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Abstract. The Dirac bracket for gauge-fixed three- and two-forms with Stueckelberg coupling
is derived in an irreducible fashion. It is explicitly shown that the results emerging from the
irreducible context coincide with those from the reducible treatment.
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1. INTRODUCTION

The canonical approach to systems with reducible second-class constraints
represents a difficult problem. This is because not all the second-class constraint
functions are independent, hence the matrix of the Poisson brackets among them is
not invertible.

In order to construct the Dirac bracket for such systems in a consistent
manner we have the following options: to isolate a set of independent constraint
functions [1, 2] and then build the Dirac bracket in terms of this smaller set; to
construct the Dirac bracket in terms of a non-invertible matrix without separating
the independent constraint functions [3—8]; to substitute the reducible second-class
constraints by some equivalent irreducible ones [by appropriately enlarging the
original phase-space] and further work with the Dirac bracket based on the
irreducible constraints [9, 10, 11]. The split of second-class constraints into
independent and dependent constraint sets may spoil some important symmetries of
the theory, so it is preferably to avoid this option. The second option, although
interesting in principle, is merely a link between the first and the third option, as it
will be seen in the body of the paper. By contrast, the third option has the main
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advantage of working only with irreducible constraints, so: 1) there is no need to
perform the split between dependent and independent constraints and, in
consequence, the symmetries of the initial theory are preserved, and ii) the
construction of the associated Dirac bracket is simpler than in the second situation.

In this paper we realize an irreducible approach to gauge-fixed two- and
three-forms with Stueckelberg coupling [12] (for generalized Stueckelberg models,
see [13]; also, see [14] for a nice review). This is a typical model, subject to
second-order reducible second-class constraints. Our approach is based on three
major steps. First, we express the Dirac bracket in terms of a non-invertible matrix
and compute the associated fundamental Dirac brackets. Second, we show that the
previous Dirac bracket can be constructed in terms of an invertible matrix,
correlated with the above mentioned non-invertible one. The possibility of working
with an invertible matrix within the Dirac bracket suggests an irreducible approach
to the investigated model, but on a larger phase-space. Consequently, in the third
step we construct an irreducible second-class constraint set in a larger phase-space
and show that the fundamental Dirac brackets from the irreducible and reducible
settings coincide. These three steps emphasize that we can approach gauge-fixed
two- and three-forms with Stueckelberg coupling in an irreducible fashion. In this
paper we mark the main ideas of the irreducible approach and then exemplify them
on the model under study, but our approach can be applied to any model subject to
second-order reducible second-class constraints.

Our paper is organized in six sections. In Section 2 we briefly address the
building of the Dirac bracket for a generic second-order reducible second-class
system and emphasize its basic properties. Section 3 introduces the model under
investigation, namely, gauge-fixed two- and three-forms with Stueckelberg
coupling. In Section 4 we apply the results from Section 2 and construct the
fundamental Dirac brackets for the model under study. In Section 5 we give an
approach of the above mentioned model based on some irreducible second-class
constraints, but on a larger phase-space. In this context we show that the
fundamental Dirac brackets from the irreducible and reducible settings coincide.
Section 6 ends the paper with the main conclusions.

2. REDUCIBLE SECOND-CLASS CONSTRAINTS

In this section we briefly review the construction of the Dirac bracket for a
second-order reducible second-class system in terms of a non-invertible matrix
[11]. Our starting point is a system with the phase-space locally parameterized by

N canonical pairs z* =(qi,pi) and subject to the second-order reducible

constraints

X, (Za)zov oy =1,--+, M, (1)
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20 tay =0, 0 =1 M, )
227 =0, 0y =100 M, 3)

These constraints are purely second-class if any maximal, independent set of
M, - M, + M, constraint functions x , among the Xay 's is such that the matrix

Cpp= [XA’XB] 4)

is invertible. In terms of such an independent set, the Dirac bracket takes the form
[F.G] =[F.G]=[F.x JM™ [x5, 6], )

AB A
where M " Cp. =08

We can construct the Dirac bracket even without performing such a
separation. We denote the matrix of the Poisson brackets among the second-class
constraint functions by

Cugpy =Dty %, (6)

It is easy to see, on behalf of (2), that C%Bo is not invertible

a,
0 ~
Z o C(XOBO ~ 0’ (7)
but has the rank equal to M, — M, + M, .
Let Za(:z be a solution to the equation
ZO!l Z (12 ~ a2
By ey o ) (®)
and (T)Blyl = —(T)YIB1 a solution to
b= o
Z B, Opyy, ~ 0. 9)

Then, we can introduce an antisymmetric matrix & through the relation

Aalﬁl_ ~SA 7N 4 % _ 9
® mﬁ1’/1~671 ZaZAYI _DY1' (10)

The solution to (8) can be set under the form

4,°~D%7 4,7, (11)

% 1
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A ) )
where A(x12 are some functions chosen such that the matrix

L )
D b, VA BzAal , (12)
is of maximum rank
A
rank(D éz)ZMz» (13)

and 5(;22 is the inverse of thz . Then, by means of (10) we find that Doyti is

expressed as

G sU 7% PR g M
~8" 2% D3 4.7 (14)

" " o

D

On the other hand, simple computation shows that the matrix Dji fulfills the

relations
A “2p ~ T pAa s
Am1 D " =0, Z 72D " 0, (15)
Y% p*1 o~ 7% “ p" o p%
ZalDy1~Zvl’ DVlDM DM' (16)

Based on the second relation from (15) we infer that Do;ll can be alternatively

put under the form
DY =417, a7

for some functions Zazl . From the former relation in (16) and (17) it follows that

o % o
VA le Yo ~0, (18)
where
% os% _ 7% 4%
D Yo ~ 0 Yo VA 0llAy() . (19)

At this stage we can rewrite the Dirac bracket given by (5) in terms of all the
second-class constraints. Taking into account formulas (7) and (18) we can

introduce another matrix M 0% through the relation

Mo

[3070 ~D 20 ’ (20)
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with p %P0 = _prPo% , such that
* _ uB
[F,G] =[F,G]=1F 4, M [y, G, 21)

defines the same Dirac bracket like (5) on the surface (1).
Meanwhile, relations (19)-(21) ensure that

o _7 47170
[Xu07G] ~ AU'O [Z ul,G]XﬁO, (22)

which further yields [X“O’G]* =0 for any G on the original second-class

constraint surface, as required by the general properties of the Dirac bracket.
At the same time, we remark that, in spite of the fact that the matrix C%BO 18

not invertible, the Dirac bracket expressed by (21) still satisfies Jacobi's identity
[F,GT,PT +[[P,F],GT +[[G,P]",F]T ~0 (23)

on surface (1).

3. THE MODEL

We consider the canonical approach to gauge-fixed three- and two-forms
with Stueckelerg coupling, described by the Lagrangian action

Sy Ty Hy 1= de(ﬁ Fon F" +
(24)
+i(F —MA )(F“V” —MA”V") ,
12 uvp uvp
where
B = O Aupngs Fop = O H > (25)

and D>4. Here and in the sequel the notation [u...v] signifies complete
antisymmetry with respect to the indices between brackets, with the conventions
that the minimum number of terms is always used and the result is never divided
by the number of terms. The canonical analysis of this model leads to the first-class
constraints

G =My, ~0, G =7, ~0, (26)

i ijiy - Oiliz
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K =201, ~0, @27)
() _ 35k ~
X, =—30 Thiiy +M1—I..2 =0, (28)

where the momenta I1,, and =, are respectively conjugated to H*" and A" .

P
In order to fix the gauge, we have to choose a set of canonical gauge conditions.
An appropriate set of such gauge conditions is given by

G(z)il — % ~0, G(z)’i"z = 4%h ~0, (29)
P =20, H" %0, (30)
X(z)l‘l;2 E_akAkiliz _MH™ ~0. (31)

(It is easy to see that (29)—(31) define some good gauge-fixing conditions for the
original first-class constraints (26)—(28) by means of computing the gauge-fixed
path integral of this model (using for instance the standard BRST method and
observing that it leads to a correct result). The constraints (26)—(31) are second-
class and, moreover, second-order reducible. It is simple to see that (26) and (29)
generate a submatrix (of the matrix of the Poisson brackets among the constraint
functions) of maximum rank, therefore they form a subset of irreducible second-
class constraints, so they are not relevant in view of our approach. Thus in the
sequel we examine only the constraints (27)—(28) and (30)—(31). For subsequent
purposes we organize these constraints as

e, = (Xgll) XSIII)Z X(z)Jl X(Z)Jljz ) ~0. (32)
The second-class constraint functions from (32) are second-order reducible, with
the first- and respectively second-order reducibility functions given by

=" Ml 0 0
) 0 5102 0 0
z% = 1 At (33)
0 0o -5, M3
1 1
0 0 0 -5 0,

N Jz]
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M 0

o |31 0

A R (34)
0 0

4

In order to simplify the notations we employ, De Witt's condensed notations and
omit the continuous indices, with the convention that al/ the derivatives act on the
first continuous argument of the corresponding Dirac delta functions. For instance,

o1 means 8/8xi18D_1(x—y). The matrix of the Poisson brackets among the

constraints (32) is expressed by

0 0 A a2

gl 4

0 0 )\’/1 }\‘jl-jZ

Cop=| . . " (35)
Tl 0 0
M2t 0 o
J N
where
AT =2ADN A2 = gt g7
i i’ i i ’
A2 =(A+ M) DY
i iy 2
with
A
jl — ./1 _ il
D' =o ———. (36)
Sk.l 5. 8[./1 ajzl
pin -1 shgi 2k~ (37)
LY MUY A+ M?
and A=0"0,.

4. “REDUCIBLE” DIRAC BRACKET

Now, we construct the Dirac bracket with respect to the constraints (32). If

we take A(;Zl of the form



10 C. Bizdadea, E.M. Cioroianu, S.C. Sararu, O. Balus 8

(M 5 0 0
A2 = ! , (38)

then we obtain for D(;i as

. A+M* 0
D} = , (39)
2 {0 A+M?

such that relation (13) is satisfied for the model under consideration. Thus, it
results that

1 : 0
Eaéz _ A+ M | , (40)
0 2
A+M
so from (14) we get
P Py 0 0
. "Dl 0 0
D = ! - (41
o 0 p -
A ]1
0 P Y
where
A M
Taeat M “
A~ i ail akl
1 —§'1
Ve +)

On the other hand, by means of relation (17) we can express DE as in (41) if

we take Zglo of the form
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-1 0 0 0
IY; Pk,
i i
Zﬁ B _ Piy Pk, 0 0 (44)
’ o 0 Lot oo
IY; p
11 b
0 0 Pi P
with
i M i i 1 i
pl =- L p,, =——8! 0, .. (45)
b A+M?h W g(asn?)
Then, on account of (19) we find
01 o1 0 0
N N2
2012 D20 0
[ _ :
b By J yv) (46)
0 0 Oil —91.1
0 0 201 D"~
12 12
with
(R L S — (47)
oA+ ME A JiJo 2(A+M2) [~ 7
Using (35) and (46) it follows that relation (20) is satisfied for
i i
0 0 Mg My,
0 0 mi2 i
M“oﬁo — kl klkZ (48)
—ml m" 0 0 ,
Ul gl
h ih 0
k) vk}
where
i A i i M i
"11 - 2\2 Dkll’ "11"2 2\2 8[1"1 akz]’ (49)
2(A+M?) 2(A+M?)
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i 1 i
m1122:_A+M2 Dklllfz. (50)

With M0 at the hand, we can construct the Dirac bracket by means of formula
(21). After some computation, we find that the only non-vanishing fundamental
Dirac brackets are given by

(4722 (). o = DY73 877 (x - y), (51)
iiy . A Aiiy < D-1
LA (), 10, ;) (J/)]xo:yo NNYE D;; 8" (x-y), (52)
Qi . -M [y wis ~in]eDe
(4722 (), 10, ;) o0 = m%‘ 87 0° 8" (x—y), (53)
H"™ V=M sigag 5o 54
[ (x), 7'51'1.,'2.,'3 (y)]x0=y0 YR 73] (X - y)a ( )

31(A+M?) U
where we made the notation

[il iy 1‘3] k1 k2
P PRV I VAN (55)
NJpJ3 3| [Jl V) ]3] 2(A+M2) .

In this way, the reducible Dirac analysis of this model is complete.

5. IRREDUCIBLE ANALYSIS

In this section we develop an irreducible analysis for the investigated model.
Initially, we investigate the problem of constructing the Dirac bracket in the
original phase-space in terms of an invertible matrix. In this sense, we remark that

Dl;‘()) given in (19) is a projector

% nfo — n%
DBOD Yo —DYO. (56)
Thus, if the equations
aBy R Y09 B
MOO—Dgouongo (57)

possess solutions for uYOSO an invertible matrix, then, on behalf of relations (20),
(21), and (57), it follows that the Dirac bracket (21) can be replaced with
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[F, G =[F,G]=[F,y, W' [x, .G} (58)

The brackets (21) and (58) coincide on the second-class constraint surface (1). In

the case of our model, where the matrices D(;g and M0 are expressed by (46)

and respectively (48), the solution to equations (57) exists and is given by

0 0 0

i 0 0 0 n”
wore = L (59)
0 0 0
/1
0 —nl" 0
vy
with

1 1

i iy _ i qh

i
1T —
ny

It is simple to see that the inverse of (59) reads as

0 0 A" 0
1
0 0 0 7:;21”2
Wson, = > (60)
R A N
0 a2 0
172

where

. . 1
At =2A+ MY, A = S M?)5;15)7.

The presence of the invertible matrix u%ﬁo in (58) suggests an irreducible

approach, but on a larger phase-space [11]. In view of this, we introduce some new
variables ( Ve, )m1 1o My with the Poisson brackets

[Va, > 75,17 @app, > (61)

where O p, is antisymmetric and invertible. Now, we consider the system subject

to the constraints
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~ — o ~
Xuo - XQO + AOLO yul 07 (62)
~ _ o ~
Ko, =2" v, 0, (63)

with AO:)‘ some functions of the original phase-space variables. Both O p, and

AO:)‘ must be taken such that the constraint set defined by (62) and (63) is second-

order and irreducible. In the case of the model under consideration the
supplementary variables read as

Vo =(p B o BY, (64)

gl
where ¢ is a scalar field, B’ a vector field, and p together with Bl respectively

denote their conjugated momenta. Consequently, the matrix D, p, is of the form

0 0 -1 0
0 0 0 —621
e (65)
081 0 0
.11

If we take the functions A(;:)l as

o, 0 0 0
i 1.
M =38! o 0 0
A , (66)
0 0 20" 0
0 0 oMt 5!
i i
then (62)—(63) become
= (s S0 S ~<2)./1f2)z
T, —(xil Ly X X 0, (67)
%, =(1" 27)~0, (68)

with
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1) =201, -0, p+MP,, (69)

iglli)z =-30" i, T MH’PZ * %ail PiZ] ’ (70)
7 = 20, H" 28" - 2MB", (71)
%(2)1‘112 -5, A2 _ 2 4 gt g , (72)
iV =—Mp-op, (73)

79 =Mo-0,B'. (74)

By using the collective notation ¥, :()Zao,f(az), we find that the matrix

CAA, :[XA’XA'] decomposes as

o By
Hap Ay Do p 4 p
oPo o wh By
Cc = . 75
R VAR A S )
ay By Bo ay By By

Matrix (75) is invertible, with the inverse

o MBOPO Zﬁgléygl 0)61/11 A)LITZEP%Z
A" _
¢ - DP2 g 2%hgh 70 pPr 4 M2ty 2 P2 ’ (76)
R hy oy @ M )

where
-1 0 0 0
0 -5, 0 0
B 1
N ArMm2| 00 —% 0o | (77)
1 o
0 0 0 ——3§
21

The invertibility of (75) emphasizes that (67)—(68) define an irreducible set of
second-class constraints. The Dirac bracket built with respect to these irreducible
constraints reads as
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I _TF %oBo _
[F.GT|  =[F.G]~[F.Z,, W[3,.G]

~ Oy AY ok 7, =B ~
_[F’XQO]Z a(/)lel(;l(ollA}leD 12;2[X[52,G]7
: (78)

JUF 5 1% 4 M2.%Man 7P e _
[F,qu ]D )LZAGI ® e }LIZ [XBO’G]

"
—[F.,5%. 1D"2 4 M2 4 2 ph2 [ ,G]
A R M T ARy T

If we compute the Dirac brackets among the original field/momenta on behalf of
(78), we reobtain the same fundamental non-vanishing Dirac brackets like in the
reducible situation, namely, (51)—(54). Thus, for any functions depending on the
original phase-space variables we have that

[F,G] ~[F,GT (79)

ired
Relations (79) stand for the main result of our paper and enable us to state that an
equivalent manner of constructing the Dirac bracket with respect to the second-
order reducible second-class constraints of gauge-fixed three- and two-forms with
Stueckelberg coupling is to transform them into some irreducible second-class ones
and compute the Dirac bracket in terms of the irreducible set. Moreover, we obtain
that

[.FT|  =0=[p.FT (80)

. b
ired

(B, FT

(81)

; .
ired 1 ired

Based on (79), it results that the equations of motion arising from the reducible and
irreducible settings coincide in the sector of original field/momenta. Related to the
newly introduced variables, from (80)-(81) we have that their equations of motion
are trivial, i.e.,

$=0, p=0, B'=0, P =0, (82)

B!
which lead to ¢=0=p, B) =0=Pl.l by taking some convenient boundary

conditions (vacuum to vacuum) with respect to these non-physical variables.
6. CONCLUSION
To conclude with, in this paper we developed an irreducible approach to

gauge-fixed two- and three-forms with Stueckelberg coupling. The main feature of
this model is that it is subject to some second-order reducible second-class
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constraints. Our results emerge after three main steps. In the first step we write the
original Dirac bracket in terms of a non-invertible matrix and compute the
associated fundamental Dirac brackets. The second step relates the previous Dirac
bracket to an equivalent expression, but constructed in terms of an invertible
matrix. Based on this result, in the third step we generate an irreducible second-
class constraint set on a larger phase-space and show that the fundamental Dirac
brackets from the irreducible and reducible settings indeed coincide. All these steps
underline that gauge-fixed two- and three-forms with Stueckelberg coupling can be
tackled in an irreducible fashion. The generalization of the procedure developed so
far to the case of Stueckelberg-coupled p- and (p+1)-forms is under

consideration.
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