongly
asymmetric collision outcomes [98]. An equally interesting open problem is the
extension of these results to the case of discrete surface light bullets in twodimensional photonic lattices.
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