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Abstract. In this paper we present preliminary investigations on the morphological
properties and the multifractal characteristics of CoFe2O4 nanoparticles coated with a
double layer of dodecylbenzenesulphonic acid and dispersed in double distillated
water. We analyze TEM images and compute a multifractal spectrum that reveals
universal multifractality. A comparison with fractal approach applied to SANS data is
presented, and consistency of results is demonstrated.
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1. INTRODUCTION

Natural objects do not have precise fractal dimensions as mathematically
generated fractals but have a structure characterized by a fractal dimension which
usually slightly varies with the observed scale. The irregularities described by the
multifractal measures contain information about the process evolved in the
generation process or about the local interactions that lead to spatial arrangement or
aggregates formation. Multifractality has been reported in many systems, from
biology to technology and from medicine to economy [1–4] including also
magnetic fluids [5–10].
Transmission electron microscopy (TEM) and small-angle neutron scattering
(SANS) are among the most useful technical approaches for extracting numerical
data on ferrofluid complex structure of the magnetic fluids. The main
characteristics of this type of colloidal suspension are to be polydispersive,
containing different aggregates and micelles ([11–13]).
In this study, we present new properties of double distillated water based
CoFe2O4 using the multifractal investigation of TEM images and SANS data.
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2. TEM DATA AND MULTIFRACTAL ANALYSIS

Morphology and structure of CoFe2O4/ 2DBS/H2O ferrofluid is investigated
using TEM measurements. TEM analysis was carried out on a LEO 912 AB
OMEGA transmission electron microscope with an accelerating voltage of 120 kV
(Advanced Technology Centre, Moscow). One droplet of water dispersion of
CoFe2O4 nanoparticles was dropped on a carbon-coated copper grid and then dried
naturally before recording the micrographs.

(a)

(b)

Fig. 1 – TEM images of CoF2O4 nanoparticles coated with dodecylbenzene sulphonic acid dispersed
in water with two different resolutions as shown on each image.

(a)

(b)

Fig. 2 – 3D image reconstruction in arbitrary units corresponding to the fragments of TEM images
from Fig. 1a – left and Fig. 1b – right.
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TEM images show a rather non-uniform spatial distribution of particles with
specific preferred arrangements in “cluster-like” conglomerates (Fig. 1). Using the
3D reconstruction with the algorithm presented in [14], a qualitative description of
the morphology of particles and their spatial arrangement can be obtained (Fig. 2).
In order to have improved resolution only fragments of the TEM images from
Fig. 1 were processed. The 3D images allow the estimation on the size and shape
of the particle conglomerates, at least qualitatively. The representations in Fig. 2
show, in arbitrary units, the relative dimension of the spatial arrangement of the
ferrofluid particles.
The concept of multifractality refers to the fact that different sections of the
data are characterized by different values of the fractal dimension. A usual way of
describing fractal properties is by computation of the multifractal spectrum f(α)
from the partition function exponent τ(q) versus the generalized moment q, using
the Legendre transform [15]

and

f (α ) = qα − τ (q )

(1)

dτ (q ) / dq = α .

(2)

The generalized dimensions are defined by the relationship:

D(q ) =

(a)

τ (q )
q −1

.

(3)

(b)

Fig. 3 – Multifractal spectra (a) and the generalized dimension for the TEM image (b) from Fig. 1a.
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The multifractal spectra based on the partition function exponent computed
using the box-counting method proposed and developed by Chhabra and Jensen
[16] are shown in Fig. 4.
Figure 3 shows the multifractal spectra and the generalized dimension for the
TEM images from Fig. 1a. The result is an average of computation carried out on
four different zones of the TEM images. The meaning of the analysis given in
Fig. 4 is directly related to the physical features of magnetic cores co-precipitation
process as well as to the non-magnetic shell formation during the nanoparticle
stabilization in deionized water considering the balance between the magnetic
dipole attractions and electrostatic repulsions within the magnetic fluid volume
[5, 6].
Muzy et al. [17] considered that the exponent of the partition function
procedure, under some restrictions on the allowed values of q, can be related to the
structure function exponent ς (q ) . For multifractal processes, the exponent
ς (q ) = τ (q ) + 1 is nonlinear and concave, and can serve to the definition of a

function K (q ) [18] as:
where

K (q) = qH − ζ ( q ) ,

(4)

H = ζ (1) = τ (1) + 1.

(5)

Equation (4) shows that K (q ) represents a correction given by the function

ς (q ) from linearity (characteristic of monofractal series). As a measure of
inhomogeneity it can be defined the intermittency parameter:
C1 = C (1) =

dK
dq

,

(6)

q =1

with values in the range between C1 = 0 , for a homogeneous space-filling process

and C1 = d , where d is the dimension of the space supporting the process ( d = 2

for the present situation). Very low C1 , close to zero, characterize fields with
values in the neighborhood of the mean almost everywhere, while large C1
corresponds to fields with low values almost everywhere except in isolated
locations where, the values are much higher than the mean [19].
The dynamics of a large class of physical, biological, geological and financial
time series are demonstrated to be well approximated as universal multifractals
[20–22]. We show that the spatial arrangement of ferromagnetic nanoparticles
sequence satisfies the universal multifractal conditions reasonably well. The
adopted procedure is similar with those presented in [22]: the K (q ) dependence is

obtained from equations (4–5) using the values of τ (q ) numerically computed
from the multifractal spectrum, using (2).
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The curves
K (q ) are convex and satisfy the conditions
K (0) = K (1) = 0, K (q) < 0, q ∈ (0,1), K (q) > 0, q > 1 as shown in Fig. 4.
According to the universal multifractal hypothesis [21], some multifractals
possess the property of a complete description of the whole statistics of a given
field with only three basic parameters H, C1 and αL (Lévy index). Under universal
multifractal hypothesis, the scaling moment function is written as:
⎧ C1
qα L − q
⎪
K ( q ) = ⎨α L − 1
⎪C q ln q
⎩ 1

(

)

αL ≠ 1

(7)

αL =1

where C1 is given by (6) and α L is computed as α L = 1 − K ′(1) / K ′(0) .
In the case of the universal multifractals, the function K (q ) defined by (4) is
identical to K (q ) defined by (7) for αL≠1 and the values of the parameters C1 and α L ,
computed using the scaling moment function in the respective formulas give similar
results.
The very good fitting of the dependence K ( q ) (Fig. 4) as αL-order
polynomial (parabolic) demonstrates both that the investigated structure is an
universal multifractal and that the diameter distribution is close to lognormal. This
is a further confirmation that the log-normal distribution is the most adequate in
analyzing the polydispersity. Accordingly, the physical mechanism of cluster
formation is governed by the law of proportionate effects [23] that could be mainly
responsible for ferrophase diameter distributions.
0.20
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Fig. 4 – Testing the multifractality and finding the parameters in the universal multifractal hypothesis
(K’ (0) = –0.031; K’ (1) = 0.028).
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3. COMPARISON WITH SANS DATA

Small angle neutron scattering (SANS) experiments were performed at the
time-of-flight YuMO spectrometer [24, 25] in function at the high flux pulse IBR-2
reactor, JINR Dubna. The experiments were carried out at a sample-to-detector
distances of 5.28 m and 13.04 m, resulting in a Q range of (0.007÷0.3) A-1. The
sample diameter and thickness in the beam were 14 mm and respectively 1 mm.
The measured neutron scattering spectra were corrected for the transmission and
the thickness of the sample, background scattering on the experimental cuvette and
on vanadium reference sample using the SAS software, providing the neutron
scattering intensity.
Fractal SANS scattering intensity curves usually present three regions that
can be approximated as linear curves, corresponding to power law dependences
with different exponents I(Q) = I0Qβ. In the case of the curve shown in Fig.5, the
linear fit is only shown for the median region which is of interest for the present
study. This zone extends for a relatively large range of the scattering vector Q,
indicating a fractal nature of the ferrofluid sample. The slope of the linear part of
the curve is β = 3.81 ± 0.07 demonstrating that the scattering objects are in a first
order approximation surface fractals (β > 3) with main fractal dimensions Ds =
= 6 – β = 2.19. This value is specific to highly branched surface fractals [10].

Fig. 5 – Experimental (points) and fitted line for scattering curve SANS for CoF2O4 nanoparticles
coated with dodecylbenzene sulphonic acid dispersed in water (1.6%) measured at 22o C.

As visible from Fig. 3b, this dimension can be found in the plot of the
generalized dimension corresponding to q = –7 and in the multifractal spectrum
computed from TEM images (Fig. 3a).
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In the spectrum of the generalized dimensions, for q < 0, the highest
contribution to D(q) comes from the least visited cells [24] or from small
fluctuations from the mean. In this context, as expected, SANS power law
dependence in the monofractal approximation for the considered linear region
gives mainly the contribution of the scattering process on small particle.
4. CONCLUSION

In this paper we analyze experimental data from TEM and SANS
measurements of CoFe2O4 nanoparticles coated with a double layer of
dodecylbenzene sulphonic acid and dispersed in double distillated water. We show
that, at least qualitatively, the morphology of the magnetic particles, the relative
dimensions and spatial arrangement is reflected in the 3D reconstruction of TEM
image. The multifractal analysis of the TEM image shows that the investigated
system is characterized by a set of fractal dimensions, reflected in the multifractal
spectrum and in a set of the generalized dimensions. Using different methods of
computation (box-counting and structure function formalism), we demonstrate that
this system can be considered as universal multifractal.
The good fitting with a parabola of the function describing the departure
from the monofractality (K(q)) demonstrates that the particle distribution described
by TEM image is close to lognormal. The result is a further confirmation that the
log-normal distribution is the most adequate in describing the system
polydispersity. Comparison with the fractal aproach, demonstrate acceptable
agreement. The fractal dimension obtained from analysis of SANS data can be
found in the multifractality spectrum and corresponds to q-order moment function
for small fluctuations.
Further investigation are under progress for analyzing the SANS curves for
other nanoparticulate systems using multifractal methods.
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