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Abstract. By developing a recently proposed microscopic theoretical approach
to the study of magnetic nanoparticles a possibility of contrasting temperature dependence is predicted for the free-standing and embedded samples. The theory also explains the paradox when a standard bulk dependence of magnetization is observed in
nanoparticles. The interplay of surface and shape effects is shown to be important for
controlling the properties of nanomagnets.
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1. INTRODUCTION

Nanostructures have dramatically expanded their domain of application in the
last years and have attracted a significant research effort as well [1] because controlling their properties requires understanding of the inherent physical and chemical
mechanisms. This, in turn, poses major challenges to the basic research. Thus, a large
variety of methods are being developed and used in an attempt to match the complexity of the ”nano-world”, as anticipated by R. Feynman in his famous 1959 talk at
Caltech ”There’s plenty of room at the bottom”. Aside from direct experiments, most
of our knowledge about nanostructures comes from numerical simulations (so called
ab-intio methods, exact cluster diagonalization etc.) and phenomenological methods,
which attempt to rationalize the observed behavior in terms of the sufficiently well
understood properties of ”bulk” materials. Although the limitation to a fixed number
of atoms accessible by numerical methods is ever less restrictive due to advances of
computer science, one still needs a proper understanding of the microscopic details to
achieve an adequate interpretation of the observed behavior. This explains the need
for analytical approaches, which, however, have advanced to a much lesser extent.
The major stumbling block is namely the higher complexity level separating the well
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studied ”large system” limit from its ”small-size” counterpart. Indeed, it is clear that
the electronic structure of a nanocrystal should be something intermediate between
the two extremes, atoms or molecules on one side and a bulk solid on the other.
We have addressed the specific issue of the temperature dependent magnetization of
nanomaterials (nanoparticles and nanoclusters) by developing an original approach
proposed earlier for the exact ( T = 0 ) solution of the Schrodinger equation in finite crystals, as e.g., excitation spectra of the quantum Heisenberg spin lattice model,
e.g. [2-4]. In [5] we have initiated a generalization of this approach to the statistical thermodynamics of nanomagnets. In particular, it has allowed to reveal major
inconsistencies in the currently used phenomenological description of magnetization
in nanoparticles. However, this generalization of the Bloch theory to finite crystals
has been built on the assumption of periodic boundary conditions (PBC), valid in the
case of an infinite crystal with translation symmetry. While still being relevant for
the description of size and shape variation, this assumption ignores the surface effects which are known to play an important role in the physics of nanostructures not
in the least due to breaking of the translational symmetry and increase of the surface
to volume ratio as the size of the crystal is decreased. We therefore further develop
our approach by including such effects in a form of free and clamped spins on the
surface of the sample.
2. DESCRIPTION OF THE APPROACH

Let us consider the model of a rectangular shape nanoparticle composed of
V = N × N × L magnetic ions with spin S in the nodes of a simple crystal lattice and
coupled by nearest neighbor ferromagnetic exchange interaction J. On the surface
of the particle the spins may be free or pinned by the coupling to the environment in
which the particle is immersed. It will become clear in the following that in contrast
to bulk or large samples, the boundary conditions strongly affect the thermodynamics
of the particle by modifying the spectrum of the collective magnetic excitations, spin
waves or magnons. We have discussed the modification of the spectrum and amplitude of the excitations by the boundary conditions in Ref. [6], which now allows to
investigate the quantum thermodynamic behavior of the system in the magnon-gas
approximation which is well justified at low temperatures [7]. One of these excitation
modes plays a special role in nanoparticle in contrast to bulk materials: the uniform
rotation of the magnetization vector µ. For temperatures above certain value TB there
is no a preferential orientation of this vector so that the effective polarization µef f is
virtually zero, while at lower temperatures the rotation is blocked by relatively weak
anisotropy field of the crystal. It is necessary to separate this super-paramagnetic
behavior from the excitations which reduce the magnitude of the intrinsic magne(c) RRP 65(No. 3) 832–840 2013
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tization vector. The energy of these dispersive magnon excitations is essentially a
cosine function of momentum q:
X
X
εq = 2JS~2
(1 − cos ql ) ∼ J
(ml /Nl )2
(1)
l =x,y,z

l

where the lattice spacing is set to 1 , ml = 0, 1, 2, .... and Nl are either N or L. So,
there is a minimal excitation gap when N and L are finite. Estimation of the thermal
energy required to overcome this gap in the case of a cubic F e nanoparticle gives the
critical temperature T ∗ which can reach10 − 20 Kelvin.T ∗ is often thought to indicate the onset of the ”quantum regime” when discreteness of the excitation spectrum
becomes obvious. However, from the low energy expression of the dispersion (1) it
can be seen that this is precisely the temperature at which the de Broglie wavelength
of the magnon becomes as large as the crystal size. The temperature dependence
becomes trivial, excitations being virtually frozen out below T ∗ . It is then easy to
understand that in fact the nontrivial quantum effects are important at temperatures
much larger than T ∗ , when large number of atoms are still quantum correlated. Indeed, detailed calculations which consider deviation from the classical Boltzmann
distribution of magnons gives an estimate for the onset temperature at about 0.5 Tc
for nanoparticles of a few dozens of nm. This temperature also marks the threshold of
the low-temperature expansion we have developed by examining the exact quantum
Bose-Einstein distribution with the fully discrete spectrum above. Magnetization is
calculated as a quantum statistical average


X
1
[exp (βεq ) − 1]−1  .
(2)
µ (T ) = µ (0) 1 −
VS
q6=0

Depending on the chosen boundary conditions this leads to


Nl
∞
X
Y
X

1 
exp −4nβJS sin2 qlF /2 − 1 .
µF (T ) /µ (0) = 1 −
VS
n=1

l=x,y,z ml =1

for a free-standing sample qlF = (ml − 1) π/Nl ; (ml = 1, 2, · · · , Nl ) and respectively,


∞
l −2
X
Y NX

1

µC (T ) /µ (0) = 1 −
exp −4nβJS sin2 qlC /2  ,
VS
n=1

l=x,y,z ml =1

for a sample with clamped spins on the surface: qlC = ml π/Nl ; (ml = 1,2,· · · ,Nl ).
The discrete sums are then transformed into series of Bessel functions [5]. The generalized low temperature expansion is then constructed in terms of T / Tc << 1 and
the new parameter P = T N 2 /4πJS > 1 . We give below just the few first terms of
(c) RRP 65(No. 3) 832–840 2013
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the expansion for the case of a free-standing and embedded cubic nanoparticles
 
 0.03 T
0.12T
F
3/2
2
µ (T ) /µ (0) ' 1 − BT
+
ln T N /πJS +
,
(3)
N JS 2
N S2 J
 
 
 0.05 T
0.12 T
C
3/2
2
µ (T ) /µ (0) ' 1 − BT
−
ln T N /πJS +
,
N S2 J
N S2 J
where B = ζ (3/2) S −5/2 (4πJ)−3/2 is the bulk value of the Bloch coefficient.
These can be compared with the result obtained for a rectangular nanorod N ×
N × L, L > N  1 with periodic boundary conditions


L/N − 3.9
T
P BC
3/2
µ
(T ) /µ (0) = 1 − BT
+
+ ...,
(4)
NS
4πJS
3. THE EFFECT OF SURFACE STATES ON MAGNETIZATION

We have already mentioned that periodic boundary conditions ignore the surface states. One can now clearly see from Eqs. (3) and (4) that surface generates
a large effect on magnetization which varies logarithmically slow with temperature,
that guarantees its importance even in large nanoparticles, beyond 50 nm size. Because of the explicit dependence on parameters (size, shape, boundaries, temperature,
coupling strength) in all the cases considered within our approach it is possible to establish their connection to the overall behavior of the system. In particular, it is clear
from the above formulas that the bulk (Bloch) behavior is recovered when N → ∞
without any change in the coupling constant. This conclusion contradicts the common opinion based on the phenomenological theory. Indeed, the standard approach
in the analysis of experimental data is to fit them by the ”generalized Bloch” formula:
µphen (T ) /µ (0) = 1 − γ × T α .

(5)

It was first introduced in the analysis of cluster numerical simulations as a
purely descriptive tool required to fit the obtained data [8]. The main argument in its
qualitative justification is that as the magnetic properties on the surface of a particle
are obviously different from its interior, one should observe a kind of an averaged behavior between the two. Since the surface to volume ratio is increasing for a smaller
size, so should increase the deviation of the phenomenological parameters. Relying
on the physical content of its macroscopic limit with α = 3/2 and the Bloch constant
γ determined by the characteristics of the magnon spectrum, this analysis nevertheless fails to give a coherent explanation of the observed behavior. In particular, one
could not observe any regular pattern in the size dependence of α found to be both
above and below the bulk value, while γ grows continuously for smaller particles.
This would imply a large softening of the magnon excitations or a decrease of the
(c) RRP 65(No. 3) 832–840 2013
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coupling constant J in nanoparticles, e.g. [9]. In contrast, our approach, which takes
explicit account of the surface states, leads to a form of the ”generalized Bloch law”
rather different from Eq.(5). Moreover, we were able to reproduce the numerical
cluster simulations equally well as compared to the fitting by the phenomenological
formula. Therefore our results cast a serous doubt on the validity of the existing
phenomenological description.
As already mentioned, the logarithmic terms in our results demonstrate a rather
slow convergence, meaning that deviations from bulk behavior may be observed in
relatively large nanostructures. On the other hand, it is known from experimental
works that one finds values typical for the bulk material even in small nanoparticles.
The obtained expressions demonstrate that this apparently unexpected behavior due
to may occur because of the shape anisotropy or due to the effect of environment on
the surface spins of the sample. The latter includes coating or formation of a special
layer on the surface of the nanoparticle during the technological process. The first
can be seen from Eq. (4), which shows that for a symmetric shape magnetization is
always larger than in the bulk. Deformation of the symmetric (cubic) shape causes
a decrease of magnetization which can reach the Bloch value (when L is about 4N
in this case). The effect of environment can be inferred by comparing the two expressions in Eq. (3) corresponding to the two ”extreme” boundary conditions (free
and clamped spins) when magnetization deviates from the Bloch result in an opposite
sense. It is therefore natural to expect that for an ”intermediate” case of an incomplete
pinning the result can be close to that predicted by the simple Bloch formula. Figs.1
and 2 illustrate this opposite size dependence of magnetization for the two boundary
conditions. If decreasing the size of a free particle diminishes the overall magnetization due to enhanced spin fluctuation rate, for a surface-pinned case fluctuations are
suppressed and magnetization increases in a non-linear way.
Note that the Curie temperature Tc of smaller size nanoparticles can be more
than two times larger than that of its free-standing variant. Thus, there exist a possibility that an initially unpolarized free particle can acquire a spontaneous magnetic
moment close to saturation simply by being placed in an environment which blocks
the spin fluctuations on its surface. As can also be concluded from these figures a
similar abrupt increase of magnetization would take place if the sample is divided in
two pieces. These two effects are much stronger for anisotropic shapes, as can be
seen from the Figs. 3 and 4, illustrating the sensitivity of such structures to boundary
conditions.
Taking as an example the elongated geometry of a rectangular nanorod or
nanowire we find a remarkably large difference of the Curie temperatures for the
pinned and free boundary conditions, which can reach over an order of magnitude.
Even for samples of up to several thousands of atoms (a number typical for magnetic
Co nanograins in computer hard disks) the difference actually increases with the size
(c) RRP 65(No. 3) 832–840 2013
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Fig. 1 – Size and temperature dependent magnetization of a cubic free-standing particle composed of
N 3 atoms with spin 1/2(color online).

of the nanoparticle. A similar result is obtained for other shape anisotropies relevant
for applications.
This difference arises from the strong suppression of the magnetization in a
free-standing anisotropic particle when its size is decreased compared to the one
placed in a pinning environment. The physical mechanism of such a contrast is the
balance between the enhanced spin fluctuations in anisotropic quasi one- or twodimensional structures and the inhibiting effect of the coupling to the environment
on the fluctuations destroying the long range order. Note that the Curie temperature
in Fig. 4 is larger than that of cubic sample of the same volume in Fig. 2.
Another important result of our theory is that it explains the visibly quasilinear
temperature dependence of magnetization observed in many experiments on nanostructures in terms of size, shape and boundary conditions. This kind of deviation
from the Bloch law is presently ascribed to the excitations of the uniform magnetic
(c) RRP 65(No. 3) 832–840 2013
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Fig. 2 – Size and temperature dependent magnetization of a cubic nanoparticle embedded in a
surface–pinning environment and composed of N 3 atoms with spin 1/2 (color online).

mode [10] and totally ignores the whole spectrum of excitations, as included in our
approach. As can be seen both in experiment and in our results the quasilinear dependence is present at sufficiently large temperatures, where all the modes are actually
excited and we therefore believe this is the only reliable mechanism of such behavior.
4. CONCLUSIONS

We have outlined the main elements of the new analytic approach to the description of magnetization in ferromagnetic nanostructures. It is based on the quantum Heisenberg model with spin exchange type of coupling, which, as we argue,
captures the main physical features of the nanostructures below 50 nm in size. In
this case quantum effects and discreteness of the excitation spectrum are shown to be
relevant even at large temperatures and not just at low T as is common to think. The
(c) RRP 65(No. 3) 832–840 2013
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N ´ N ´N = 5 ´ 5 ´ 100, S=12
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Fig. 3 – Temperature dependent magnetization of the shape anisotropic structure (rectangular nanorod)
embedded in a surface-pinning environment, free (the dotted curve) and periodic (dashed) boundary
conditions. The number of S = 1/2 spins is N × N × L = 5 × 5 × 100.
N ´ N ´ L = 5 ´ 5 ´ 40, S=12

MHTLMH0L
1.0
0.8
0.6
0.4
0.2

0.05

0.10

0.15

0.20

0.25

0.30

0.35

T

Fig. 4 – The same as in Fig. 3, but for a shorter nanorod containing the same number of atoms as in
the cubic sample of Fig. 2 (curve number 3).

approach has allowed to critically reconsider the basics of the existing phenomenological description, in particular the functional form of the assumed temperature dependence of the ”generalized” Bloch law. It should be emphasized that shape, size
and boundary dependencies are totally absent in the standard phenomenological analysis. This explains the irregular variation of the values of fitting parameters extracted
from different measurements. In contrast, they are considered explicitly in our theory and have been calculated for a number of specific examples. The results agree
well also with the numerical cluster simulations. Several properties revealed by the
theory may be relevant for applications of magnetic nanoparticles. Thus, generally,
at a given temperature and given number of atoms nanoparticles of a more isotropic
(c) RRP 65(No. 3) 832–840 2013
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shape have a larger polarization. However, coupling to environment can strongly
modify the magnetization: for a free-standing particle it is progressively suppressed
for smaller sizes while for a particle with surface spins pinned by the coupling this
trend is reversed. Thus we have shown that in the latter case the magnetic nanorod
has an unexpectedly higher magnetization than a symmetric nanoparticle of the same
volume. In other words, anisotropic structures are much more sensitive to the environment than the isotropic ones. One of the implications is that placing a freestanding nanorod into an appropriate environment may lead to an abrupt increase
in its magnetization, an effect which may be used, e.g. for applications in sensor
devices.
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