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Abstract. The dynamics of the nonlinear generalized quantum δ-kicked rotator is investigated with different initial states, under quantum anti-resonance (AR) and
quantum resonance (QR) conditions. With the help of an analytical stationary solution
of nonlinear Schrödinger equation with periodic condition, the relationship between the
different stationary solutions obtained by Carr et al. [Phys. Rev. A 62, 063610 (2000)]
is presented. We find that for weak nonlinearity, the quantum beating does not depend
on the initial states except the beating frequency for the AR case, whereas the different
rates of suppression depend on the initial states for the QR case. It is interesting to note
that the energy of the system evolving in a truly irregular manner for large nonlinearity
is bounded within some limits for both AR and QR conditions.
Key words: nonlinear Schrödinger equation, quantum fidelity, kicked rotator,
stationary solution.

1. INTRODUCTION

As one quantum analogical model of classical δ-kicked rotator [1, 2], the dynamics of the quantum δ-kicked rotator (QKR) is ascribed as quantum anti-resonance
(AR), quantum resonance (QR), and dynamical localization [3–5] due to the linearity
of the Schrödinger equation. The effects of the nonlinearity on those pure quantum
dynamics (QR and AR) have been extensively investigated recently [6–8]. In the
weak nonlinear case, one more beating frequency is induced by nonlinearity and
quantum beating phenomena were reported under AR condition [6–8], while the energy increasing rate is dramatically suppressed and one oscillation is reported under
QR condition [7]. In the strong nonlinear case, an instability (or chaotic motion)
was predicted [6, 8], therefore it may raise a question to observe its dynamics with
Bose-Einstein condensate (BEC) systems.
The first direct experimental realization of QKR is in ultra-cold (not BEC)
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sodium system in a periodic standing wave of near-resonance light, which mimics a
series of delta functions [9]. Setting specific values of the pulse period, AR [9, 10],
QR [11], and dynamical localization [9, 10] were reported in experiments with ultracold or BEC systems. The controllable experimental conditions, such as realized ring
and box trap potential [12–14], are going to stirring further theoretical research [7]
along this direction.
In the other hand, a cubic nonlinear term, as presented in a nonlinear generalization of the QKR in [6–8], could be experimentally realized not only in BEC
systems, where two-body contact interaction are considered within the mean field
approximation, but also in wave propagation through nonlinear medium [15], where
a relative large nonlinearity may be easily approached [16].
It is well known that AR (or QR), independent on initial states, appears for periods with values T = 2π (or 4πp/q), where the integers p and q are mutually prime,
given a value of the kick strength K in linear kicked model. Contrasting with the
linear model, wherein only the kick force creates the excitation on the higher momentum components, the nonlinearity may create a novel coupling between different
momentum components and also accelerate a extra phase during the free evolution
process. Both phase acceleration and excitation on other momentum components are
important mechanisms leading to novel dynamics in QKR.
It should be noted that a one-dimensional ring-shaped system with both selfattractive and self-repulsive cubic nonlinearity and a periodic potential, i.e., a system
similar to the one considered in this paper gives rise to stable patterns as shown in
Refs. [17, 18]. However, here we consider in much detail the case of positive cubic
nonlinearity. We will investigate the quantum dynamics of a nonlinear generalized
QKR to further understand how the nonlinearity modify the physics of QKR [15].
We focus our attention on the different initial states and large nonlinearity to explore
the effects of external coupling and phase acceleration. We find that for weak nonlinearity, the quantum beating does not depend on the initial states, except the beating
frequency for the AR case, and the different rates of suppression depend on the initial
states for the QR case. It is interesting to note that the irregular evolved energy of
the system induced by large nonlinearity is bounded within some ranges for both QR
and AR conditions.
The paper is organized as following. In Sec. 2, we introduce the nonlinear
generalized QKR and its analytical stationary solutions in a ring trap for unperturbed
(without kick) case. In Sec. 3, we show the evolutions of the average energy under
AR and QR conditions for four lowest stationary initial states. A time-dependent
fidelity and largest occupied momentum distributions are presented to understand
the dynamics. Finally, we present our conclusion in the last section.
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2. MODEL AND STATIONARY SOLUTIONS

The nonlinear generalized QKR model [15] is governed by the following dimensionless nonlinear Schrödinger equation (NSE) under time-periodic δ-kick perturbation
i

X
∂ψ
1 ∂2ψ
2
δ(t − mT )ψ,
=−
+
g
|ψ|
ψ
+
K
cos
θ
∂t
2 ∂θ2
m

(1)

where g and K denote the strength of the nonlinearity and external kick force, respectively.
kick period, and m ∈ Z shows the number of kicks. The probability
R 2π T is the
2 dθ = 1 is an integral of motion, and the confined motion on a ring is
|ψ(θ,
t)|
0
guaranteed by ψ(θ, t) = ψ(θ + 2π, t).
The nonlinear QKR (1) could be realized in BEC systems, as shown in [6, 8],
where one dimension is assumed by a toroidal trap with r  R (R is the radius of
the toroidal trap and r is the thickness). In this case, the nonlinearity g is from the
two body contact interaction and is determined by 8N aR/r2 , where N is the total
number of atoms and a is the three-dimensional s-wave scattering length. The length
and energy are measured in units of R and ~2 /mR2 , respectively. As mentioned
in [15], the model (1) can also be used to describe an optical beam propagation in
a nonlinear medium. For that, the variable t in Eq. (1) is the optical propagation
direction and the nonlinearity g = k02 LP0 n0 n2 is from nonlinear optical medium,
after re-scaling the length and “energy” as the diffraction length L and k0 n0 L2 , where
k0 is the wave number of optical source with initial power P0 , n0 and n2 are the
refractive index and the nonlinear Kerr-like refractive index, respectively. The δkicked perturbation may be realized by using a periodic standing near-resonance light
beam [9, 10], slightly sliding the magnetic ring trap [13], and modifying the optical
density inside the wave guide [15].
As shown in [19, 20], the stationary solution for Eq. (1) without the kick force
(k = 0) can be written as
ψ(θ, t) =

p
s(θ) exp[iφ(θ) − iµt],

where s(θ) is written in terms of Jacobi elliptical sine function

s(θ) = A +
0

φ (θ) =


α2
−
A
sn(kθ + δ, n)2 ,
A(gA + k 2 )

α
,
s(θ)
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and
gA
gα2
+
,
k 2 Ak 2 (gA + k 2 )
k2
gα2
µ = gA + +
,
2
2A(gA + k 2 )
4α2 (2gA + k 2 )
,
β = 4A(gA + k 2 ) +
A(gA + k 2 )
n=−

(3)
(4)
(5)

where µ is the chemical potential and β is an integration constant. Physically, the
parameter α denotes the current of the solution. To fix the parameters A, k, δ, and
α, we impose the periodic boundary conditions
ψ(−π, t) = ψ(π, t) and ψ 0 (−π, t) =
R
π
ψ 0 (π, t), and the normalization condition −π |ψ|2 dθ = 1, which can be rewritten
explicitly as
s(−π) = s(π),

(6)

0

s (−π) = s (π),

(7)

φ(π) − φ(−π) = 2πn1 ,
Z π
|s(θ)|2 dθ = 1,

(8)

0

(9)

−π

where n1 ∈ Z. Since considering the lowest energy levels, we set n1 = 0, 1 in the
following calculations.
The three typical stationary solutions, reported in [20], can be found from Eq.
(2) as following: For α = 0, Eq. (2) presents us a real solution without the current. The
solution (CS), and
√ two lowest chemical potential 2solutions are constant
2
ψ(θ) = A cn(kθ + δ, n) with n = gA/k , µ = gA + k /2, where cn is the Jacobi
elliptical cosine function. The CS keeps symmetry and is the ground state for the
repulsive interaction (considered in [8] as initial state), while the cn solution breaks
the symmetry with higher degeneracy (called as real symmetry-breaking solutions in
[20] and denoted as SBS in our paper). For α 6= 0, we present complex-valued stationary solutions. The lowest chemical potential complex solution is the plane wave
solution (PWS) ψ(θ, t) = √12π exp(iθ − iµt) with constant current α = 1/2π and

g
µ = 2π
+ 12 , which degenerates to the complex symmetry-breaking solution (CSBS)
[20] at critical nonlinear parameter gc given by

α2
− A = 0.
A(gc A + k 2 )

(10)

Combing with Eq. (3), we find that n = 0 and k = 1/2. Then considering the properties of plane waves, we have one universal critical value gc = 3π/2, over which the
CSBS exists.
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Fig. 1 – Chemical potential µ as function of nonlinear parameter g and the characteristics of the
density profiles of those stationary solutions.

To show how those stationary solutions can be modified from the linear to
nonlinear case, we solve equations (6-9) and plot the dependence of their chemical
potentials on nonlinear parameter g in Fig. 1. It is easy to see that the PWS and
SBS solution are degenerated at g = 0, and CSBS emerges from gc = 3π/2 as a
bifurcation from PWS. We would like to stress that all of the above solutions can be
reduced to linear case, easily proved by setting g = 0 in Eq. (1), except the CSBS.
The CS is always the ground state for the system (1). The density profiles of the real
stationary solutions are shown in the right bottom of Fig. 1, where the black curve
denotes the CS and the blue curve denotes SBS. The complex-valued ones and their
phase functions are shown in the left up of Fig. 1, where the red curve denotes the
PWS and the green curve denotes CSBS. The middle inset figure shows the CSBS at
gc , which is the same as PWS.
3. EVOLUTION WITH KICK

In this section, we are going to investigate the motions governed by Eq. (1),
starting from the lowest stationary solutions. From Fig. 1, there are three initial states
(CS, SBS, and PWS) in the weak nonlinearity case (including linear case). Though
instability occur in the case of strong nonlinearity (g  gc0 ) when we consider the
BEC setting, it is worth studying the time evolution of energy for CS, SBS, PWS, and
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CSBS, due to possible application to wave propagation in nonlinear optical medium.
To deeply understand the essential futures of the time evolution, we calculate the time
evolution of the energy (Eq. (11)) as usually, and also the time evolution of fidelity
(Eq. (12)) and their momentum components (Eq. (13)).
In our simulations, four initial stationary solutions (the corresponding parameters are shown in Table
√ 1) defined by Eq. (2) are considered. We have the constant
solution ψ(θ,
√ 0) = 1/ 2π (CS, real ground state), plane wave solution ψ(θ, 0) =
exp(iθ)/ 2π (PWS, the first excited complex state), real symmetry-breaking solution (SBS) and complex symmetry-breaking solution (CSBS).
The CS and PWS have uniform density profiles and single momentum component, while the density of SBS and CSBS solutions are not uniform and more than
one momentum component is involved.
Table 1
Parameters for SBS and CSBS

SBS
CSBS

g
0
0.1
9.
9.

A
0.56
0.56
0.50
0.05

k
1
1.01
1.60
1.17

δ
3.14
3.17
5.03
3.68

α
0
0
0
0.13

n
0
0.03
0.89
0.99

Usually, the basic characteristics of the kicked system can be read from the
evolutions of their total energy defined by


Z π
1 ∂2
1
2
(11)
E(t) =
ψ ∗ (θ, t) −
+
g
|ψ(θ,
t)|
ψ(θ, t)dθ,
2 ∂θ2 2
−π
where ψ(θ, t) is obtained by numerically integrating Eq. (1) for given initial solution,
using a split-operator method [21]. In our simulation, the kick strength is kept to
K = 0.8, and after each kick, the energy E(t) is calculated by Eq. (11) over a
time
integral of motion
R π span of 100 kicks. During our simulations, we check the
−7 at each kick. To
ψ(θ,
t)dθ
and
make
its
deviation
from
1
smaller
than
10
−π
understand how the instantaneous function ψ(θ, t) differs from the initial state, we
calculate the fidelity F (t), which is the probability that ψ(θ, t) arrive back to the
initial state ψ(θ, 0) after t time evolution under Eq. (1) [22], defined by
F (t) = |hψ(θ, 0) |ψ (θ, t) i|2 .

(12)

On the other hand, the growth of the energy can also be read from the number of
excited momentum components induced by the periodic kick and also the nonlinear
coupling. The occupation amplitude Al (t) for the l-th momentum component can be
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found by
Z π
1
Al (t) = √
ψ(θ, t) exp(−ilθ)dθ,
(13)
2π −π
where l is number of the momentum component and wl (t) ≡ |Al (t)|2 denotes the
occupation probability in the l-th momentum component.

Fig. 2 – The average energy E(t) versus the number of kicks t for four initial states in the case of
T = 2π.

Once the period of the kick is T = 2π, the quantum AR occurs in the linear
case [8], which is independent on the initial states. In the nonlinear case, a quantum
beating and an instability have been reported in [6, 8] using the CS initial state. Considering other initial states (SBS, PWS, and CSBS), their relations of the total energy
E(t) (Eq. (11)) with the kick time t are plotted in Fig. 2. To easily compare those
results, we have moved up 0.5 to E(t) for CS solutions (black star in Fig. 2 (a) and
(b)). As expected, the oscillation behaviors with the same period (2T ) are found in
the linear case (g = 0) for all of the initial states (CS, PWS, and SBS, see Fig. 2 (a)),
except that the amplitude depends on the initial states. This is nothing but the quantum AR as shown in [6, 8]. The weak nonlinear interaction (g  gc0 ≈ 1.96) makes
quantum beating phenomena, which could be a signal for nonlinearity breaking the
anti-resonance condition, where one more frequency (beating frequency) is involved
into the evolution [6, 8]. It is interesting to note that the beating frequency induced
by nonlinearity may depend on how many momentum components are involved into
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the initial state. Due to the single momentum component for CS and PWS, the same
beating frequency is shown in Fig. 2 (b), while the two momentum components initial state (SBS) performs with different beating frequency. Irregular evolutions are
shown in Fig. 2 (c) for strong nonlinearity, since the nonlinear parameter is over the
critical value (here g = 9  gc0 ). Since gc = 3π/2  gc0 , only irregular evolution is
found for the CSBS initial state. Even there are irregular motions for all initial states
in the case of strong nonlinearity, but a quiet slow growth of the energy is found in
Fig. 2 (c).

Fig. 3 – The fidelity versus the number of kicks t for four initial states in the case of T = 2π.

The deviation of the time evolution of the state with kick force and nonlinear
term, can be read from the time-dependence of fidelity F (t) defined by Eq. (12).
There are only two states in the case of the linear anti-resonance condition shown
in Fig. 3 (a). After 2T , which is the the period of oscillation, the wave function
ψ(θ, 2T ) = ψ(θ, 0) exp(i2πj)(j = 1, 2, 3, · · · ) exactly revivals to the initial state. Increasing the nonlinear parameter, more than one middle states are involved into the
evolutions, but the wave function at time t still revivals to the initial state after a
definite period, which can be understood as a “quantum beating” behavior shown in
Fig. 3 (b). It is interesting to note that the regular evolution for the CS and PWS (in
cases of weak nonlinearity) starts to become irregular at t ∼ 50 in the case of a large
nonlinearity (shown in Fig. 3 (c) for g = 9). Furthermore, the irregular evolution
(the large nonlinearity case as shown in Fig. 2 (c)) performs a slow decay behavior,
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where the fidelity F (t) still can have a relative large value (F > 0.5), even after a
long time evolution. This reveals that this irregular evolution may locate within a
limited range in some state space, where the initial state may be included. Naturally,
we try to understand this in the momentum space, in which the probabilities of the
n-th occupied momentum component is defined by Eq. (13). The largest range of
wn are selected to be plotted in Fig. 4 within t ≤ 50 (red curve) or t ≤ 100 (black
curve). It is easy to understand that the two states in anti-resonance (for g = 0) and
“quantum beating” (for g = 0.1) are nothing but the initial state and the first kicked
state ψ(θ, 1) (shown in the first two columns in Fig. 4). Actually the two-mode
approximation has been successfully used to explain “quantum beating” in [8]. In
the large nonlinearity case (g = 9), a triangle-like distribution for ln(wn ) is found,
as shown in the last column of Fig. 4, and the corresponding values of fidelity are
F (50) ∼ 0.52 and F (100) ∼ 0.67 for CS, F (50) ∼ 0.51 and F (68) ∼ 0.07 for PWS
and F (50) ∼ 0.02 and F (72) ∼ 0.03 for SBS, respectively. It is interesting to note
that the irregular motion (shown in Fig. 2 (c) and Fig. 3 (c)) occurs only within a
limited range of the momentum component, given by the last column in Fig. 4. This
is also true for the CSBS initial states (see Fig. 8 (a)).

Fig. 4 – The probability distribution ln(wn ) versus n for CS, PWS, and SBS in the case of T = 2π.

To deeply investigate how the nonlinearity modifies the dynamics of QKR,
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Fig. 5 – The average energy E(t) versus the square of the number of kicks t for the weak nonlinearity
(a) and (b), but versus the kick time t for strong nonlinearity (c) and (d) for same initial states with
T = 4π/3.

we do the similar simulations with the same four different initial states but under
QR condition T = 4π/3 (a kind of higher-order resonance [11]). The same kick
strength K = 0.8 is kept, as in the AR case. The evolution of the total energy E(t) is
calculated by Eq. (11) and is plotted in Fig. 5 (a-b) as function of total energy E(t)
with the square of the number of kicks t2 , but with the kick time t in Fig. 5 (c-d).
In the linear case (g = 0), the energies exhibit a quadratic growth with kick time,
but with different slopes (called as quantum resonance and shown in Fig. 5(a)). The
quadratic behavior (for long time) and oscillatory behavior (at the very beginning) in
the energy growth (as seen for PWS and SBS in Fig. 5 (a)) is due to the higher-order
resonances, wherein only subsets of the populated momentum states rephase between
consecutive kicks meanwhile some other states rephase after more than one kick. In
the same kick conditions, the non-zero momentum (for PWS and SBS) initial state
will make easy to see this higher-order oscillation. Generally, the nonlinearity slows
down the energy growth induced by the kick force but does not make a clear effect
on the oscillatory behavior. A relative large slowing down process can be found for
more momentum component initial states, which makes a very similar behavior for
both PWS and SBS in the long time regime (t > 20).
Once nonlinearity is large enough (here, we take g = 9), the quadratic growth
of energy breaks down. That is why we plot the energy as function of kick time t
again in Fig. 5(c-d). A very slow growth with kick time t is found for both CS and
CSBS initial states, see Fig. 5(d), while firstly we see a linearly increasing with kick
time t with different slopes, and then irregular oscillations are found for both PWS
and SBS states, see Fig. 5(c). We would like to emphasize here that this behavior
(c) 2015 RRP 67(No. 1) 207–221 - v.1.1a*2015.2.11
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Fig. 6 – The fidelity versus the number of kicks t for four initial states in the case of T = 4π/3.

is very similar to the evolution of energy E(t) for Anderson localization in linear
kick mode in Ref. [2]. Furthermore, a very slow enlarging range of occupation in
momentum space, similar to the reported results in real space [23, 24], are shown in
the last row in Fig. 8.
The exponential decay of fidelity F (t) (shown in Fig. 6 (a)) proves the deviation process away from the initial states by the resonance kick force. A clear
oscillation behavior with the exponential decay would be due to the high-order resonance [11], which depends on the initial state. Once more, the slowdown effect of
the nonlinearity on the expansion of the initial states is easily to be read from Fig. 6
(b-c). On the other hand, a slight enhance on the oscillation for PWS and SBS (see
Fig. 6 (b)) is easy to be seen in the weak nonlinearity case. A dramatic irregular
oscillation around a relative large value of fidelity ∼ 0.6, in the large nonlinearity
case (g = 9), is found for both CSBS and CS initial states, see Fig. 6 (c). A different
but still a slow decay with irregular oscillations is found for SBS and PWS initial
states. Considering our definition on fidelity F (t) (Eq. (12)), the value of fidelity
just shows how many momentum components involved in the initial states are found
in the time evolution of ψ(θ, t) and its main contributions can be checked by focusing
on a relative small range momentum space, which are shown as subfigure in Fig. 7
for |δn| < 10. A Gaussian-like distribution around zero momentum components is
found for the probability ln(w(t)) (in Fig. 7) for the resonance case, instead of the
triangle-like profile (see Fig. 4) for the anti-resonance case. The enlarged size of
(c) 2015 RRP 67(No. 1) 207–221 - v.1.1a*2015.2.11
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Fig. 7 – The probability distribution ln(wn ) versus n for CS, PWS, and SBS in the case of T = 4π/3.

the Gaussian profile shows the expansion in the momentum space in the linear case
(shown in the first row in Fig. 7). With increasing the nonlinearity, a relative narrow
distribution is found around the zero momentum components (compare the third and
second rows in Fig. 7). This can be understood as the reason for slowdown of the
expansion. For small nonlinearity (g = 0 or 0.1 in Fig. 7), the size actually increases
with time, but a more clear stop is found for very large nonlinearity (g = 9) in the
narrow peak.

Fig. 8 – The probability distribution ln(wn ) versus n for CSBS in the case of g = 9.
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It is interesting to note the trail of ln(wn ) as seen both in Fig. 4 and in Fig. 7,
which has an exponential dependence on n. This could be the occupation bound in
momentum space, which usually increases with time for a weak nonlinearity, but a
large nonlinearity makes this bound move with a very slow speed. Combining with
the evolution of energy E(t) (see Fig. 2 (c) and Fig. 5 (c-d)), in the case of a large
nonlinearity, we may think that this result is a signature for localization in momentum
space. The detailed investigation of these issues will be given elsewhere.
4. CONCLUSIONS

There are two possible experimental systems to realize the nonlinear QKR (1).
One is the cold-atoms system (or BECs) and the other one is the nonlinear propagation in an optical setting. Even some successful observations on QKR were reported
in cold-atoms systems [9, 10], there are also two reasons to suggest to observe the
predicted phenomena with the nonlinear optical propagation, where one special design on the Kerr-like coefficient and one modification on the optical density profiles
are needed. The first reason is due to large nonlinearity, which breaks down the validity of the mean field approximation and creates instability as shown in [6, 8]. The
second reason is the time scale ∼ 500 seconds, which is far away the lifetime for
BEC in current experimental conditions. Here, we have considered the experimental
data with a realized ring trap in [13], where R ∼ 0.6 µm and we make use of Rb87
atoms.
With help of the analytical stationary solutions of NLS with periodical condition, the relations between the four different stationary solutions, reported in [20],
are presented. Starting with the lowest four stationary solutions, we have numerically
investigated how nonlinearity modify the dynamics of quantum δ-kicked rotator. We
find that for weak nonlinearity, the quantum beating does not depend on the initial
states when T = 2π (the AR case), except the beating frequency, which may relate
with the number of constituent momentum components of initial states. Similarly, a
suppression effect induced by weak nonlinearity does not depend on the initial states,
but the rate of this suppression does, once T = 4π/3 (for the QR case). It is interesting to note that the large nonlinearity induces an irregular motion of the system
for both AR and QR conditions. The total energy does not increase with time, but
oscillates around a finite value. The distribution function in momentum space show
an exponential decay with the number of the occupied momentum states at the occupation boundary. This may reveal a kind of Anderson localization in momentum
space.
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