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Abstract. We introduce a variational method to describe the dynamics of cigarshaped Bose-Einstein condensates of high density subject to periodic modulations of
the radial component of the confining potential. The key ingredient of the variational
treatment is the q-Gaussian radial envelope which describes the Thomas-Fermi regime
of the condensate. A longitudinal surface wave of the type (1 + (u(t) + iv(t)) cos kz)
is grafted to the ansatz to account for Faraday and resonant waves. Using the variational
equations, we investigate the dynamics of a realistic condensate for frequencies close to
the radial frequency of the trap and show the emergence of the Faraday waves excited
outside of resonance and that of the resonant wave that appears straight on resonance.
Key words: Faraday waves, resonant wave, q-Gaussian ansatz.

1. INTRODUCTION

A period of seven decades separates the theoretical prediction that a dilute
atomic gas will Bose-condense at very low temperatures from the land-marking experimental achievement of Bose-Einstein condensates (BECs) with 87 Rb and 23 Na
atoms in 1995 [1]. There were very few signs along the way to suggest the almost
unprecedented scientific effervescence that gathered scientists from fields as diverse
as atomic and solid state physics on one end, and nonlinear and quantum optics at
the other. Nonlinear scientists, in particular, have found in BECs their ideal testbed
for nonlinear phenomena at large and there is now a long list of experimental results
reinforced theoretically by supporting analytical results and extensive numerical simulations [2–4].
Extended parametric resonances are one of the recurrent themes in the dynamics of quantum gases. Following the inceptive investigations in Ref. [5] and the subsequent theoretical prediction of Faraday waves in parametrically driven BECs [6]
they have received constant attention [7]. The experimental observation of Fara-
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day waves in cigar-shaped 87 Rb BECs [8] and 4 He cells subject to vertical vibrations [9], and the achievement of periodic modulations of the scattering length of a
7 Li BEC [10] represented a supplementary stimulus that greatly catalyzed investigations on this subject. A close look at the recent literature for bosonic systems shows a
large number of publications on subjects as diverse as the nonlinear correction to the
frequencies of the collective modes of a BEC [11], the path-integral formalism for
the dynamics of bosonic gases (see Ref. [12] for a detailed overview), the parametric
excitation of “scars” in BECs [13], the complete removal of excitations in BECs subject to time-dependent periodic potentials [14] and the formation of Faraday patterns
in low-density, high-density and dipolar BECs [15–17].
Investigations into the properties of BECs loaded into optical lattices [18] have
uncovered a wide range of nonlinear phenomena that includes loops in the condensate
band structure, trains of solitons and period doubled states [19, 20]. The suppression
of Faraday waves in BECs loaded into strong optical lattices, in particular, was shown
through numerical simulations in Ref. [21] using mainly a homogeneous setting. On
the fermionic side, the properties of Faraday waves in superfluid fermionic gases have
been discussed in Refs. [22, 23] and the amplification of the spin-charge separation
in one-dimensional fermionic systems by means of parametric resonances has been
shown in Ref. [24].
The large number of theoretical investigations into the nonlinear dynamics of
BECs stems from the well-established accuracy of the Gross-Pitaevskii (GP) equation that governs the T = 0 K dynamics of the condensate. A mathematically identical equation has been used in nonlinear optics to describe quasi-monochromatic wave
trains propagating in nonlinear optical media and it has been shown that it supports
numerous stable nonlinear waveforms in one-, two- and three-dimensional conservative [25] and dissipative [26] physical settings; for a comprehensive review see
Ref. [27].
There is now a large number of numerical recipes that can solve the GP equation in one-, two- and three-dimensional settings (see, for instance, Ref. [28]), while
for analytic results one can choose between effectively one- and two-dimensional
non-polynomial Schrödinger equations [29,30], discrete nonlinear Schrödinger equations [31] and numerous variational treatments [32]. As most experimental setups use
high-density condensates, the most attractive variational methods are those tailored
around q-Gaussian functions [33–35] which are known to give the correct hydrodynamic description of the condensate [36]. These q-Gaussian variational treatments
have had notable successes in describing the ground state properties of the condensate [33–35] along with its resonant and non-resonant dynamics [36], and, what is
even more interesting, can describe the condensate midway between the low- and the
high-density regime where all other methods fail.
In this work we extend a previous treatment of surface waves [37] to describe
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the emergence of Faraday and resonant waves in driven Bose-Einstein condensates
that have longitudinal homogeneity [38]. The key ingredient of the current treatment
is the q-Gaussian transverse envelope which accurately describes the dynamics of
BECs with large numbers of atoms an aspect that has been neglected in concurrent
works [39]. A related treatment has been used in the past to investigate the dynamics
of loosely bound two-dimensional solitons in BECs loaded into optical lattices [40].
The rest of the paper is structured as follows: In Section II we introduce the variational recipe and derive the Euler-Lagrange equations, while in Section III we present
the numerical results. Finally, in Section IV we gather the main conclusions and
present suggestions for future experiment.
2. VARIATIONAL TREATMENT

Starting from the Lagrangian density of a trapped BEC (written herein with
~ = m = 1)


i
∂ψ ∗ (r, t)
∂ψ(r, t)
1
∗
L(r, t) =
ψ(r, t)
− ψ (r, t)
+ |∇ψ(r, t)|2
2
∂t
∂t
2
g(t)N
+ V (r, t) |ψ(r, t)|2 +
|ψ(r, t)|4 (1)
2
and using the trial wave function

1/2 
1/1−q
r2 (1 − q)
k (3 − q)
1−
ψ(r, z, t) =
2π 2 (2 + u(t)2 + v(t)2 ) w(t)2
2w2 (t)
 2

× exp ir α(t) [1 + (u(t) + iv(t)) cos(kz)] (2)
one can integrate out the radial and the longitudinal components which leads to the
following Lagrangian


2gπρ(q − 3)2 8 − 3u4 (t) − 8v 2 (t) + 3v 4 (t) + 6u2 (t) 4 + v 2 (t)
L(t) = −
16π 2 (q − 5) [2 + u2 (t) + v 2 (t)]2 wr2 (t)
(
Ω2 (t)w2 (t)
+
+ (6 + 2q)(q − 2) + (q − 2)v 2 (t)(3 − q)
4 − 2q
h
+ k 2 (1 + q)w2 (t) − (4 + q) 2 + v 2 (t)w4 (t)α2 (t)
(3)
)

i
+ u2 (t)(3 − q)(2 + q) + (1 − q)w2 (t) k 2 (q − 2) − 4w2 (t)α2 (t)
(


× 2(q − 2)(1 + q) 2 + u2 (t) + v 2 (t) w2 (t)
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−v(t)u̇(t) + u(t)v̇(t) w2 (t)α̇(t)
+
−
2 + u2 (t) + v 2 (t)
q−2

4

)−1
.

Our ansatz (and the ensuing Lagrangian) covers longitudinally-homogeneous, cigarshaped BECs subject to isotropic transverse confinement. More refined treatments
include a longitudinal envelope to cover the weak longitudinal trapping that exists
in most experimental setups. In this work we have chosen to omit longitudinal envelopes of finite spatial extent due to the spurious resonances that appear between
the length of the condensate and the period of the surface wave. Applying the EulerLagrange equations
 
d ∂L
∂L
−
= 0,
(4)
dt ∂ ẏ
∂y
with y ∈ {q, w, α, v, u} one obtains the following variational equations, namely
−

4
Ω2 (t)w4 (t)
(7 − q)(3 − q)ρg
−
+
=0
2π(q − 5)2
(1 + q)2
(q − 2)2

(5)

for q and
α̇(t) =

1
g (q − 3)2 ρ
Ω2 (t)w(t)
(q − 2)
−
w(t)
2π(5 − q)w3 (t)
2−q

6 − 5q + q 2
8w(t)α2 (t) 4w4 (t)α2 (t)
+
+
−
3
(q − 2)
(q − 2)w (t) (q − 2)(1 + q)w3 (t)
ẇ(t) = 2w(t)α(t)
v̇(t) =

g(q − 3)2 ρu(t)

π(q − 5)w2 (t)
k2
u̇(t) = v(t)
2

!

(6)

(7)
−

k2
2

u(t)

(8)
(9)

for w, α, u and v, respectively. Equations (6)–(9) describe the dynamics of the bulk
and the formation of the surface wave for a generic condensate, the radial density
distribution of the bulk being set by q through the algebraic constraint in equation
(5). The algebraic nature of the constraint that sets the radial density distribution is
due to q not having a canonically conjugate variable (for example, a phase), which we
have intentionally omitted for reasons of analytical tractability. In fact, the slightest
change of the ansatz turns the Lagrangian analytically intractable and one is left
only with direct variational methods which have the same lack of transparency as
the numerical solution of the original GP equation. A detailed discussion on the
solutions of equation (5) is presented in Ref. [36]. Here let us mention that for q = 1
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equation (6) reduces to
α̇(t) =

gρ
Ω2 (t)
1
−
− 2α2 (t) + 4
4
4πw (t)
2
2w (t)

(10)

which has been used in Ref. [38] to describe the formation of resonant waves in
low-density condensates, while for q = −1 the last term in equation (6) becomes
singular. This singularity corresponds to the divergence of the kinetic energy close
to the surface of the condensate that is typical for the Thomas-Fermi approximation.
The radial density distribution of the bulk has little impact on the formation of the
longitudinal surface wave as one can see from the dynamics of v(t) for q = 1
v̇(t) = −

gρu(t) k
− u(t)
πw2 (t) 2

(11)

and q = −1
8gρu(t) k 2
− u(t).
(12)
3πw2 (t)
2
Outside of the radial resonance, that is ω 6= Ω, we can approximate the solution of
(6) and (7) as
"

 #1/4
6 − 5q + q 2 gρ(3 + 2q − q 2 ) + 2π (5 − q)
.
(13)
w(t) ≈
2πΩ2 (5 + 4q − q 2 ) (1 +  sin tω)2
v̇(t) = −

Using (13) in (8) we then recast equations (8) and (9) in the form of a generic Mathieu
equation
ü(t) + u(t) [a(k, ω) + b(k, ω) sin 2τ ] = 0,
(14)
where
!
r
p
ρgΩ (q − 3)3/2 (q − 5)(1 + q)
2k 2 k 2
2
p
a(k, ω) = 2
+
, (15)
ω
2
π (q − 5) (q − 2) [gρ(q − 3)(1 + q) + 2π(q − 5)]
r
p
2k 2 gρΩ (q − 3)3/2 (q − 5)(1 + q)
2
p
b(k, ω) =
,
(16)
π ω 2 (q − 5) (q − 2) [gρ(q − 3)(1 + q) + 2π(q − 5)]
and ωt = 2τ . The waves observed experimentally correspond to the most unstable
solutions of equation (14) which, for small positive values of b(k, ω), are known from
the stability analysis of Mathieu equations to be given by a(k, ω) = 1 [41]. As for
small values of b(k, ω) one can easily check that equation (14) has solutions of the
√
√
form sin( aτ ) and cos( aτ ), the most unstable solutions have a frequency half that
of the parametric drive and are usually referred to as Faraday waves. These waves
have a long honored history which goes back to to Ernst Chladni’s “beautiful series
of forms assumed by sand, fillings, or other grains when lying upon vibrating plates”
that “are so striking as to be recalled to the minds of those who have seen them by
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the slightest reference”, Hans Christian Ørsted’s experiments with lycopodium light
powders, and Michael Faraday’s “crispations” seen in “fluids in contact with vibrating surfaces” [42]. The prototypical example of parametric wave amplification is
that of a shallow contained filled with liquid that is oscillated in the vertical direction, a setting in which the acceleration periodically modulates the effective gravity
and for drives of sufficiently large amplitudes a surface wave instability occurs with
frequency one half that of the drive. The Faraday wave is the most unstable surface
wave outside of the radial resonance, but in the vicinity of ω = Ω the approximation
for w(t) breaks down, equation (14) includes the contribution of the higher harmonics (of very small amplitude) and a different surface wave emerges. This surface
wave appears due to the resonant energy transfer [43] between the bulk of the condensate and the surface wave which sets a(k, ω) = 22 such that the frequency with
which the surface wave oscillates is equal with that of the radial breathing mode.
Solving analytically a(k, ω) = n2 one finds
(
p
√
k=
2g(3 − q)3/2 Ωρ −H(q)(1 + q)(gρ(3 − q)(q − 1) + 2π(q − 5))
h

− H(q) gρ(q − 3)(1 + q) + 2π(q − 5) 2g 2 Ω2 ρ2 (q − 3)3 (1 + q)
)
i1/2 1/2
+ gn2 πρω 2 H(q)(q − 3)(1 + q) + 2n2 π 2 ω 2 (q − 5)2 (q − 2)

(17)


−1
× π 1/4 H(q) [gρ(q − 3)(1 + q) + 2π(q − 5)]
,
where H(q) = (5 − q)(2 − q). Similar dispersion relations have been derived in
Refs. [15, 16] for Faraday waves (that is, n = 1) by perturbing the ground state of
a cigar-shaped BEC. These relations, however, rely on a wave function which is not
normalized and does not minimize the Lagrangian, therefore the results are slightly
fortuitous.
3. RESULTS

Solving numerically the equations (6)-(9) using a standard 4-5 embedded RungeKutta method we obtain the dynamics of the bulk of the condensate and that of the
surface wave. Analyzing
π 
A(t) = n(0, t) − n
,t
(18)
k
4ku(t)
=
,
(19)
π (2 + u2 (t) + v 2 (t))
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Fig. 1 – The dynamics of u(t) for the Faraday and resonant wave in an experimental setup of
N = 5 · 105 atoms of 87 Rb, L = 180 µm, Ω = 160.5(2π) Hz and  = 0.1 for ω = 146(2π) Hz and
ω = 174(2π) Hz respectively. Notice in both figures that the Faraday wave emerges considerably
faster than the resonant wave and exhibits an almost exponential blow-out.

where
Z
n(z, t) =

√
2w(t)
√
1−q

dr2πr |ψ|2 ,

(20)

0

we see that u(t) is a good indicator for the formation of the surface wave. Consequently, to analyze the emergence of the Faraday and the resonant wave we plot in
Figs. 1–4 u(t) for the two waves, straight on and in a vicinity of the radial resonance using a realistic experimental setup of N = 5 · 105 atoms of 87 Rb, L = 180
µm, Ω = 160.5(2π) Hz and  = 0.1. This setting corresponds to that used in Ref. [8],
with the difference that we consider for simplicity a condensate with longitudinal homogeneity and compute the spatial extent of the condensate using a Thomas-Fermi
approximation. The radial distribution was determined from the numerical solution
of equation (5) which yields (to four digits) an equilibrium value q = 0.0822 that
indicates that the condensate is well within the high-density regime [36].
The main message conveyed by Figs. 1-4 is that for modulation frequencies
different from the radial trapping frequency the Faraday waves emerge faster than the
resonant wave, while straight at resonance the resonant wave blows out exponentially
and masks the Faraday wave. In a vicinity of the resonance the two waves have
similar instability onset times.
Computing sF /sR = kR /kF using equation (17), namely the ratio between the
period of the Faraday wave and that of the resonant wave, one sees in Fig. 5 that for
all frequencies of interest the period of the Faraday wave is roughly twice that of the
resonant wave.
Let us emphasize that our model does not describe the real interplay between
the two waves and only captures the formation of individual surface waves. In fact,
the scattered experimental data reported in Ref. [8] for the observed period of the
(c) RRP 64(No. 1) 105–115 2012
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Fig. 2 – The dynamics of u(t) for the Faraday and resonant wave for ω = 160(2π) Hz. Same
experimental setup as in Fig. 1. Notice that the resonant wave emerges exponentially fast and it
completely masks the Faraday wave. This behavior is typical for resonant forcing and is due to a
resonant energy transfer between the collective mode of the bulk and the emergent surface wave.

164 *2*Π Hz
20

1.5
1.0
0.5
0.0
-0.5
-1.0
-1.5

10
uHtL

uHtL

156 *2*Π Hz

0
-10
-20

0

40

80
t @msD

120

160

0

40

80
t @msD

120

160

Fig. 3 – The dynamics of u(t) for the Faraday and resonant wave for ω = 156(2π) Hz and
ω = 164(2π) Hz respectively. Same experimental setup as in Fig. 1. Notice in both figures that the
Faraday and the resonant wave have comparable instability onset-times, even though the resonant
wave emerges somewhat faster. The two figures pertain to the scattered experimental data for the
observed period of the surface wave before and after resonance that was reported in Ref. [8].

surface wave before and after resonance suggests the coexistence of the two waves,
while our model only shows that the two waves have similar instability onset-times
(see Fig. 4). A more realistic model should include two surface waves of arbitrary
periods, but such a variational model yields a Whittaker-Hill-type equation for which
the Floquet exponents (and therefore the unstable solutions) are not known analytically. The present variational model represents a trade off between the analytical
tractability of the one-component surface wave and the accurate description of the
dynamics of the bulk of the condensate.
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Fig. 4 – The dynamics of u(t) for the Faraday and resonant wave for ω = 152(2π) Hz and
ω = 168(2π) Hz respectively. Same experimental setup as in Fig. 1. Notice in both figures that the
Faraday and resonant wave have similar instability onset-times and none of the waves has exponential
blow-out.
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Fig. 5 – The ratio between the period of the Faraday wave and that of the resonant wave.
4. CONCLUSIONS

In conclusion we have shown by variational means that a cigar-shaped condensate subject to periodic modulation of the radial confinement will exhibit longitudinal Faraday waves for modulation frequencies different from the radial trapping
frequency, while straight at resonance the resonant wave blows out exponentially and
masks the Faraday wave. In a vicinity of the resonance the two wave have similar
instability onset times and the existing experimental data suggests that the waves coexist. A more detailed experimental investigation of the resonant regime is needed
and we suggest that the condensate is probed after 50 ms or so such that the surface
wave is fully formed.
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