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Abstract. I give an overview of recent results obtained in the study of collisions of discrete
spatiotemporal optical solitons (“discrete light bullets”). I will consider discrete light bullets forming
in both one-dimensional arrays of weekly coupled nonlinear waveguides and in two-dimensional
photonic lattices. These nonlinear photonic lattices can support continuous-discrete spatiotemporal
solitons, which are stable in a broad region of their parameters. The generic collision scenarios
include: (a) soliton fusion (soliton merging), (b) soliton spreading, (c) quasi-elastic (symmetric)
scattering, and (c) strongly asymmetric collision outcomes.
Key words: spatiotemporal optical solitons, light bullets, discrete solitons, collision scenarios.

1. INTRODUCTION
The spatiotemporal optical solitons [1, 2], alias “light bullets” (LBs) [3] are
spatially confined pulses of light propagating in nonlinear media. In other words,
the LBs are nondiffracting and nondispersing wavepackets, which form in certain
nonlinear optical media. The three-dimensional (3D) spatiotemporal optical
solitons are localized (self-guided) in the two transverse (spatial) dimensions and in
the direction of propagation due to the balance of anomalous group-velocity
dispersion (GVD) of the medium in which they form and nonlinear self-phase
modulation. Therefore, a LB is a fully 3D localized physical object in both space
and time coordinates. However, it is commonly believed that the LBs could be
used as information carriers in future all-optical information processing systems
due to their remarkable potential for massive parallelism (in space) and pipelining
(in time) [1].
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Both two-dimensional (2D) and 3D optical solitons propagating in
selffocusing cubic (Kerr-like) optical media are unstable because of the occurrence
of collapse in the governing nonlinear Schrödinger model [4]. In past years, a lot of
possibilities to “arrest” the wave collapse which is unavoidable in cubic selffocusing media were put forward, such as the use of weaker nonlinearities such as
saturable nonlinearities [5], quadratic nonlinearities [6–9], the combination of
quadratic and cubic nonlinearities, or self-focusing cubic and self-defocusing
quintic nonlinearities [10], the use of tandem layered structures [11], of offresonance two-level systems [12], and self-induced-transparency media [13]. It is
worthy to mention that there exist collapse-free nonlinear media, such as cubic
nonlinear media whose optical nonlinearity is nonlocal; these media may also give
rise to stable 2D and 3D optical solitons, see, e.g., Refs. [14–18].
Recently, it was put forward a new approach for constructing spatiotemporal
pulse-train solitons, which is based on employing slow nonlinearities for removing
the condition that the dispersion length must be equal to the diffraction length [19].
The pulses were collectively trapped in the transverse direction by a slow
nonlinearity, which facilitates the soliton stability, and each pulse was self-trapped
in the longitudinal direction by a fast nonlinearity. In Ref. [19] the characteristic
length of the slow nonlinearity corresponds to the diffraction length, while the
length of the fast nonlinearity matches the dispersion length (the diffraction length
is much shorter than the dispersion length in this physical setting). Another
interesting possibility to get stable light bullets comes from the interplay of local
and nonlocal nonlinearities [20]. Thus the concept of accessible LBs via synergetic
optical nonlinearities (nonlocal, non-instantaneous nonlinearity combined with an
instantaneous Kerr-type nonlinear response) was recently put forward in Ref. [20].
By extensive numerical calculations it was demonstrated that 3D LBs and anti-LBs
can be generated in reorientational media with a cubic electronic nonlinearity, such
as liquid crystals in the nematic phase, under experimentally feasible conditions
[20].
The study of fully 3D LBs in materials with simultaneous modulation of the
linear refractive index and of the nonlinearity is of increasing interest [21] because
the relevant physical settings where 3D solitons form and are stable to random
perturbations are relatively rare, see, e.g., the review paper [1]. Moreover, since 3D
solitons in cubic (Kerr-like) nonlinear media suffer from supercritical collapse [4],
addition of a linear optical lattice results in their stabilization only in a certain
limited range of relevant parameters. It is therefore expected that the additional
modulation of the cubic optical nonlinearity may dramatically affect the domains
of existence and stability of spatiotemporal optical solitons. An interesting physical
setting with competing linear and nonlinear lattices, where the refractive index is
decreased in the points where the nonlinearity is strongest was investigated in
detail [21]. Thus in Ref. [21] it has been proven the stability of LBs supported by
Bessel optical lattices with out-of-phase modulation of the linear and nonlinear
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refractive indices. It was shown that the spatial modulation of the nonlinear
refractive index significantly modifies both the shapes and the stability domains of
the light bullets. Moreover, it has been proven that the fully 3D LBs forming in a
2D Bessel lattice can be stable, provided that the peak intensity does not exceed a
certain critical value [21]. It was also found that the width of the stability domain in
terms of the propagation constant may be controlled by varying the nonlinearity
modulation depth and that the maximum energy at which the spatiotemporal
optical solitons remain stable increases with the depth of the nonlinearity
modulation.
Vortex solitons are unique physical objects of fundamental interest in recent
years due to their potential applications to all optical information processing, as
well as to the guiding and trapping of atoms [22]. Unique properties are also
featured by various types of vortex complexes in the form of vortex clusters, such
as rotation similar to the vortex motion in superuids. The complex dynamics of
vortex clusters in optical media with competing nonlinearities has been studied too
[23]. Various complex patterns based on arrangements of several vortices were
theoretically investigated in the usual BEC models, described by the generic GrossPitaevskii equation with a local nonlinearity [24].
In recent years, multidimensional soliton necklaces [25–26] and rotating
soliton clusters [27] were investigated, too. Moreover, in nondissipative optical
media with competing nonlinearities, robust soliton complexes (in the form of
“clusters” or soliton “molecules”) composed by several fundamental (nonspinning)
solitons were thoroughly investigated [27]. The quasi-stable propagation of such
robust soliton clusters is a generic feature of media with competing nonlinearities
(self-focusing cubic and self-defocusing quintic nonlinearities or quadratic
nonlinearities in competition with self-defocusing cubic nonlinearities) [27]. A new
class of both 2D and 3D spatially modulated vortex solitons, the so-called
azimuthons, was introduced recently [28]. Optical vortex solitons and soliton
clusters propagationg in waveguides created in photonic crystal fibers made of a
material with a focusing Kerr (cubic) optical nonlinearity were also studied [29].
Competing combinations of optical nonlinearities such as a combination of
quadratic and self-defocusing cubic nonlinearities, or self-focusing cubic and selfdefocusing quintic nonlinearities are necessary to prevent the spatiotemporal
collapse and they also provide for a possibility to get stable 3D solitons with
internal vorticity (topological number). Both fundamental (nontopological) and
topological (vorticity-carrying) stable 3D spatiotemporal optical solitons have been
predicted, in media with such competing optical nonlinearities [10].
It should be mentioned that, while theoretical studies of multidimensional
optical solitons have advanced a great deal in recent years, the reported
experimental results remain quite modest, being thus far limited to the
experimental observation of 2D LBs that overcome diffraction in one transverse
spatial dimension in quadratic nonlinear optical media (second-harmonic
generating crystals) [30].
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Multidimensional solitons in complex optical lattices were investigated in
several works in the past few years; for comprehensive reviews of recent results in
the area of soliton excitation and control in optical lattices induced by di_erent
types of nondi_racting beams featuring unique symmetries, see Refs. [31]. The
existence and stability of 3D LBs confined by either harmonic 2D optical lattices
[32] or radially symmetric Bessel lattices [33] were investigated in recent years. In
these works it was predicted the existence of stable 3D spatiotemporal solitons in a
2D photonic lattice and it was found that the Hamiltonian (H)-versus-soliton norm
(N) diagram exhibits a generic two- cusp structure. Correspondingly, a
“swallowtail” shape of the H – N diagram emerged, which is a quite rare physical
phenomenon [32]. This unique feature is a generic one; it was put forward in the
case of both nontopological (nonspinning) [32–35] and topological (spinning) [36]
3D solitons. This unique property of the Hamiltonian versus norm curve has been
also found in the case of radially symmetric Bessel lattices [33], which is a result
suggesting a promising approach to generate both stable “light bullets” in optics
and stable 3D solitons in attractive Bose-Einstein condensates [34], and in the
search for stable light bullets in media with quadratic nonlinearities in competition
with self-focusing cubic nonlinearities [35].
The field of multidimensional dissipative localized structures is one of the
richest in nonlinear physics owing to the ubiquitous nature of these dissipative
phenomena. These localized physical objects are modeled by nonlinear partial
differential equations involving gain and loss terms in addition to the common
nonlinear and dispersive/diffractive terms, which allow for the formation under
certain conditions of stable dissipative solitons (DSs) [37]. One of the prototype
dissipative dynamical system is that governed by the complex Ginzburg-Landau
(CGL) equation, which is one of the most studied nonlinear partial differential
equation in nonlinear science [38]. Recently stable fundamental (vorticityless) and
spinning (with nonzero intrinsic vorticity) dissipative LBs described by the cubicquintic CGL equation were found [39–44], and both elastic and inelastic collision
scenarios were identified [45–46].
Also, the field of optical surface waves is one of the richest in physics owing
to the fact that surface waves are ubiquitous in Nature. Over the past decades a
great deal of interest has been drawn to nonlinear optical surface waves guided by
single and multiple interfaces separating different media. Quite often, features
exhibited by such surface optical solitons have no analogue in the corresponding
bulk media, which makes their study especially relevant. The nonlinear surface
modes might be potentially useful for practical applications, such as optical
sensors, etc. These electromagnetic surface waves are a purely nonlinear
phenomenon, i.e., they exist only if the mode power exceeds a certain threshold.
Nonlinear transverse-electric (TE), transverse-magnetic (TM), and mixed
polarization surface waves traveling along single and multiple dielectric interfaces
were theoretically predicted and systematically analyzed in the 1980s [47–54].
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It is worthy to mention that the interest in the study of nonlinear selftrapped
optical surface waves has been renewed after the theoretical predictions [55–57]
and subsequent experimental demonstrations [58, 59] of nonlinearity induced light
localization near the edge of a truncated one-dimensional nonlinear waveguide
array that can lead to the formation of the so-called discrete surface optical
solitons. Some of the specific features of such discrete surface optical solitons in
other relevant physical settings have been recently investigated both theoretically
[60–64] and experimentally [65–68] (see also Ref. [69] for recent comprehensive
overviews of experimental and theoretical developments in the area of discrete
optical solitons).
The concept of surface optical solitons has been recently extended to the case
of spatiotemporal surface solitons [70–73] described by the continuousdiscrete
nonlinear equations similar to those investigated earlier for cubic [74] and
quadratic [75] nonlinear optical media, but with the properties strongly affected by
the presence of the surface in the form of the lattice truncation.
Following our earlier studies [70–73], we recently considered both (2+1)dimensional [76] and (3+1)-dimensional [77, 78] continuous-discrete spatiotemporal
models described by the complex GL equation. We thus investigated the effects of
gain and loss due to optical amplifiers and saturable absorbers in truncated periodic
photonic structures and we introduced dissipative surface light bullets [76, 77].
Similar to other types of discrete dissipative solitons in both one- and twodimensional lattices [79–82], the dissipative surface light bullets exhibit novel
features that, as a result of both discreteness and gain (loss) effects, have no
counterpart in either the continuous limit or in other conservative discrete models
for both cubic and quadratic nonlinear media [83–88]. Also, we have investigated
the unique collisions scenarios of dissipative solitons forming in one-dimensional
waveguide arrays (one-dimensional photonic lattices) [89].
In this work I give a brief overview of recent studies of collisions between
discrete spatiotemporal optical solitons (“discrete light bullets”), which form in (i)
one-dimensional waveguide arrays (i.e., in one-dimensional photonic lattices), and
(ii) in two-dimensional photonic lattices. I present the generic collision scenarios of
discrete light bullets forming both near the edges of a semi-infinite array of weekly
coupled nonlinear waveguides and in the center of the waveguide array. I also
illustrate the collision outputs in the case of discrete light bullets located both in the
corners or at the edges of truncated two-dimensional photonic lattices and deep
inside the lattice (i.e., located in the center of the two-dimensional lattice).
2. DISCRETE LIGHT BULLETS IN ONE-DIMENSIONAL
WAVEGUIDE ARRAYS: COLLISION SCENARIOS
The concept of discrete LBs (including that of surface LBs) was introduced
recently in Ref. [70], where a comprehensive study of a rich variety of the surfacemediated effects associated with spatiotemporal evolution of both bulk and surface
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solitons in one-dimensional waveguide arrays was put forward. In this seminal
work it was combined the key features of both continuous and discrete nonlinear models
and it was analyzed the existence, stability and robustness of continuous-discrete
soliton families describing discrete LBs (i.e., discrete spatiotemporal optical solitons).

Fig. 1 – Contour plots display the evolution of the electric field in the plane (t, z)
for the collision scenarios of input solitons located at the very interface (d = 0), at
different values of kick χ: (a) merger into a single soliton located at the distance
d = 1 from the surface, at χ = 1; (b) and (c) spreading of the input solitons, at
χ = 2, and χ = 4, respectively, and (d) quasi-elastic collision, at χ = 8. Here the
propagation constant β = 4.

Fig. 2 – Same as in Fig. 1 but for input solitons located in the center of the lattice:
(a) merger into a single soliton located in the center of the lattice, at χ = 0:5,
(b) and (c) spreading of the input solitons, at χ = 1, and χ = 9, respectively, and
(d) quasi-elastic collision, at χ = 16. Here the propagation constant β = 4.
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The solution centered at the distance d = 0 describes the light bullet localized
at the edge of the semi-infinite waveguide array; this solution is a spatiotemporal
generalization of discrete surface solitons predicted earlier in Ref. [56]. It is worthy
to mention that the threshold power of surface localized waves is lower than that of
the bulk mode. Therefore, in sharp contrast to one-dimensional surface solitons
[56, 60], the edge of a semi-infinite waveguide array creates an effectively
attractive potential for the spatiotemporal localized modes that reduces the
threshold power for the nonlinear mode localization at the surface.
It is important to emphasize that in a recent paper, the necessary conditions
for low-power spatiotemporal soliton formation in arrays of evanescentlycoupled
silicon-on-insulator (SOI) photonic nanowires have been analyzed in detail [85]. It
was found that pronounced soliton effects can be observed even in the presence of
realistic loss, two-photon absorption, and higher-order GVD. The one-dimensional
waveguide arrays made of SOI photonic nanowires seem to be most suitable for the
observation of discrete LBs because a proper design of photonic nanowires can
provide dispersion lengths in the range of 1 mm and coupling lengths of a few
millimeters (for 100-fs pulse durations) [85].

Fig. 3 – Same as in Fig. 1 but for high amplitude solitons corresponding to β = 8,
located at distances d1 = d 2 = 0: (a) χ = 0.5, (b) χ = 1, and (c) χ = 2.

Once stable discrete Lbs are available, a problem of great interest is to
consider collisions between them and to identify the generic outputs of such
collisions. This issue was recently investigated [90] in the framework of nonlinear
coupled continuous-discrete dynamical equations focusing on finding the generic
outcomes of collisions between discrete surface spatiotemporal solitons located at
different distances d from the edge of the one-dimensional waveguide array.

106

D. Mihalache

8

In order to study collisions between discrete spatiotemporal solitons we have
taken a pair of stable discrete LBs separated by a large temporal distance t2 – t1 = T.
We solved the nonlinear partial differential equations describing the evolution of
the two input solitons by taking the initial condition (at z = 0) corresponding to
collisions between two stable LBs: En(t, 0) = En(t + T/2) exp (iχt/2) + En(t – T/2)
exp (–iχt/2), where En is the electric field at site n of the array and χ is the kick
(collision momentum) parameter. We have considered anomalous GVD and we
have studied collisions between discrete spatiotemporal solitons located at different
distances d from the surface of the semi-infinite waveguide array for various values
of the kick parameter χ, and for two representative values of the propagation
constant β corresponding to both relatively low and relatively high soliton
amplitudes (powers).

Fig. 4 – Same as in Fig. 1 but for input solitons located at distances d = 0 and d = 1
from the edge of the array: (a) merger into a single moving ‘upwards’ soliton
located at the distance d = 1 from the surface, at χ = 0.2, (b) merger into a single
moving ‘downwards’ soliton located at the distance d = 1 from the surface, at χ = 1,
(c) spreading of the input solitons, at χ = 4, and (d) quasi-elastic collision, at χ = 8.

A series of systematic numerical studies of collisions between two identical
discrete spatiotemporal surface solitons initially set at equal distances d1 = d2 = 0,
1, …, from the edge of the truncated waveguide array were carried out [90].
First, we considered the collision of solitons of relatively low power
(amplitude). In this case, by gradually increasing the initial kick χ, we observed the
following three generic collision scenarios, see Figs. 1, 2:
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Fig. 5 – Contour plots display the evolution of the electric field in the plane (t; z)
for the collision scenarios of input solitons located in the lattice corner, at
different values of kick χ: (a) merger into a single corner soliton, at χ = 1, (b) and
(c) spreading of the input solitons, at χ = 1,5, and χ = 7, respectively, and (d)
quasi-elastic collision, at χ = 8. Here the propagation constant β = 6.

(a) Merger of two identical solitons into a single soliton at relatively small
values of the kick parameter χ. The single output soliton may be either located at
the same distance from the interface as the input solitons or, more interestingly, it
may jump into a neighboring waveguide located at a larger distance from the
surface.
(b) Spreading of solitons at intermediate values of the kick parameter χ.
(c) Quasi-elastic soliton interactions at large values of χ, and the
corresponding passage of solitons through each other (symmetric collision).
By increasing the input power (amplitude) of colliding solitons we observed
the disappearance of the soliton spreading regime for intermediate values of the
kick parameter; in this case by increasing the collision momentum the solitons
gradually “switch” from the merging regime to the quasi-elastic one (see Fig. 3).
Collisions between two nonidentical discrete surface spatiotemporal solitons
initially set in motion at different distances (d1 ≠ d2) from the edge of the semiinfinite waveguide array were also reported [90]. In the case of low amplitude
(power) input solitons by gradually increasing the initial kick χ, we have observed
the following three generic collision scenarios, see Fig. 4:
(a) Merger of the two distinct solitons into one of them at relatively small
values of the kick parameter χ. This soliton fusion process is accompanied by a
drastic change of the velocity of the surviving soliton.
(b) Spreading of solitons at intermediate values of the kick parameter χ.
(c) Elastic interactions at large values of χ, and a corresponding passage of
solitons through each other.
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Fig. 6 – Same as in Fig. 5 but for the collision scenarios of relatively low amplitude
input solitons located in the lattice center, corresponding to β = 10 at different values
of the kick parameter: (a) χ = 1, (b) χ = 2, and (c) χ = 3, and (d) χ = 4.

As in the case of collision between identical discrete spatiotemporal solitons,
by increasing the input power (amplitude) of nonidentical colliding solitons we
have observed the disappearance of the spreading soliton regime found for
intermediate values of the kick parameter [90].

Fig. 7 – Same as in Fig. 5 but for relatively high amplitude corner solitons
corresponding to β = 10: (a) χ = 1, (b) χ = 1.3, and (c) χ = 4.
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3. DISCRETE LIGHT BULLETS IN TWO-DIMENSIONAL PHOTONIC
LATTICES: COLLISION SCENARIOS
Theoretical studies of discrete solitons localized in the corners or at the edges
of two-dimensional photonic lattices [91–96] and recent experimental observations
of two-dimensional surface spatial solitons in optically-induced photonic lattices
[97] and laser-written waveguide arrays in fused silica [98] demonstrated novel
features of these nonlinear surface modes in comparison with their counterparts in
one-dimensional waveguide arrays [56, 58, 60]. In particular, in a sharp contrast to
one-dimensional discrete surface spatial solitons, the nonlinear mode threshold is
lower at the surface than in a bulk making the mode excitation easier [95].

Fig. 8 – Same as in Fig. 5 but for relatively high amplitude center solitons
corresponding to β = 12: (a) χ = 1, (b) χ = 1.7, and (c) χ = 4.

In this section we briey overview the recent results concerning soliton
collisions of LBs in two-dimensional photonic lattices [99]. The one-parameter
families of discrete spatiotemporal surface solitons, the study of their stability and
their unique properties were recently reported [73].
First, we considered the collision of solitons of relatively low energy
(amplitude). In this case, by gradually increasing the initial kick χ, we observed the
following three generic outcomes, see Figs. 5, 6:
(a) Merger of the two identical input solitons into a single soliton at relatively
small values of the kick parameter χ.
(b) Spreading of solitons at intermediate values of the kick parameter χ.

110

D. Mihalache

12

(c) Quasi-elastic(symmetric) soliton interactions at large values of the kick
parameter χ, and the corresponding passage of solitons through each other.
By increasing the input amplitude (energy) of the two colliding solitons we
observe the disappearance of the soliton spreading regime for intermediate values
of the kick parameter. Thus for high input amplitudes, by increasing the collision
momentum, the generic soliton merging regime (for low input transverse
velocities) is followed by the soliton bouncing regime (see Figs. 7 and 8),
characterized by a sharp modification of input transverse velocities of colliding
solitons after their mutual passage.
Thus we have shown that the outcomes of collisions of discrete
spatiotemporal solitons localized in the corner, at the edge and in the center of the
two-dimensional photonic lattice strongly depend on the initial soliton parameters,
such as their input amplitudes (energies) and their input transverse velocities. In
addition to the well-known scenarios of soliton fusion (for low input transverse
velocities) and symmetric scattering (for large input transverse velocities), we have
observed spreading of low amplitude solitons at intermediate values of input
transverse velocities (soliton collision momenta) and strongly asymmetric
collisions of high amplitude (energy) solitons at intermediate values of input
transverse velocities.
4. CONCLUSIONS
In this work I overviewed some recent results concerning collisions of
discrete spatiotemporal optical solitons (“discrete light bullets”). I considered
discrete light bullets forming in both one-dimensional arrays of weekly coupled
nonlinear waveguides and in two-dimensional photonic lattices. These nonlinear
photonic lattices can support continuous-discrete spatiotemporal solitons, which
are stable in a broad region of their parameters. I have identified four generic
collision scenarios: (a) soliton fusion (soliton merging), (b) soliton spreading, (c)
quasi-elastic (symmetric) scattering, and (d) strongly asymmetric collision
outcomes. I do believe that these unique collision scenarios can be found for other
types of discrete solitons.
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collaboration with Dumitru Mazilu, Falk Lederer, and Yuri S. Kivshar. I am deeply indebted to them.
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