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Abstract. The dissipated energy in fission, cluster and alpha decay was estimated microscopically by using the time dependent pairing equations. The single
particle level schemes were determined in the framework of the super asymmetric two
centre shell model. A strong dependence of the dissipated energy as function of the
mass asymmetry is evidenced. The dissipated energy is much lower for alpha decay
and cluster emission than for fission.
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1. INTRODUCTION

As mentioned earlier in Ref. [1], the motion of any real macroscopic physical
system is not only managed by conservative forces. We need to take into account the
dissipative forces that produce an irreversible flow of energy or angular momentum
from the macroscopic degrees of freedom to the intrinsic ones. The concept of nuclear friction can be employed if we use collective coordinates and microscopic ones.
A such ensemble can be found in the case when the Schrödinger equation is solved
for microscopic potentials that vary in time. In nuclear physics, an interesting case
could be that of nucleons that are moving in the Nilsson potential. This potential vary
in time due to modifications of the generalized coordinates associated to the nuclear
shape parametrization. In this context, by changing the generalized coordinates the
fission process can be simulated.
In the following we will use the time dependent pairing equations [2–4] to de-
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termine the dissipated energy for the fission, the alpha decay and 14 C emission of
236 U. The dissipated energy will be determined for predefined families of shapes
that start from one spherical nucleus and ends as two separated fragments. A nuclear
shape parametrization given by two intersected spheres of different radii will be used.
Therefore, it is considered that the Nilsson two centre shell model [5,6] could be well
describe the single particle energies needed to solve the time dependent pairing equations. The two centre model is a very power tool in solving two potentials in contact
with a barest number of degrees of freedom. In this work, we will use only the two
degrees of freedom associated to the elongation and to the mass asymmetry. Such
calculations were realized in the past only for three fission channels [7] . We will investigate systematically the dissipated energy for all seniority zero fission partitions
in the A-channels [8]. The results will be compared with the dissipation obtained
for the alpha and carbon particles. As mentioned earlier in Ref. [1], the motion of
any real macroscopic physical system is not only managed by conservative forces,
but also by frictional ones. Therefore, in dynamical treatments we need to take into
account the dissipative forces that produce an irreversible flow of energy or angular momentum from the macroscopic degrees of freedom to the intrinsic ones. The
concept of nuclear friction can be employed if we use collective coordinates and microscopic ones. A such ensemble can be found in the case when the Schrödinger
equation is solved for microscopic potentials that vary in time. In nuclear physics, an
interesting case could be that of nucleons that are moving in the Nilsson potential.
2. THE MODEL

In our investigation, the time dependent pairing equations is used to evaluate
the dissipation. The calculations are based on solutions given by the super asymmetric two centre shell model.
2.1. THE TWO CENTRE SHELL MODEL

Investigating the fission in a wide range of mass asymmetries, the two-centre
shell models allow a continuous description of the changes of nuclear shapes from
one initial nucleus to two final fragments. It is a generalization of the one centre
Nilsson model. The two-centre shell-model Hamiltonian is obtained from the twocentre oscillator V2c by adding the spin orbit interaction term Vls and a correcting
term Vl2 [9]. The Hamiltonian is:

H = T + V2c + Vls + Vl2 ,
(c) RRP 65(No. 2) 401–410 2013
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where T is the kinetic energy. The more general expression of the each terms valid
at any deformation are
mωρ2 2
Vρ =
ρ
(2)
2
(
mωz2 (z − z1 )2 , z > 0;
Vz =
(3)
2
(z + z1 )2 , z < 0,
where the position of the two centres on the symmetry axis is given by −z1 and +z1 .
The spin orbit reads:
Vls = −χ~ω0 {2s(5V × p) + µ[(5V × p)2 − N (N + 3)/2]},

(4)

where V is the two-centre oscillator potential. The Hamiltonian can be diagonalized
in the basis of the two-centre symmetrical oscillator |n⊥ Λνn sπ >.
The matrix elements of the operator Vls are calculated in this basis by using the
identities:
1
l.s = (l+ .s− + l− .s+ ) + lz .sz
(5)
2
1
l2 = (l+ .l− + l− .l+ ) + lz2
(6)
2
It must be mention that one has to replace z by z − z1 when z > 0, and z + z1 when
z < 0, in order to obtain l1 or l2 , respectively. The matrix elements: < n0⊥ Λ0 νn0 s0 π 0 |
H0 + Vls | n⊥ Λνn s > are nonvanishing only if the states belong to the same subspace
of the spin projection (Ω), where Ω = Λ + s. The subspace (−Ω) can be obtained
from (Ω) by changing Λ into −Λ and s into −s. The Hamiltonian is diagonalized
for positive and negative parities, separately by using numerical methods.
When the potential is separable in three dimensions, the condition
 
 


∂E
∂E
∂E
:
:
= na : nb : nc
(7)
∂n1
∂n2
∂n3
has to be fulfilled. Here na , nb , nc are small nonnegative integers and n1 , n2 , n3 are
quantum numbers.
For the spheroidal harmonic oscillator
1
E = ~ωz (nz + ) + ~ω⊥ (n⊥ + 1)
2

(8)

1
1
2
(9)
E = ~ω0 [(1 − )(nz + ) + (1 + )(n⊥ + 1)]
3
2
3
and the shell structure occurs when ω⊥ /ωz = (1 + 1/3)(1 − 2/3)−1 = nc /na ;
hence,  = 3(nc − na )/(na + 2nc ). Several versions of super asymmetric two centre
shell models used in fission are available in the literature, beginning with Nilsson potentials [10], Woods-Saxon ones [11–15], and terminating with relativistic ones [16].
(c) RRP 65(No. 2) 401–410 2013
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2.2. DISSIPATED ENERGY

The microscopic description of the dynamics of a many nucleon system has
been extensively investigated with the time dependent Hartree-Fork method [17].
However, in this method, the residual interactions are neglected. That leads to the
unpleasant feature that a system even moving infinitely slowly could not end up in its
ground state. In order to avoid all these difficulties one could use the pairing residual
interaction. We shall start from the variational principle taking the following energy
functional
∂
δL = δ < ϕ|H − i~ − λN |ϕ >,
(10)
∂t
and we assume the many-body state as a BCS seniority zero wave function
Y
+
|ϕ(t) >= (ul (t) + vl (t)a+
(11)
l al )|0 > .
l
+
where |0 > denotes the vacuum state. a+
l and al are creation operators of the coupled
states l and l, and ul and vl are vacancy and occupation amplitudes, respectively and
satisfy following relation
|vl |2 + |ul |2 = 1.
(12)
We know that only the relative phase between ul and vl matters, and decided to take
ul as a real quantity [3, 18].
Sometimes, this energy functional is called a Lagrangian. The functional contains several terms. The first one is the time dependent many-body Hamiltonian with
pairing residual interactions
X
X
+
+
a+
(13)
k (t)(a+
H(t) =
k ak al al .
k ak + ak ak ) − G
k,l>0

k>0

The particle number operator is
N=

X
+
(a+
k ak + ak ak ).

(14)

k>0

By performing the variation of the Lagrangian in a way similar as in [11,18], the next
system of coupled differential equations are obtained.
i~ρ̇l = κl ∆∗ − κ∗l ∆,

(15)

i~κ̇l = (2ρl − 1)∆ + 2κl (l (t) − λ(t)) − 2Gρl κl ,

(16)

X
∆ = G κk ,

(17)

where:

k

X
∆ = G κ∗k .
∗

k
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G is the pairing strength, ∆ is the gap energy and
κk = uk vk ,

(19)

ρk = |vk |2 .

(20)

So, ρk are the single-particle densities and κk are the pairing moment components.
ρk are real quantities, while κk are complex ones. In this context, the sum over pairs
generally runs over index k. When the single-particle sum over k is realized only for
one partner of each reversed pair, the result is multiplied by a factor 2. The index
k runs over a workspace that allows the pairing force to operate only within a finite
number of active levels around the Fermi energy.
The ground state energy E0 of any deformation is obtained in the framework
of the BCS formalism:
E0 = 2

X

ρ0k k − G

k

X

2

−G

κ0k

X

ρ0k

2

(21)

k

k

in the static, lower energy state. Here, ρ0k and κ0k means solutions of the BCS equations. For the same deformation, the energy of an diabatic state m is obtained by
considering the unpaired nucleon located on the diabatic state under consideration,
0

E =2

X

ρk  k − G

k

X

2

κk − G

k

X

ρ2k ,

(22)

k

where the solutions of the TDHFB equations are used. In the frame of our model, the
difference
∆E = E 0 − E0
(23)
0
behaves as a dissipation energy. Here E is the energy of the system obtained within
solutions of the time dependent pairing equations and E0 is the BCS energy. These
equations were recently used in the study of fission [19–21].
3. RESULTS

Three nuclear decay modes are treated in an unified manner. A nuclear shape
parametrization given by two intersected spheres of different radii is used. We need to
know the variation of the mass asymmetry as function of the elongation for each nuclear decay mode. Information about this dependence can be found in Refs. [22–24]
where it was shown that in the case of very large mass asymmetries, that is, for alpha
decay and cluster emission, the radius of the light fragment must be approximately
1/3
constant R2 = 1.16 × A2 fm. In the case of fission the light fragment emerges
with a radius that gives approximately a constant emitted volume. A and A2 denote
(c) RRP 65(No. 2) 401–410 2013
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Fig. 1 – Family nuclear shapes, from the spherical configuration up to α emission. The distances
between the center of the fragments in fm are marked on the plot.

Fig. 2 – Same as Fig. 1 for the 14 C emission.

the mass numbers of the parent and of the light fission fragment, respectively. In
the case of the alpha decay and of the 14 C emission, the shapes are displayed in
Figs. 1 and 2, respectively. The emitted fragment starts to appear at an elongation
1/3
R = 1.16 × ((A − A2 )1/3 − A2 ) fm. A different situation appears in the case of
fission for which the shapes are plotted in Fig. 3. In this last case, a deviation from
the spherical shape can be observed from the beginning of the process, that is R ≈ 0.
The neutron and proton level schemes are obtained with the superasymmetric twocenter shell model improved in Ref. [6]. The fact that the nucleus begins to deforms
at larger values of R is reflected by the variations of single particle levels schemes
in the case of alpha decay and carbon emission as evidenced in Figs. 4 and 5. In
the case of fission, a different situation appears, as displayed in Fig. 6. In the tree
mentioned cases, the level scheme behave as a Nilsson diagram for prolate deformation. Having the level schemes for the three decay modes it is possible to compute

Fig. 3 – Same as Fig. 1 for fission.

the dissipation during the disintegrations with the time dependent pairing equations.
The velocity of the internuclear distance was fixed at ∂R/∂t = 106 m/s, that gives
approximately 10−21 s as the time to tunnel the barrier [6]. This is considered as a
characteristic time for scission.
Several A-channels were tested in the case of 236 U fission. We used the partitions that give a maximum fission yield as given by existing compilations [8]. In this
context we simulated the even-even complementary fragments like: (120 Pd, 116 Pd),
(118 Pd, 118 Pd), (116 Pd, 120 Pd), (114 Ru, 122 Cd), (112 Ru, 124 Cd), (110 Ru, 126 Cd), (108 Mo,
(c) RRP 65(No. 2) 401–410 2013
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Fig. 4 – Neutron level scheme for α emission from 236 U.

Fig. 5 – Neutron level scheme for 14 C emission from 236 U.
128 Sn), (106 Mo, 130 Sn), (104 Mo, 132 Sn), (102 Zr, 134 Te), (100 Zr, 136 Te), (98 Zr, 138 Te),

(96 Sr, 140 Xe), (94 Sr, 142 Xe), (92 Kr, 144 Ba), (90 Kr, 146 Ba), (88 Kr, 148 Ba), (86 Se, 150 Ce),
(84 Se, 152 Ce), (82 Ge, 154 Nd), (80 Ge, 156 Nd), and the last ones (78 Zn, 158 Sm).
In Fig. 7, the total dissipated energy in fission as function of the charge number
A of the light fragment and the elongation R is represented. It is important to note
that the dissipated energy at scission surpasses in general 7 MeV. For alpha decay and
cluster emission, the dissipated energies as function of the elongation are represented
(c) RRP 65(No. 2) 401–410 2013
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Fig. 6 – Neutron level scheme for the reaction 236 U 7−→ 86 Se + 150 Ce

in Figs. 8 and 9. At scission the total dissipated energy amounts to 3 MeV for α decay
and it is lower than 4.5 MeV for cluster emission. The dissipated energy reflect

Fig. 7 – Dissipated energy as function of elongation R and the charge number A of the light fragment
in fission.

differences in the structure of these three decay modes. The super asymmetric fission
proceeds through adiabatic states, without dissipation, while in the fission at low
energy a considerable amount of intrinsic excitation is produced. Therefore, the alpha
decay and the cluster emission can be considered as cold rearrangement processes
[25–28]. It is a confirmation of cold rearrangement hypothesis used in the prediction
(c) RRP 65(No. 2) 401–410 2013
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Fig. 8 – Dissipated energy as function of elongation in α-emission.

Fig. 9 – Dissipated energy as function of elongation in 14 C emission.

of cluster decay [29]. The differences in dissipated energy have their origin in the
variations of the single particle energies. As observed in the level schemes, the degree
of rearrangement of the levels is much lower for super asymmetric fission than for
fission.
Our study treats the alpha decay within fission models as in Ref. [30]. In general this decay modes is analysed with preformation models [31, 32, 34, 35] or liquid
(c) RRP 65(No. 2) 401–410 2013
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drop ones [36].
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