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Abstract. 1 introduce a spinor field theory for the photon. The three-dimensional vector
electromagnetic field and the four-dimensional vector potential are components of this
spinor photon field. A spinor equation for the photon field is derived from Maxwell’s
equations, the relations between the electromagnetic field and the four-dimensional
vector potential, and the Lorentz gauge condition. The covariant quantization of free
photon field is done, and only transverse photons are obtained. The vacuum energy
divergence does not occur in this theory. A covariant “positive frequency” condition is
introduced for separating the photon field from its complex conjugate in the presence of
the electric current and charge.
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1. INTRODUCTION

The electromagnetic interaction is the best studied one among the four known
fundamental interactions. In the frame of quantum theory, the photon is the
quantum of the electromagnetic field. There are several ways to represent the
electromagnetic field: by the three-dimensional electric field and magnetic field
vectors, by the 4 x4 electromagnetic tensor, or by the four-dimensional potential
vector [1, 2]. The electric and magnetic fields are directly related to the energy
density of the electromagnetic field. The four-vector potential is directly related to
the Lagrangian density of interaction. But however, none of these fields can be
regarded as the photon field, because the photon density can not be expressed as
inner products of these fields with their adjoint fields. In this paper, I introduce the
spinor photon field that satisfies a spinor equation similar to the Dirac equation for
the electron. The three-dimensional vector electric field, the three-dimensional
magnetic vector field and the four-dimensional vector potential are components of
this spinor photon field. The spinor equation for the photon field is based on the
Maxwell equations, the relations between the electromagnetic field and the four-
dimensional vector potential, and the Lorentz gauge condition. The Lagrangian
densities for the free photon field and for the photon field in interaction with the
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matter are established. Covariant quantization of photon field is carried out, and
only transverse photons emerge from the quantization procedure. The vacuum state
of the photon field is found to have null energy. The solution for the photon field in
the presence of the electric current and charge is found, and a covariant “positive
frequency” condition is introduced for separating the photon field from its complex
conjugate.

The Maxwell equations, the relations between the electromagnetic field and the
four-dimensional vector potential, and the Lorentz gauge condition are rewritten as
two eight-component spinor equations in Sec. 2. The spinor photon field is
introduced in Sec. 3. The quantization of the photon field is treated in Sec. 4, and
the photon field in the presence of electric current and charge is analysed in Sec. 5.

2. THE SPINOR EQUATION FOR THE ELECTROMAGNETIC FIELD

Maxwell’s equations for the electric and magnetic fields E and H in the
presence of a charge density p and a current density j can be written in the

following form:

%(ﬁE):Vx( T IENT @
%( i H) = -V x (&, E), 2
0=-v-(JimH), 3

0=V-(Jz,E)-fe,p, 4)

where ¢, is the vacuum permittivity, p, is the magnetic permeability of the
vacuum, and x,=ct. Because the electric field, the magnetic field, the current

density and the charge density are real quantities, they are completely described by
their positive frequency components. An alternative way for writing the above
equations is to introduce an eight components spinor electromagnetic field and an
eight components spinor electric current density defined by

V., ()=

r (5
(Voo B, (0) Ve B () ey Eo(x) 0 iy H (x) itg H, () g H o (x) 0) ®

and
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Jo=o (J,(¥) j2(x) j5(x) 0000 j,(x)", (6)

where j(x)= (cp(x), j(x)) is the four-vector current density.
The Maxwell equations (1-4) now can be written as

0 .
Wem('x):_ae.v\ljem('x)_]e(x)’ (7)
ox,
where
0 O 0 -io, 0 0 0 -1,
0 0 —-ic, O 0 017, O
(x’elz . b 0'22: b
0 ic, O 0 0 7, 0 O
ic, 0 0 0 -1, 0 0 O
. (8)
0 0 ic, O
0 0 0 -io,
(x’e3_ .
-ic, 0 0 0
0 ic, O 0
with
0 —i d 7 10 )
c, = an = .
> lio > o1
We have

a, o, +a, o, =256, mn=1273. (10)

The electromagnetic field can be described by the four-vector potential
A(x) = ((I)(x)/ c, A(x)) . The relation between the electric and magnetic fields and

the four-vector potential, and the Lorentz gauge condition can be written as:

%(@A):_V(EAO)_%@E, (11)
ozvX(@A)—% noH, (12)

afo (Veodq)=-V-({e,A). (13)

The relations (11-13) can be rewritten as
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0 1
v,(0=a,Vy, (x)-—v, (), (14)
ox, hc

where the spinor potential field y ,(x) is defined by

wa<x)=§(/11(x> A,(x) 4,(x) 0000 4,(x))" . (15)

One may observe that the equation (14) also holds if we replace the Lorentz
gauge condition with the following one:

o (Eada)= V- (JErA) = v (16)

where y . is an arbitrary scalar constant. In this case, the spinor electromagnetic
field takes the following form

W, (x)=
r (17)

(Ve B () Voo o) e B (0) 0 Yo H () g Ha () Yy Ha () W (2)

According to properties of the electric field E(x), magnetic field H(x), and four-
vector potential A(x) under continuous space-time transformations, we have the
following relation for v, (x) and v, (x) under a Lorentz transformation

v, () =exp(-@-1)y,,(x), (18)

and

v, (x)=exp(@-(a, —1))y,(x), (19)

(PZX(ln\/HX—ln\/I—K]. (20)
v c c

Under a rotation characterized by the rotation angle ¢, expressed as an axial

where

vector, we have
v, (x)=exp(id-s)y,, (%), (21)
and

v, (x)=exp(ip-s) v, (x), (22)
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with
X0 0 X
= , 1= , (23)
0ox —ix 0
and
0000 00:i0 0-00
00— 0 0000 i 000
X, = ) , X, =| . , X, = . (24)
0700 000 0000
0000 0000 0000

The following commutation relation holds for s:

3
[sn,sm]ziZE:mpsp. (25)
p=1

Equations (7) and (14) are invariant under continuous space-time
transformations (See the Appendices).

3. THE PHOTON FIELD

One can use vy, (x) or vy, (x) to represent the electromagnetic field, but it
is not possible to express the photon density as an inner product of y, (x) or
vy, (x) with its adjoint field. Therefore neither y_, (x), nor vy, (x) can be

regarded as the photon field. The concept of photon is closely related to
monochromatic electromagnetic plane waves, so we consider a monochromatic
plane wave

W e (%), W 5 (x) o< exp(—ikex) (26)

in the absence of electric current and charge. Let vy *(x) and y'*(x) be the
positive frequency parts of y* (x) and y*(x). We find that the inner product
W T (x)y tF(x) s equal to the time average of energy density, which should equal

to, in the case of a monochromatic wave, the product of the photon density and the
photon energy #ck ,. On other hand, we have

0E () E () =i H @) HA 0 =y @y @)

and
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iE 7 (x)- A (x)=—iA " (x) - E ™ (x) = %E F(x)-EF(x), (28)
0
thus the photon density is equal to
=iy ST L () + iy T (0w (x) (29)
We have

=iy Ty k) + iy T oy () = (v () v ()T, (“ITZ(X)J, (30)
V()

B N T LA 31
T, = B, 0 with B, = 0 -1,) (31

and 7, isthe 4x4 unit matrix.

where

Based on the relation (30), we define the photon field y ,(x) as

1 . . v, (X))
\yfujzzisj?lJlkexp@k@:—x»[qhiij. (32)

One may observe that the condition k, >0 is covariant for the free photon field,
because it does not contain Fourier components with & < |k| According to Eqgs.

(7) and (14), the free photon field satisfies the following equation:

mgsgwfugz—maw-vwfuo—gﬁ_wf(0, (33)

(o, 0 (00 "
“= 0 wa,) P, 0) G4

where I is the 8§ x8 unit matrix.

with

The invariance of Eq. (33) under continuous space-time transformations is
assured by the invariance of Egs. (7) and (14). We have

v, (x)=exp(@-A)y ,(x), (35)

a0 36
0 a, -1 (36)

with
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for Lorentz transformations, and
v (x)=exp(ip-s, )y, (x), (37)

under space rotations, where
s 0 (38)
S, = .
7 los

Eq. (33) is invariant also under space inversion and time reversal. It is easy to
verify that T,y (x,,—x) and 1,y ,(—x,,X) satisfy the same spinor equation

Eq. (33) as v, (x,,X) , where

roz(_Be 0 j 13:[Be 0 J (39)
0 _Be 0 _Be

The equation for the free photon field can be derived from the following
Lagrangian density

.= [ O —
’4} :lh\vf [5-’- Ca’w ' VJ\V/ + Z\VfB—W/ s (40)

where  , (x) =y (x)1, is the adjoint field.

One may observe that there are a total of 15 component equations for photon
field. Among these 15 equations only 11 equations are independent, and the other 4
equations (corresponding to Egs. (2) and (3)) are a direct conclusion of these 11
equations. By means of variational calculation, all these 11 independent equations
can be obtained.

The conjugate field of y , is

0L, _
T, =——=ihy ,. (41)
S a\v ; S/

The Hamiltonian now can be calculated:
Hy=[dx(mj, - £)=
= [d*xy, (<ihca,, -V =B )y,.

The Lagrangian density (40) is invariant under a global phase change of the
photon field vy, (x). This implies the conservation of the photon number N for

(42)

free photon field:
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N:J.pphd3x (43)

and

0 .
appthV-Jph:O, (44)

where the photon density p ,, is given by the inner product between the photon
field y ,(x) and its adjoint y ,(x):

P (X) =y, (X)y ,(x) (45)
and

§on =W, (0, v, () (46)

is the photon current density. One may observe that the photon density defined by
Eq. (45) may take negative values. But however, when we talk about photons we
refer to electromagnetic fields with well-defined frequencies. By direct calculation,
one can verify that p , >0 if vy (x) has a well-defined frequency.

According to the relation between symmetries and conservation laws [3, 4],
we may obtain the following expressions for the momentum P and the angular
momentum M of the free photon field:

P=—in[dxy, Vy, 47)
and
M =[xy, [xx (=ihV)]y, + [dx , (hs, )y, (48)

It is clear that s, can be interpreted as the spin operator of the photon field.

According to expression (25), we have

3

[an 5 fn 1= iz EpmpSpps MM = 1,2,3. (49)

p=l1

4. QUANTIZATION OF THE PHOTON FIELD

It is convenient to quantize the photon field in the momentum space. To do
this, we have to find firstly the plane wave solutions of the photon field. By
substituting the following form of solution

W, (x) o< exp(—ikx)w(k) (50)
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into the spinor equation (33), we find
B
‘k-k, - w(k) =0. (51)
hic

Eq. (51) permits two independent nontrivial solutions with &, = |k| . They can be

chosen as

w hc|k| hc|k| (g, *ir, hc|k| (g5 %ir;y) 0

(K

71( ) 2\/7(
helk|(r, Fig,) helk|(r, Fig,) helk|(r; Figs) 0 (52)
—ig, tr, —ig,tr, —ig,+r, 0 0000)",

where ( and r are two unity vectors satisfying the following conditions:

A A

kxq:r’ er:—q, le':l;, and r(—k)z—r(k), (53)

with k =k /[K|.
w,, (k) and w_, (k) are orthogonal:

w, (K)w, (k)=w] (k)t,w, (k)=35,, k| (54)
We also have
(ks )w, (k)=hw, (k), A==, (55)
and
s2w, (K)=s(s+Dw, (k)=2w, (k). (56)

Therefore photons are particles of spin s=1. One may also observe that the
components in w,, (k) and w_ (k)corresponding to . are zero, so the

Lorentz gauge condition is re-obtained.
Having plane wave solutions of the photon field y ,(x), we may now

expand y ,(x) in plane waves

v, (x)= ZZ w, (k)b, (k),
m .

¥, (x)= ZZW’“‘ (k)b (k).
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with &k, = |k| . According to relations (40) and (57), the Lagrangian of the photon

field can be expressed as a function of the variables ¢, (¢) :

.0
Lo(t,q)zzzmj,fk (t)(la—c|k|thk (Z), (58)
k &
with
qu (1)=b, (k)exp(-iot), w=ck,. (59)
The conjugate momentum of g ,, (#) can be calculated, and we have

oL,
0G i (1)

By applying the quantization condition [q o D hk]zih8 w9, we find the

P (1) =inb, (k)exp(ior). (60)

following commutation relation for b, (k) and 6], (k)
[6,(K).b) (k') ]=8,,8 - (61)

b, (k) and b (k) are just the photon annihilation operator and the photon

creation operator. The Hamiltonian of the photon field can also be calculated. We
obtain

Hozzzphkqhk_Lozzzhwb;(k)bh(k)' (62)

We observe that the vacuum energy of the photon field is zero.

The commutation relations for the photon field can be written in a covariant
form. According to the commutation relations (61) and the expression (57), we
have

(v, () ]=D, (x=x")., with Lm=12-8, (63)
where the 8 x8 matrix D(x) is given by the following expression
hic

D(x)= e ko[od“kS(kz)[kok A (k1) (k1) e (64)

The replacement

%Z—) ! [k (65)

(2n)
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was used in obtaining the relation (63). Under Lorentz transformations, D(x)

transforms to
D'(x")=exp(—¢-1)D(x)exp(—¢-1). (66)

One can verify with no difficulty that by using the expansions (57), the
commutation relations (61) can be derived from commutation relation (63).
Therefore, the commutation relations (61) and (63) are equivalent.

5. INTERACTION BETWEEN PHOTON FIELD AND MATTER

In the presence of electric current and charge, according to Egs. (7) and (14),
we have the following equation for the photon field:

m%wf(x)z(—maw -V—éﬁjwf(x)—ihff(x), (67)

where the spinor current density J,(x) is given by

J, (x)=["’ é")} (68)

and ;! (x) satisfies the relation

Ji)+j I x)=j. () (69)
It would be natural to request that the spinor current density J ,(x) to have only

positive frequency Fourier components. But the spinor current density j(x) may
contain Fourier components with |k| >k, and for these Fourier components this

separation does hold for all frames of reference. In other words, the positive
frequency condition is not covariant. A covariant form of this condition can be
written as: kp >0, where p is a well-defined 4-vector. For each physical system,

there always is a well-defined 4-vector, namely the total energy-momentum
4-vector of the system. Therefore, we have

[dixe®, (x)=0(kp) [dxe (Je éx)], (70)
with
1 if z>0
0(z)=11/2 if z=0 , 1)

0 if z<0
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and p= ( po,p) the total energy-momentum 4-vector of the photon field and the

charged matter field under consideration. One may observe that, in the “centre of
mass” frame in which the total momentum p of the whole system in interaction is

zero, J ,(x) have only positive frequency Fourier components.

It is easy to verify that the equation (67) can be derived from the following
Lagrangian density

L(x)=Ly(x)+ L] (x), (72)
with the Lagrangian density of interaction given by

Ly ()=ihe[y (0T, () =T T, ()], (73)
According to the definition of J,(x) , we have
[, Jarx vl on,s ;=T @, (0]=0. (74)
14
Therefore it is not necessary to separate J,(x) from J(x) in the Lagrangian

density of interaction, and the equation (67) can also be derived from the following
Lagrangian density

L(x) =L, (x) + £, (%), (75)
where the Lagrangian density of interaction is given by
£, (x)=ihe| g} ()5, J, () =T (Dny, ()], (76)
with
J (x)=J () + T (x). (77)

According to the relation between the photon field y,(x) and the four-vector

potential 4 ,(x) , the Lagrangian density of interaction £, (x) can also be written

as
L, (x)==A](x)j(x)~ j(x)4 (%), (78)

where 4 ,(x) is the “positive frequency” part of A(x) :
j d*xe™ 4, (x) = e(kp)jd%e""u(x). (79)

One may observe that if j(x) commutes with 4 ,(x) and A4} (x) , the

Lagrangian density of interaction £, (x) would become —;(x)A(x), as in the
classical electrodynamics.
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The equation (67) can be solved. We have
v, (0 =% () + [dXG, (x = x)J, (), (80)

where Y (x) is the free photon field given by expressions (57), and G, (x) is the
Green function for the photon field:

1 —i exp (—ikx) iB_
G = d*k k ‘k———1|. 81
f (x) (27‘[)4 J. k2 +is ( 0 +aw hC ( )
6. CONCLUSION

I introduced a spinor field theory for the photon. The spinor equation for the
photon field is equivalent to Maxwell’s equations together with the relations
between the four-vector potential and electric and magnetic fields, and the Lorentz
gauge condition for the 4-vector potential. The quantization of free photon field is
done, and only transverse photons are obtained. The vacuum energy divergence
does not occur in this theory. The solution for the photon field in the presence of
the electric current and charge is found, and a covariant “positive frequency”
condition is introduced for separating the photon field from its complex conjugate.

APPENDIX A: INVARIANCE OF SPINOR EQUATIONS FOR
ELECTROMAGNETIC FIELD AND POTENTIAL UNDER LORENTZ
TRANSFORMATIONS

By direct verification, one may find the following relations for matrices $
and 1:

3
[$,,0 o 1=0D €, 0, nm=12]3, (Al)
p=1
and
a,lo, =0, -(1-8,)o,, nm=123. (A2)

Let’s consider a Lorentz transformation

X' coshe 0 0 —sinho)( x,
x' _ 0 10 0 x| (A3)
X', 0 01 0 X,
x') —sinhg 0 0 cosho )\ x,
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We have
izcosh(pi,—sinh(pi,, 0 =cosh @ 0 —sinhg— (A4)
Ox, ox'| ox\,  ox, ox’, Ox'|
and
j,(x) = cosh ¢} (x') + sinh gcp'(x'), ”5)
cp(x) =cosh ocp’(x") + sinh @y (x').
The last relations can be written in the terms of j,(x) and ;' (x'):
je=exp(o(l, —a,)) i@, (A6)

By using the relations (A4), the equation (7) can then be written as the following:

(cosh @ —sinh pa. _, )&ci’w () +

0

(coshea,, —sinh(p)i,+0Lezi+oce3i v, (X)+j,(x)=0.

ox' ox', ox'
Because
exp(—oa,, ) =cosh —sinhoa,,
o)
exp(—ga,, )i,\v MEE
ox',
= eXp(_(Pael)aeli_i—adi—i_adi “Ijem(x):
ox', ox', ox'y | °
- —exp((p(ll -o, ))j’e(x’).
But
(X‘elll :llaela

we then have

0 0
exp(_(Pll)ax_,\V em (X) :_|:(X el g'ﬁ‘eXp(_(P(ll _ael))><
0

1

a a -! A
X[Oﬂeza—,ﬂxe; —jeXp(cpll)}eXp(—cpll)wem(x)—Je(x)=0-

’
X, Oox',

(A7)

(A8)

(A9)

(A10)

(All)



15 The spinor field theory of the photon 333
According to the relation (A2), we have
alr=(-a,) a,, m=23, (A12)
therefore
o, exp((pll):exp((p(l1 —ocel))ocem, (AL3)
exp(o/,)a,, =a,, exp(o(/, —o el)), m=2,3,
and the equation (A11) becomes
o ., . b s
awm(XF—(le'V\lfem(x)—JG(X), (Al4)
with
Vo (X) =exp (=0l ), (). (A15)

The equation (A14) in the new reference frame has exactly the same form as
Eq. (7), this means the spinor equation for the electromagnetic field is invariant
under Lorentz transformations. The invariance of Eq. (14) can be shown in a

similar way. We have

0 0
€Xp ((Pa el )gw g(x) = |:(X, el eXp((pa el )g
0 1

o 0 1 o
+a€2_+a€3 _:|Wa(x)_%exp((pll)\|l em(x )

Ox' ox';
But
exp(—¢l,)a,, =0, exp((p(oce1 —ll)), m=2,3,

thus Eq. (A16) can be reduced to

6 ’ ’ ’ ! 1 ! !
— Vv, (x)=a,Vy', (x)-—y, (x),
ox' hc
with

v, (x) =exp(o(a, —1,))wy, (x).

This equation has exactly the same form as Eq. (14).

(A16)

(A17)

(A18)

(A19)
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APPENDIX B: INVARIANCE OF SPINOR EQUATIONS
FOR ELECTROMAGNETIC FIELD AND POTENTIAL UNDER SPACE
ROTATION

Let’s consider an infinitesimal space rotation

3

Xy=x,, X =x,6 - Zenmp8mxp, n=1,2,3. (B1)
m,p=1
We have
3
izi-ﬁ- enm8mi, n=1,2,3, (B2)
ox, ox, oh T o
and

3
p(x)=p'(x"), j,®)=j,("+ D €, 8,/ (), n=123 (B3

m,p=1

The last relation is equivalent to
Jo@)=(1-18-5)j,(x). (B4)

The equation (7) can be written as

0
14id-8)— =
( +1 S) ax, \Uem(x)

0

; 5 (B5)
=_(1+i5.s)(aen - Z gnlmslaemj_,\v em(X)—j;(X’).
1,m=1 6xn
But
3
Zgnlma’em :islaen _ia’ ensl’ Z,I’l =1,2a3> (B6)
m=1
SO
3
> e,.0,0,, =id-sa, —ia,d-s, n=123. (B7)

1,m=1
Then Eq. (B5) becomes

3
ai;é(lﬂﬁ-s)wm (x)=—;ocm %(Hia.s)wm (x) = j/(x"). (BS)

n
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On the other hand, we have ', (x')=(1+i8-s)y,,(x), so we rewrite Eq.
(B8) as

o Ve () =0, VY, (x) - j(x), (B9)
ox',

which has exactly the same form as Eq. (7). So the spinor equation for the
electromagnetic field is invariant under space rotations. The invariance of Eq. (14)
can be demonstrated exactly in the same way.
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