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Abstract. Homotopy perturbation method (HPM) was employed to evaluate radial flux
distribution for a pencil beam of 60 MeV protons passing thorough muscle and bone
tissues. Afterwards, trajectories of 60 MeV protons and their depth dose distributions in
the tissues were determined. Moreover, lateral broadening of dose delivered to the
tissues by 60 MeV protons was computed at different depths. The high accuracy of
HPM was benchmarked via comparison of our results with those obtained from the
high charge and energy transport (HZETRN) model, Monte Carlo simulation,
GEANT4.5.2 computer code and the experimental data reported in the literature.
Key words: homotopy perturbation method, trajectory of protons, depth dose distribution;
lateral broadening of dose, hadrontherapy.

1. INTRODUCTION
Hadrontherapy is a powerful technique in radiation therapy which employs
ion beams specially, protons and carbon ions for treatment of deep-seated tumors
[1, 2]. Notably, Clinical trials using these beams are now in progress. For instance,
up to July 2010, several clinical heavy ion therapy facilities have been working
worldwide [3]. The advantages of ion beams in cancer treatment with respect to
conventional radiotherapy are their characteristic Bragg peak, small lateral
spreading as well as increased relative radiobiological effectiveness (RBE).
Remarkably, protons are mostly used in clinical practice due to several hospitalbased centers in operation worldwide [4]. For example, by the end of 2009, about
77,300 patients worldwide have been treated with proton and 7,100 with carbon
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radiotherapy [5]. The extended use of proton beams in clinical radiotherapy and
afterwards fundamental rule of dose in proton therapy have resulted in
investigation on depth dose distribution of this beam in a medium. Furthermore,
since the conformity of dose broadening with tumor volume has been emphasized
in radiation therapy, radial broadening of the absorbed dose in the Bragg peak
should be precisely estimated as well.
For dose calculation in proton therapy, some techniques such as pencil-beam
method [6–8] and Monte Carlo (MC) simulation have been proposed in the
literature. Even though pencil-beam method is widely employed for proton therapy,
its accuracy is significantly reduced in heterogeneous media [9]. Moreover, MC
simulation has been regarded as the most accurate method for dose calculation in
radiotherapy. It is worthwhile to note that the high precision in this method can be
obtained by a large number of particles simulated. As this process takes a long
time, some new techniques have been proposed to accelerate the MC dose
calculation process [10–12]. An alternative for proton dose calculation is to solve a
stochastic differential equation namely, Boltzmann transport equation. Assuming
small angle Coulomb interactions in Boltzmann equation gives a Fokker-Planck
equation (FPE) [13]. FPE is a stochastic differential equation which characterizes
the distribution of heavy charged particles in a medium. Several approximate
techniques are reported in the literature for solving the FPEs [14–18].
Homotopy Perturbation Method (HPM) is combination of perturbation and
homotopy methods which is useful for obtaining a closed form and explicit
solution as well as numerical approximations of wide range of linear and nonlinear
differential equations [19–23]. Unlike the traditional numerical methods, this
technique does not need discretization and linearization. One of the most
remarkable features of HPM is that usually just a few perturbation terms are
adequate to obtain a reasonably accurate solution. Furthermore, the perturbation
equation can be constructed in many ways by homotopy in topology and also the
initial approximation can be freely chosen.
In this paper, radial distribution of a pencil beam of 60 MeV protons
traversing muscle and bone tissues has been investigated via solving a FPE using
HPM. Furthermore, the trajectories of the proton beam inside the tissues have been
estimated and compared with the data of High Charge and Energy Transport
(HZETRN) model [13]. Besides, depth dose distribution and lateral broadening in
absorbed dose have been computed for the protons at various depths of the tissues
as well as in the Bragg peak. It is worthwhile to note that the satisfactory
agreement was found between our results and those obtained by GEANT4.5.2 code
[24] as well as Monte Carlo simulations [25]. Afterwards, for 160.7 Mev protons
incident on water, the computed depth dose distribution by HPM compared with
experimental data of Paganetti [24] to verify and validate the homotopy technique
as well.
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2. FOKKER-PLANCK EQUATION
Radial broadening of an ion beam in a medium is due to some random
Coulomb interactions with the electrons and nuclei of the target. The FPE is a
stochastic differential equation which describes straggling of an ion beam within an
absorbing medium. Notably, this equation can be obtained by considering small
angle scattering limit in Boltzmann equation [13]. By considering Rutherford
scattering of ion-nucleus, the transport of incident protons through a homogenous
medium can be characterized via following equation [13].
(1)
in which

and

denote flux distribution of protons and diffusion

coefficient, respectively. In addition,

and

are projections of the scattering

angle on the two perpendicular planes containing the initial beam direction (i.e.,
the z axis) [13]. The diffusion coefficient for protons passing thorough a composite
target can be expressed by [26]:
(2)
In Eq. (2) the sum is over the chemical constituents of the target material.
Moreover,

and

are weight percent and atomic as well as mass numbers

of the target components. Furthermore,
represents the energy of protons at
depth z in the target and can be computed using the data taken from the stopping
and range of ions in matter (SRIM) computer code. Notably, considering the
screening of nuclear charge by orbital electrons as well as supposing the finite size
for the nucleus in Rutherford scattering cross section restrict the scattering angle of
protons as
[26]. In Eq. (2), the quantity
the upper to lower scattering angle.

characterizes the ratio of

(3)
in Eq. (1) and
Assuming
afterwards applying the separation of variable technique to Eq. (1) yield the FermiEyges equations as follows [27].
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(4)

(5)
In this article, the distribution functions
and
have
been computed via HPM for a pencil beam of 60 MeV protons incident on muscle
as well as bone tissues. The comparison of our results with those reported in the
literature support the validity of homotopy perturbation technique.
3. HOMOTOPY PERTURBATION METHOD
The basic concept of HPM is found in the literature [28-30]. Applying this
technique to Eq. (4), a homotopy can be constructed as follows:
(6)
The initial condition for Eq. (6) is assumed to have the form
(7)
In Eq. (7), B ( z ) = A 0 ( z ) A 2 ( z ) – A 1 ( z ) , where
2

(8)
The functions in Eq. (8) depict integral moments of the diffusion coefficient [13].
In according to homotopy perturbation theory, the solution of Eq. (6) can be
regarded in a series of

terms:
(9)

Inserting Eq. (9) in to Eq. (6) as well as rearranging based on powers of
yield the following perturbation terms

- terms
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(10)

,

(11)
,

Here, the higher order perturbation terms have been omitted because they are
too long to be written. According to SRIM computer code, the weight percents of
the target constituents have been taken to be H (63.48%), C (6.28%), N (1.57%)
and O (28.66%) for muscle and H (53.73%), C (19.58%), O (28.66), P (1.91%) and
Ca (3.11%) for bone. In addition, the densities of the muscle as well as bone are
considered as 1 g/cm3 and 1.85 g/cm3, respectively. Hence, inserting these data in
to Eq. (2) gives the diffusion coefficients for 60 MeV protons in the tissues.
(12)
,
where
and
have been characterized in units MeV and mm, respectively.
By inserting the diffusion coefficient in to Eqs. (8) and (11) and afterwards by
substituting Eqs. (10) and (11) in Eq. (9), having them simplified as well as
assuming

in Eq. (9), the projected distribution function

can be

ascertained. It is worth noting that as Eqs. (4) and (5) are equivalent,
can be determined via replacing x by y in Eqs. (7, 9–11) as well. Besides, the radial
flux distribution of 60 MeV protons passing through the tissues is extracted from
the projected distributions using the integration over
and
as follows:
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(13)
For example, the radial flux distribution for 60 MeV protons propagating at
z = 30 mm depth in muscle tissue can be obtained as:
=
(14)

Most noteworthy, the flux distribution in Eq. (14) follows a Gaussian distribution
function.
(15)
Correspondingly, the radial flux distribution for 60 MeV protons at different depths
of bone tissue can be computed in a similar way.
4. RESULTS AND DISCUSSION
The Fermi-Eyges equations describing straggling of an ion beam in a matter
were numerically solved via homotopy perturbation method. Afterwards, radial
broadening of 60 MeV protons travelling through muscle and bone tissues was
evaluated and consequently the trajectories of 60 MeV protons in the tissues have
been depicted in Fig. 1.

Fig. 1 – Trajectories for a monoenergetic beam of 60 MeV protons in (a) muscle and (b) bone tissues.
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Worth fully, in Fig. 1 (a), an excellent overlapping of our results and the data
supplied by HZETRN computer code [27] affirms the high accuracy of the HPM.
In addition, Fig. 2 illustrates depth dose distributions for the proton beam within
the tissues. Most noteworthy, for 60 MeV protons in muscle tissue, the position of
Bragg peak determined by HPM is at 30.5 mm depth of the tissue which is
consistent with data of GEANT4.5.2 code [24] as well as Monte Carlo simulations
[25] within the uncertainties of 2.3% and 0.16%, respectively. Besides, the Bragg
) is about 5.12%
peak position of the protons in the bone tissue (
greater than the results obtained using the GEANT4.5.2 computer code [24].

Fig. 2 – Depth dose distribution for a pencil beam of 60 MeV protons passing through: a) muscle;
b) bone tissues.

Furthermore, Fig. 3 represents the lateral broadening in relative dose for 60
MeV protons after traversing different depths in the tissues as well as in the Bragg
peak. It is worthwhile to note that lateral broadening of dose in Bragg peak
provides an appropriate estimate of the size of the tumor located at the end of the
path length. For the pencil beam of protons, the Bragg peak is very sharp. Thus in
order to irradiate a typical tumor properly, the thickness of the tumor in the beam
direction must be very small. Moreover, its thickness in the lateral direction should
be equal to the FWHM of lateral distribution in the Bragg peak. According to curve
(a), the FWHM in the Bragg peak was obtained to be 2.8 mm. It can be concluded
from this analysis that a thin disk-shaped tumor with diameter 3 mm located at
30.55 mm depth of muscle can be irradiated by a pencil beam of 60 MeV protons.
Remarkably, in Fig. 4, the computed depth dose distribution using the HPM for
160.7 MeV protons traversing water has been compared with the experimental data
of Paganetti [24] to verify and validate the homotopy perturbation technique. The
comparison demonstrates that the position of the Bragg peak in our computation is
consistent with the data published in the literature [24] with the relative error of
0.57%.
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Fig. 3 – Lateral distribution of dose delivered to the (a) muscle as well as (b) bone tissues by a beam
of 60 MeV protons at different depths as well as in the Bragg peak.

Fig. 4 – Computed depth dose distribution for 160.7 MeV protons in water using HPM.

5. CONCLUSION
In this article, investigations on radial dispersion of a pencil beam of 60 MeV
protons passing through muscle and bone tissues were carried out using a
numerical technique namely, the homotopy perturbation method. For instance, the
lateral broadening of 60 MeV protons traversing the tissues was estimated in which
high conformity was obtained between our computation and the data taken from
HZETRN model [13]. Furthermore, depth dose distribution as well as lateral
broadening of absorbed dose at various depths in the tissues were computed. Most
noteworthy, an outstanding consistency was obtained between our results and those
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calculated by the GEANT4.5.2 [24] as well as the Monte Carlo simulations [25] for
the Bragg peak position. In addition, for 160.7 MeV protons in water, depth dose
distribution computed by the HPM compared with the experimental results of
Paganetti [24] to highlight the precision of the homotopy perturbation method.
Consequently, following the analysis of the results demonstrate that this method
can be an applicable numerical technique with high accuracy in investigations
related to hadrontherapy.
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