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Abstract. The brightest atom lasers to date are formed by time-dependent adiabatic potentials from magnetic Ioffe-Pritchard traps. We analyse these potentials based
on a harmonic trap in the presence of gravity. We present a detailed analytic model of
the trap and determine the flux of the atom laser, which we find to be in good agreement
with recent experimental data. We also present a novel method for determining the Rabi
frequency of the dressing rf-field.

1. INTRODUCTION

Atom laser beams are coherent matter waves usually originating from a BoseEinstein condensate (BEC). They are the matter-wave analogue to the photon laser,
with the magnetic trap corresponding to the optical cavity and the freely propagating atoms to the laser beam. They promise much higher sensitivity in matter-wave
interferometry [1–3], which could be further enhanced by number squeezed atom
laser beams [3–5]. The extremely tight focal spot of atom lasers could be exploited
in direct atom lithography [6] or ultra-sensitive magnetometry with very high spatial
resolution [7]. An extremely cold thermal atom beam would be very useful for highresolution spectroscopy of ultra-cold collisions. A key factor in the performance of
all of these devices is the spectral brightness and therefore the flux of the atom laser
beam. In this respect the atom laser is superior to the thermal atom beam just in the
same way as the optical laser to the ordinary light bulb.
The brightest atom lasers to date originate from time-dependent adiabatic potentials [8]. These are formed by applying a radio-frequency field to a magnetic
Ioffe-Pritchard trap. By changing the frequency and amplitude of this rf, one can tune
the trapping parameters and most importantly the trap depth. At large rf-frequencies,
i.e. high trap depths, one can trap thermal clouds. As one one subsequently lowers
the rf-frequency the atoms cool by forced evaporation. At sufficient low trap depths
the atomic cloud Bose condenses. Finally, the atom laser beam forms as the trap
depth reaches the chemical potential of the condensate.
In this paper we study rf-dressed magnetic traps and their application to atom
lasers. We derive a general dimensionless expressions for the harmonic trapping po(c) 2015 RRP 67(No. 1) 295–303 - v.1.1a*2015.2.11
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tential in the presence of gravity. And present analytic expressions for the trap depth.
We also present numerical results for the atom-flux in the fast and slow outcoupling
regimes. We start with a description of the adiabatic potential resulting from a IoffePritchard trap in the presence of strong rf-field. We then turn to a dimensionless
description, find the trap depth (and a novel method to experimentally determine the
Rabi frequency). We then use this description to calculate the flux of an atom laser
and compare this to our recent experimental data [8].
2. THE TRAPPING POTENTIALS

We will limit our description to atom lasers originating from atoms trapped in
static magnetic traps in the harmonic limit, e.g., a Ioffe–Pritchard trap. If the radial
trapping frequency is much larger than the axial one, then the B-field can be written
as:

B (r) = αx, αy, B0 + 1/2 βz 2 ,

(1)

where α is the gradient of the radial quadrupole field and β is the curvature created
by the pinch field. It is convenient to write this field in terms of the Larmor frequency
(ΩL = |gF µB B(r)| /~) associated with the difference in energy between the Zeeman
levels, where gF is the Landé g-factor of the considered hyperfine manifold and µB is
the Bohr magneton. Adding an oscillating magnetic field of strength Brf at frequency
ωrf and taking into account gravitation results in the adiabatic potential:
q
V (r) = mgy + mF ~ (ΩL − ωrf )2 + Ω2rf ,

(2)

where m is the mass of a trapped atom, g Earth’s gravitational acceleration, mF
the magnetic quantum number of the total atomic spin in the rf-dressed frame, and
Ωrf stands for the rf coupling strength of the dressing field [8–10]. The rf coupling
strength is Ωrf = |gF µB /2~| · |B(r)/|B(r)| × Brf | [9, 10]. If the rf-field is linearly
polarised and orthogonal to the z-axis, then close to the centre of an elongated Ioffe–
Pritchard trap the coupling strength can be simplified to Ωrf = |gF | µB Brf /(2~).
Fig. 1 shows a plot of the potentials for a spin 2 particle, for example 87 Rb in
the F = 2 state. Fig. 1a shows the potential in the horizontal plane, and Fig. 1b in
the vertical direction. The arrows indicate where the rf is resonant with the local
magnetic field, and thus where the spins adiabatically flip sign, e.g., |−2i → |+2i.
Figs. 1c–e show contour plots of equation (2) for mF = +2 for three different values
of ωrf . One can clearly see how the lower part of the trap opens up as the rf-frequency
is lowered.
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Fig. 1 – The dressed trapping potentials in the presence of gravity. a) depicts the potential in the
horizontal directions (x or z). b) shows the potentials in the direction of gravity (y). The dotted line
denotes the energy, above which gravity pulls the atoms out of the trap. The arrows indicate the
positions where the radio frequency is resonant local static B-field (ωrf = ΩL ). Contour plot dressed
trapping potentials in the y − x plane for different values of ωrf . c) shows a false color contour plot of
a deep trap with ωrf  kB T /~, in d) the trap depth is much reduced in the x direction, and e) shows
the point where the trap becomes too shallow to contain any atoms.

3. DIMENSIONLESS COORDINATES IN ADIABATIC POTENTIALS

By assuming that we stay close to the centre of the trap, i.e., hΩL /µB B0 
1, we can write the radial trapping frequency of the Ioffe-Pritchard trap as ωρ =
(µB gF mF α2 /mB0 )1/2 , and the axial trapping frequency as ωz = (µB gF mF β)1/2 . The
natural energy scales of the problem are the coupling strength Ωrf and the radial and
axial trapping frequencies. We rescale the potential and its parameters and introduce
the dimensionless variables:

"
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0

0
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(3)
#1/2
,

where V 0 is the potential and ∆ω 0 the detuning of the rf relative to B0 , both measured
in units of ~Ωrf . The length scale is set by comparing the trapping frequency to
the coupling strength. We introduce the dimensionless gravitational constant g 0 . A
large constant (g 0  3) implies that gravitation dominates over rf-coupling (the weak
coupling regime), whereas g 0  1 implies strong coupling. Typical values for our
experiments are between g 0 = 0.3 and g 0 = 0.7. With (r02 = x02 + y 02 + z 02 ) the
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Fig. 2 – a) The normalised trap depth (∆Vtrap
) as a function of g 0 and ∆ωrf
. In the white region
0
0
there is no stable trap. b) The minimum rf detuning ∆ω0 needed for a given g . The red line shows the
limit for the weak coupling ∆ω00 = (g/2)2 and the green line the one for strong coupling
∆ω00 = 3(g/4)2/3 . For the scaling see equation (3).

potential is then given by
h
2 i1/2
.
V 0 = g 0 y + 1 + r0 2 − ∆ω 0

(4)

We now turn to the question of the depth of such a trap. The symmetry of
equation (1) and equation (2) implies that the extrema of the trap lie on the y-axis
0 ) by taking the difference
and therefore r0 = y 0 . We calculate the trap depth (∆Vtrap
of the two smaller of the three extrema of equation (4).∗ Fig. 2a shows a contour
0 ) as a function of the dimensionless rfplot of the dimensionless trap depth (∆Vtrap
,2
0
detuning ∆ωrf and earth’s acceleration g . Note that all dimensionless variables of
equation (3) are inversely proportional to Ωrf . Therefore a change of Ωrf is equivalent
to rescaling the axes of Fig. 2.
We determine the extrema of the trap from the zero derivatives of the potential
with respect to the vertical position. The rf-frequency (ω 0 ) at which the potential has
a saddle point, i.e., when the two lower minima have identical vertical positions, is
the minimum rf-frequency at which we can trap atoms (ω00 ):
∆ω00 = 3

 g 2/3
4

+

 g 2
2

.

(5)

Note that in the limit of weak coupling the trap depth scales as ∆ω00 = (g/2)2 (red
line in Fig. 2b) while for strong coupling it follows ∆ω00 = 3(g/4)2/3 (green line in
Fig. 2b).
∗

Unfortunately, this results in an expression too long to be usefully printed here.
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4. DETERMINING THE RABI FREQUENCY

There are a number of ways to determine the Rabi frequency Ωrf . The most
precise one is to measure the Rabi oscillations induced by a short pulse of rf. Unfortunately, this is often not possible due to technical limitations. One can also estimate
Ωrf from the magnetic field using the current running in the field generating coils,
however, the presence of resonances in the trapping coils make it difficult to determine the precise value of the field at the location of the atoms. Therefore, the most
common method of estimating Ωrf is by comparing the atom loss due to a short pulse
of rf and comparing this to the three-dimensional Gross-Pitaevskii theory of the atom
laser [11, 12].
Here we present a novel, simpler method to determine the Rabi frequency of
the dressing field. It exploits the fact that the minimum frequency ∆ω0 at which
one can trap atoms depends on Ωrf (see equation (5)). Unfortunately, B0 is subject
to fluctuations and its absolute value cannot easily be determined. Therefore, the
method should not depend on the absolute value of B0 . It turns out that it is sufficient
to measure the difference ∆ωκ = ∆ω0,1 − ∆ω0,2 between two rf-frequencies for two
Rabi frequencies that differ by a well-determined factor† κ = Ωrf,1 /Ωrf,2 . The Rabi
frequency is then simply
"
#1/2
8 mF ~ κ2 ωρ2
Ωrf =
∆ω 3/2 .
(6)
3
27mg 2 κ2/3 − 1
In our experiments we found ∆ω/2π = 16 kHz for κ = 10 with a trapping frequency
of ωρ /2π = 793 Hz, which results in a Ωrf /2π = 7719 Hz and g 0 = 0.3 (from equation
(3)).
5. ATOM LASERS

We have shown above that the trap depth depends on the frequency of the rffield. Therefore, one can create an atom laser simply by spilling a BEC from its trap,
i.e. by ramping the rf-frequency ωrf from high to lower values [8]. As is apparent
from (Fig. 1c-e), the atoms will escape from a small region below the trap.
The procedure of creating the atom laser starts with a cloud of thermal atoms
in the trap and with an rf-frequency ωrf , which is large compared to the temperature
(~ωrf  kB T ). As one slowly ramps down the rf-frequency (Fig. 1c-e) some of the
hotter atoms evaporate from the trap and the remaining ones cool until a BEC forms.
†

In most experiments is is quite simple to lower the rf-intensity by a known factor by simply inserting an attenuator. This can be verified by measuring the electrical current in the field generating
coils.
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By ramping the radio frequency further down, the trap depth eventually reaches the
chemical potential of the condensate and an atom laser appears below the trap. Fig.3
shows the experimental flux of atoms leaving the trap as a function of the detuning
of the rf-frequency from the trap bottom. The flux has the characteristic shape of first
increasing with decreasing ωrf , reaching a maximum, and then decreasing again until
it stops.
We can distinguish two different regimes of outcoupling depending on how
quickly the rf-frequency is swept through the condensate, with τoc being the time
−1  ω  ω ), the
the sweep takes to cross the BEC. At very low sweep rates (τoc
z
ρ
condensate drains through the lowest barrier of the potential. At high sweep rates
−1  ω ), i.e. the time it takes to outcouple the condensate τ
(ωz  τoc
ρ
oc is small
compared to the axial oscillation time. Therefore the atoms do not have enough
time to move along the z-direction during the outcoupling. The atoms thus leave the
trap only when the trap depth at their axial position becomes smaller than the local
chemical potential. Fig. 3 shows the experimental flux of an atom laser created this
way [8].

20
0
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Vertical Position below condensate @mmD

Fig. 3 – The flux of an atom laser as observed in [8]. The rf-frequency displayed is relative to the
frequency at which all atoms have been spilled.

The density of a Bose-Einstein condensate is proportional to the chemical potential (µ) minus the trapping potential: n(r) = g −1 [µ − V0 (r)], where V0 is an external potential, which scaled to be zero at its lowest point [13]. Therefore, we can
calculate the number of atoms in a condensate for a given external potential V0 and
(c) 2015 RRP 67(No. 1) 295–303 - v.1.1a*2015.2.11
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chemical potential µ simply by integrating the density of atoms in the BEC over the
space of the trap. During outcoupling of the atom laser, the chemical potential is
defined by the trap-depth.
−1  ω  ω ), the trap depth defines the
In the case of slow outcoupling (τoc
z
ρ
chemical potential globally, i.e. µ = h ∆ω0 .
Z
∂N
∂
g −1 [µ − V0 (r, t)] dr
=
(7)
∂t
∂t
V0 (r)<µ
−1  ω ), the chemical potential varies along the z axes
At fast outcoupling (ωz  τoc
ρ
of the trap and is defined by the saddle point in the x − y plane (Fig. 1 c-e).
Z
∂N
∂
=
g −1 [µ(z) − V0 (r, t)] dr
(8)
∂t
∂t
V0 (r)<µ(z)

The trap depth and thus the (local) chemical potential can be found analytically from
equation (4) by setting x = 0 and differentiating for y. Since there is no analytic expression for the integrals (7) and (8), we calculate the flux by integrating the chemical
potential numerically and taking its time derivative. We define the initial chemical
potential by assuming that we prepare a steady-sate condensate with a chemical potential such that it completely fills the trap at the dimensionless g 0 = 0.8 and ∆ω 0 = 4.
It is useful to plot the resulting flux as ∂N/∂∆ω0 (red curve in Fig. 4). We verified
that for large detunings the flux scales as ∆ω 0 3/2 , as is expected from the chemical
potential in a harmonic trap [13].
In the case of slow outcoupling, no atoms are emitted until the trap depth
reaches the chemical potential of the condensate. When the outcoupling starts, it
occurs only below the centre of the trap, and the chemical potential remains constant
all over the trap. The outcoupling rate is maximal at the start of the atom lasing and
reduces as the trap becomes more and more shallow. The resulting flux can be seen
as the blue curve in Fig. 4.
In the case of fast outcoupling, the atoms do not have time to move along the
z-axis towards the centre of the trap. The number of atoms in a x − y slice located
at some point along the z-axis will stay constant until atoms start to spill out of the
bottom of precisely that slice. We calculate the atom number remaining in the trap
by numerically integrating the chemical potential from Vx00 ,y0 ,z 0 +µx0 ,y0 ,z 0 . We assume
that the chemical potential is limited either by its initial value or by the outcoupling
at that z-position depending on which is smaller. The resulting flux can be seen as
the red curve in Fig. 4. We verified that both curves contain the same total number of
atoms.
Comparing the slow and fast atom lasers one notes that the slow laser starts
more suddenly. This is due to the fact that the atoms have more time to move towards
(c) 2015 RRP 67(No. 1) 295–303 - v.1.1a*2015.2.11
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Fig. 4 – The atom flux of the atom laser normalised by the ramping speed, i.e.,
(∂N0 /∂t)/(∂∆ω/∂t) = ∂N0 /∂∆ω0 . The flux was calculated by numerically integrating the
chemical potential. The blue line corresponds to a slow atom laser, the red one to a fast atom laser.
ωrf0 = 4 and g = 0.8. The total atom number contained in both curves is the same. Note that the
absolute flux of the fast atom laser—measured in atoms per second—is larger that the slow by a factor
of the ratio of the scanning rates. The wiggles in the curve are due to numeric noise.

the centre of the trap. Nevertheless, due to its much larger ∂∆ω0 /∂t the absolute flux
of the fast atom laser is much larger than the one of the slow laser.
Comparing our model (Fig. 4) with the experimental data (Fig. 3) we find good
overall agreement for fast outcoupling. The main difference being the slower onset
of the atom laser in the experiment. This might be due to an insufficient distinction
between atom laser and thermal beam.
6. CONCLUSIONS AND OUTLOOK

In this paper, we presented a dimensionless description of rf-adiabatic potentials in a harmonic trap in the presence of gravitational acceleration. A novel method
is demonstrated for determining the Rabi frequency of the dressing fields through a
simple experiment. We also analysed the flux of an atom laser to be expected from
time-dependent adiabatic potentials and find reasonable agreement with our recent
experimental data.
In the future, we plan to use the time-dependent adiabatic potentials to produce
an atom laser using multiple rf-frequencies, which will allow us to guide the atoms
after outcoupling, to slow the atoms and possibly to produce resonant cavities for
coherent atom beams.
(c) 2015 RRP 67(No. 1) 295–303 - v.1.1a*2015.2.11

9

Adiabatic potentials and atom lasers

303

REFERENCES
1.
2.
3.
4.
5.
6.

7.
8.
9.
10.
11.
12.
13.

J. P. Dowling, Phys. Rev. A 57, 4736 (1998).
P. Berman, Atom interferometry (Academic Press, San Diego, 1997).
A. D. Cronin, J. Schmiedmayer, and D. E. Pritchard, Rev. Mod. Phys. 81, 1051 (2009).
S. A. Haine and J. J. Hope, Phys. Rev. A 72, 033601 (2005).
M. T. Johnsson and S. A. Haine, Phys. Rev. Lett. 99, 010401 (2007).
I. Shvarchuck, C. Buggle, D. S. Petrov, K. Dieckmann, M. Zielonkowski, M. Kemmann, T. G.
Tiecke, W. von Klitzing, G. V. Shlyapnikov, and J. T. M. Walraven, Phys. Rev. Lett. 89, 270404
(2002).
M. Vengalattore, J. M. Higbie, S. R. Leslie, J. Guzman, L. E. Sadler, and D. M. Stamper-Kurn,
Phys. Rev. Lett. 98, 200801 (2007).
V. Bolpasi, N. K. Efremidis, M. J. Morrissey, P. Condylis, D. Sahagun, M. Baker, and W. von
Klitzing, New Journal of Physics 16, 033036 (2014).
I. Lesanovsky and W. von Klitzing, Phys. Rev. Lett. 99, 083001 (2007).
I. Lesanovsky et al., Phys. Rev. A 73, 033619 (2006).
N. P. Robins, C. M. Savage, J. J. Hope, J. E. Lye, C. S. Fletcher, S. A. Haine, and J. D. Close, Phys.
Rev. A 69, 051602 (2004).
N. P. Robins et al., Physics Reports 529, 265 (2013).
F. Dalfovo, S. Giorgini, L. P. Pitaevskii, and S. Stringari, Rev. Mod. Phys. 71, 463 (1999).

(c) 2015 RRP 67(No. 1) 295–303 - v.1.1a*2015.2.11

