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Abstract. The macroscopic behavior of the solution of a dynamic coupled ther-
moelasticity problem in a periodic composite material made up of two connected con-
stituents with imperfect contact at their interface is analyzed. The homogenized prob-
lem, derived via the periodic unfolding method, comprises new coupling terms involv-
ing the macroscopic displacement and temperature fields, generated by the imperfect
bonding at the interface between the two phases of the composite.
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1. INTRODUCTION

The prediction of the macroscopic behavior of thermoelastic microstructured
materials is a subject of topical interest for a broad category of researchers. The
growing interest in such a problem is justified by the increased need of designing
advanced composite materials, with useful mechanical and thermodynamical pro-
perties. In particular, the problem of multiscale modeling of thermoelastic compo-
sites with imperfect interfaces has attracted a lot of interest in the last years, due to
the great importance of such heterogeneous materials in many engineering applica-
tions. For instance, there are important applications of the interphase effects on the
thermoelastic response of polymer nanocomposite materials.

The main purpose of this paper is to analyze, in the framework of the homo-
genization theory, the macroscopic behavior of the solution of a system of equations
for a coupled thermoelasticity problem in a periodic composite material consisting
of two connected components with imperfect bonding at their interface. The coupled
theory of linear thermoelasticity takes into account the effect of the strain on the
temperature field and vice versa. Thus, our dynamic thermomechanical problem is
strongly coupled by hyperbolic and parabolic equations and the displacement and the
temperature fields must be find simultaneously.

We suppose that the domain Ω occupied by the composite medium is the union
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of two connected sets, Ωε
1 and, respectively, Ωε

2, separated by an imperfect interface
Γε. Here, ε is a small positive parameter that characterizes the scale of the hetero-
geneity of the material. We assume that both the temperature fluxes and the tractions
are continuous across the interface Γε, while the displacement and the temperature
fields exhibit jumps of order ε therein, these jumps being proportional to the tractions
and, respectively, to the temperature flux across Γε. Using the powerful periodic un-
folding method (see [2-4] and, for time-depending problems, [6] and [16]), we derive
the homogenized problem, which exhibits some interesting features, such as the ap-
pearance of new coupling terms involving the effective displacement and temperature
fields and the presence of new homogenized coefficients in the coupled system.

Related problems to the one we address here have been studied, with various
methods, over the last years. For a nice presentation of the classical theory of ther-
moelasticity, the reader is referred to [13]. Also, for some interesting thermoelasticity
models, we refer to [1], [7], [8] and [12]. For transmission problems in media with
imperfect interfaces, see [4], [5], [10], [14] and [15].

In [11], a similar model was considered, but in a different geometry and with
different scalings of the temperature-displacement tensors of the two constituents,
leading to different homogenized results. More precisely, the domain Ω was con-
sidered to be the union of a connected part Ωε

1 and a disconnected one Ωε
2 and the

temperature-displacement tensor was supposed to be of order of unity in the con-
nected part of the medium and, respectively, of order ε in the disconnected one. As a
consequence, the macroscopic elasticity tensor, the temperature-displacement tensor
and the thermic-conductivity tensor corresponding to the disconnected part canceled
at the limit. In our case, we keep these tensors in the macroscopic system and, in ad-
dition, we get a different specific heat coefficient in the equation for the macroscopic
temperature field coming from the disconnected part. Moreover, let us mention the
presence of new coupling terms in the macroscopic system and the different func-
tional setting.

The rest of the paper is organized in the following way: in the next section, we
write down the coupled system describing our microscopic thermoelasticity problem.
Existence and uniqueness results for the solution of the variational formulation of
this system are presented in Section 3. Proper estimates of the weak solution are
obtained and, via the periodic unfolding method, we give some convergence results
in suitable Hilbert spaces in Section 4 and we derive the homogenized problem. A
few concluding remarks are outlined in the last section.
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3 Homogenization results for a dynamic coupled thermoelasticity problem 981

2. SETTING OF THE MICROSCOPIC THERMOELASTICITY PROBLEM

We consider a material body occupying a bounded domain Ω in Rn (n ≥ 3),
with a Lipschitz boundary ∂Ω made up of a finite number of connected components.
The domain Ω is supposed to be a periodic structure formed by two connected parts,
Ωε

1 and Ωε
2, separated by an interface Γε. Adopting the geometry in [7], we assume

that only the phase Ωε
1 reaches the outer fixed boundary ∂Ω. Here, ε is considered

to be a small real parameter related to the characteristic dimension of our two re-
gions. Let Y1 be an open connected Lipschitz subset of the unit cube Y = (0,1)n and
Y2 = Y \Y1. We consider that the boundary Γ of Y2 is locally Lipschitz and that its
intersections with the boundary of the reference cell Y are reproduced in an identical
manner on the opposite faces of the unit cell. Moreover, if we repeat Y in a periodic
way, the union of all the sets Y1 is a connected set, with a locally C2 boundary. Also,
we consider that the origin of the coordinate system lies in a ball contained in the
above mentioned union (see [7]). For any ε∈ (0,1), letZε = {k ∈Zn | εk+εY ⊆Ω}
and Kε = {k ∈ Zε | εk± εei + εY ⊆ Ω, ∀i = 1, . . . ,n}, where ei are the vectors of
the canonical basis of Rn. We define Ωε

2 = int(
⋃

k∈Kε
(εk+εY2)) and Ωε

1 = Ω\Ωε
2 and

we denote by ν the unit normal on Γε, pointing outward to Ωε
1.

For α∈ {1,2}, we define the fourth order elasticity tensors (also called stiffness
tensors)Aαε of the two phases of the composite. We takeAαε(x) =Aα(x/ε), where
Aα are positive definite symmetric tensors, with components aαijkh ∈ L∞(Y ), for
1 ≤ i, j,k,h ≤ n. We suppose that aαijkh are Y -periodic real smooth functions. We
also consider the second order displacement-temperature tensorsBαε(x) =Bα(x/ε)
and the thermal-conductivity tensors Kαε(x) =Kα(x/ε), with Bα and Kα symme-
tric tensors with Y -periodic smooth components bαij ,k

α
ij ∈ L∞(Y ). Moreover, we

consider that Kα are positive definite. In addition, T0 is the reference temperature,
ραε are the mass densities of the two phases, defined by ραε(x) = ρα(x/ε), and
cαε(x) = cα(x/ε) represent the specific heats at constant deformation of the two
constituents. We define the jump coefficients huε (x) = hu(x/ε) and hθε(x) = hθ(x/ε)
and we suppose that ρα, cα,hu,hθ ∈ L∞(Y ) are Y -periodic, smooth and strictly po-
sitive functions.

Finally, if uαε and θαε are the displacement and the temperature fields of Ωε
α,

the constitutive laws are taken to be of the form

σαεij = aαεijkhekh(uαε)− bαεij θαε,

with

ekh(uαε) =
1

2

(
∂uαεk
∂xh

+
∂uαεh
∂xk

)
being the components of the deformation tensor.

(c) 2016 RRP 68(No. 3) 979–989 - v.1.1a*2016.9.2



982 H. I. Ene, C. Timofte 4

Throughout the paper, by C we denote a generic positive constant, which is
independent of the scale parameter ε and by an overdot we denote the time derivative.

If (0,T ), with 0<T <∞, is the time interval under consideration, we shall an-
alyze the macroscopic behavior of the solution of the following microscopic system:

−
∂σαεij
∂xj

+ραεüαεi = fi in (0,T )×Ωε
α, (2.1)

− ∂

∂xi

(
kαεij

∂θαε

∂xj

)
+T0b

αε
ij ėij(u

αε) + cαεθ̇αε = r in (0,T )×Ωε
α, (2.2)

σ1ε
ij νj = σ2ε

ij νj on (0,T )×Γε, (2.3)

k1ε
ij

∂θ1ε

∂xj
νi = k2ε

ij

∂θ2ε

∂xj
νi on (0,T )×Γε, (2.4)

σ1ε
ij νj = εhuε (u2ε

i −u1ε
i ) on (0,T )×Γε, (2.5)

k1ε
ij

∂θ1ε

∂xj
νi = εhθε(θ

2ε−θ1ε) on (0,T )×Γε, (2.6)

u1ε = 0, θ1ε = 0 on (0,T )×∂Ω, (2.7)

uαε(0,x) = 0, u̇αε(0,x) = 0, θαε(0,x) = 0 in Ωε
α, (2.8)

where fi are the components of the body force f ∈ L2(Ω)n and r ∈ L2(Ω) is the
internal heat source.

3. THE FUNCTIONAL SETTING

In order to write the variational formulation of problem (2.1)-(2.8), we define

V1ε =
{
v ∈ C∞(0,T ;H1(Ωε

1))), v = 0 on ∂Ω and v = 0 on {0}×Ω
}
,

V2ε =
{
v ∈ C∞(0,T ;H1(Ωε

2))), v = 0 on {0}×Ω
}

and we set Wε = (V n
1ε×V n

2ε)× (V1ε×V2ε). An element of the space Wε is denoted
by V = (v,w), with v = (v1,v2) ∈ V n

1ε×V n
2ε and w = (w1,w2) ∈ V1ε×V2ε.

Following [13], the weak formulation of problem (2.1)-(2.8) is as follows: find
U ε = (uε,θε) ∈Wε such that

Lε(U ε,V ) =Dε ((f,r),V ) , ∀V = (v,w) ∈Wε, (3.1)
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where Lε :Wε×Wε→ R is the bilinear form defined by

Lε(U,V ) =
∑
α=1,2

∫ T

0

∫
Ωεα

[
(t−T )

((
−aαεijkhekh(uα) + bαεij θ

α
)
eij(v̇

α)

+ραεu̇αi v̈
α
i + +bαεij eij(u

α)ẇα+
1

T0
cαεθαẇα

)
+ραεu̇αi v̇

α
i

+bαεij eij(u
α)wα+

1

T0
cαεθαwα+

1

T0

∫ t

0
kαεij

∂θα

∂xj

∂wα

∂xi
ds

]
dxdt

−ε
∫ T

0

∫
Γε

(t−T )huε (u2
i −u1

i )(v̇
2
i − v̇1

i ) dσdt

− ε

T0

∫ T

0

∫
Γε

(t−T )hθε(θ
2−θ1)(w2−w1) dσdt,

for U = (u,θ) , V = (v,w) and Dε :
(
L2(Ω)N ×L2(Ω)

)
×Wε→ R is given by

Dε ((f,r),V ) =−
∑
α=1,2

∫ T

0

∫
Ωεα

(t−T )
(
fiv̇

α
i +

1

T0
rwα

)
dxdt.

We define now the Hilbert spaceWε as being the completion of the space Wε in the
norm ‖·‖ generated by the inner product

(U,V )Wε =
∑
α=1,2

∫ T

0

∫
Ωεα

[u̇αi v̇
α
i +eij(u

α)eij(v
α) +θαwα+

∫ t

0

∂θα

∂xi

∂wα

∂xi
ds]dxdt

+ε

∫ T

0

∫
Γε

(u2
i −u1

i )(v
2
i −v1

i )dσdt+ε

∫ T

0

∫
Γε

∫ t

0
(θ2−θ1)(w2−w1) dsdσdt.

Following [13], one can see that the space Lε can be continuously extended toWε×
Wε and Dε can be extended to

(
L2(Ω)n×L2(Ω)

)
×Wε. From the positivity of ρα,

cα, hu and hθ and the coercivity of Aα and Kα, one easily gets the existence of a
constant C > 0, independent of ε, such that ‖V ‖2 6 CLε(V,V ).

Exactly like in [11], we have the following result.

Theorem 3.1 The variational problem (3.1) possesses a unique solution. Besides,
there exists a positive constant C, independent of ε, such that:

‖uεαi ‖L2((0,T )×Ωεα) 6 C, ‖u̇εαi ‖L2((0,T )×Ωεα) 6 C, ‖∇uαεi ‖L2((0,T )×Ωεα) 6 C,

‖θεα‖L2((0,T )×Ωεα) 6 C,

∥∥∥∥∫ t

0
(∇θεα)2 ds

∥∥∥∥
L1((0,T )×Ωεα)

6 C,

‖u2ε
i −u1ε

i ‖L2((0,T )×Γε) 6 Cε−1/2,

∥∥∥∥∫ t

0

(
θ2ε−θ1ε

)2
ds

∥∥∥∥
L1((0,T )×Γε)

6 Cε−1/2.
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4. THE MACROSCOPIC PROBLEM

We define

Wα = L∞(0,T ;H2(Ω)∩H1
0 (Ω))n∩W 1,∞(0,T ;H1(Ω))n∩W 2,∞(0,T ;L2(Ω))n,

Wα = L∞(0,T ;H2(Ω)∩H1
0 (Ω))∩W 1,∞(0,T ;H1(Ω)),

W = W1×L∞(0,T ;L2(Ω;H1
per(Y1))n×W2×L∞(0,T ;L2(Ω;H1

per(Y2))n

×W 1×L∞(0,T ;L2(Ω;H1
per(Y1))×W 2×L∞(0,T ;L2(Ω;H1

per(Y2)).

In order to get the main convergence result of this paper, we shall apply two
unfolding operators T εα , with α = 1,2 (see [4] and [16]), which transform functions
given on the oscillating domains [0,T ]×Ωε

α into functions defined on the corre-
sponding fixed domains [0,T ]×Ω×Yα. Also, by ṽ we denote the zero extension to
(0,T )×Ω of a function v defined on (0,T )×Ωε

α.

Theorem 4.1 Let (uε,θε) ∈ Wε be the unique solution of the microscopic problem
(2.1)-(2.8), with uε = (u1ε,u2ε) and θε = (θ1ε,θ2ε). Therefore, ũαε ⇀ |Yα|uα
weakly* inL∞(0,T ;L2(Ω))n and θ̃αε⇀ |Yα|θα weakly* inL∞(0,T ;L2(Ω)). More-
over,

T εα (uαε)⇀uα weakly* in L∞(0,T ;L2(Ω;H1(Yα)))n,

T εα (ekh(uαε))⇀ ekh(uα) +eykh(ûα) weakly* in L∞(0,T ;L2(Ω×Yα)),

T εα (θαε)⇀ θα weakly* in L∞(0,T ;L2(Ω;H1(Yα))),

T εα (∇θαε)⇀∇θα+∇y θ̂α weakly* in L∞(0,T ;L2(Ω×Yα))n,

(4.1)

where (u1, û1,u2, û2,θ1, θ̂1,θ2, θ̂2) ∈W is the unique solution of the macroscopic
problem

∑
α=1,2

∫ T

0

∫
Ω×Yα

(t−T )
[
aαijkh

(
ekh(uα) +eykh(ûα)

)
−bαijθα

](
ėij(ϕ

α) + ėyij(Φ
α)
)

dxdydt

+
∑
α=1,2

∫ T

0

∫
Ω×Yα

(t−T )
[
ραüαi ϕ̇

α
i +

1

T0
cαθ̇αqα

]
dxdydt

+
1

T0

∑
α=1,2

∫ T

0

∫
Ω×Yα

(t−T )kαij

(∂θα
∂xj

+
∂θ̂α

∂yj

)(∂qα
∂xi

+
∂Qα

∂yi

)
dxdydt (4.2)
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7 Homogenization results for a dynamic coupled thermoelasticity problem 985

+
∑
α=1,2

∫ T

0

∫
Ω×Yα

(t−T )bαij

(
ėij(u

α) + ėyij(û
α)
)
qα dxdydt

+

∫ T

0

∫
Ω×Γ

(t−T )
[
hu(u2

i −u1
i )(ϕ̇

2
i − ϕ̇1

i ) +
1

T0
hθ(θ2−θ1)(q2− q1)

]
dxdσdt

=
∑
α=1,2

∫ T

0

∫
Ω×Yα

(t−T )
(
fiϕ̇

α
i +

1

T0
rqα
)

dxdydt,

for all (ϕ1,Φ1,ϕ2,Φ2, q1,Q1, q2,Q2) ∈W . In addition, for α ∈ {1,2}, we have

uα(0,x) = 0, u̇α(0,x) = 0, θα(0,x) = 0, a.e. in Ω. (4.3)

Proof. The proof will be accomplished in several stages. The convergences (4.1)
follow from Theorem 3.1 (see, also, [6], [11] and [16]). For getting the limit problem,
we choose in the variational formulation of problem (2.1)-(2.8) as test functions (with
no summation of the repeated indices)

vαi (t,x) = ϕαi (t,x) +εωαi (t,x)ψαεi (x), (4.4)

wα(t,x) = qα(t,x) +εgα(t,x)pαε(x), (4.5)
where ϕαi ,ω

α
i , q

α,gα ∈D([0,T ]×Ω) and ψαi ,p
α ∈H1

per(Yα) and ψαε(x) =ψα(x/ε)
and pαε(x) = pα(x/ε).

It is not difficult to prove that εωαψαε −→ 0 strongly in L∞(0,T ;L2(Ω))n and
εgαpαε −→ 0 strongly in L∞(0,T ;L2(Ω)). Therefore, using the above mentioned
unfolding operators (see [6], [11] or [16]), it follows that T εα (εωαψαε)−→ 0 strongly
in L∞(0,T ;L2(Ω×Yα))n and T εα (εgαpαε)−→ 0 strongly in L∞(0,T ;L2(Ω×Yα)).
In addition, for α ∈ {1,2}, it follows that T εα (eij(εω

αψαε)) = εψαi T εα (eij(ω
α)) +

eyij(ψ
α)T εα (ωαi )−→ eyij(Φ

α) strongly in L∞(0,T ;L2(Ω×Yα)), where Φα
i (t,x,y) =

ωαi (t,x)ψαi (y). Also, T εα (∇(εgαpαε)) = εpαT εα (∇gα)+∇ypαT εα (gα)−→∇y(Qα)
strongly in L∞(0,T ;L2(Ω×Yα)), with Qα(t,x,y) = gα(t,x)pα(y).

The macroscopic problem is obtained by applying to each term of (3.1) the
corresponding unfolding operator and passing to limit with ε→ 0. We have:∑

α=1,2

∫ T

0

∫
Ω×Yα

(t−T )
[
−aαijkh(ekh(uα) +eykh(ûα))

+bαijθ
α
](
eij(ϕ̇

α) +eyij(Φ̇
α)
)

dxdydt+
∑
α=1,2

∫ T

0

∫
Ω×Yα

(t−T )ραu̇αi ϕ̈
α
i dxdydt

+
∑
α=1,2

∫ T

0

∫
Ω×Yα

(t−T )bαij

(
eij(u

α) +eyij(û
α)
)
q̇α dxdydt
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+
1

T0

∑
α=1,2

∫ T

0

∫
Ω×Yα

(t−T )cαθαq̇α dxdydt+
∑
α=1,2

∫ T

0

∫
Ω×Yα

ραu̇αi ϕ̇
α
i dxdydt

+
∑
α=1,2

∫ T

0

∫
Ω×Yα

bαij

(
eij(u

α) +eyij(û
α)
)
qα dxdydt

+
1

T0

∑
α=1,2

∫ T

0

∫
Ω×Yα

cαθαqα dxdydt (4.6)

+
1

T0

∑
α=1,2

∫ T

0

∫
Ω×Yα

∫ t

0
kαij

(∂θα
∂xj

+
∂θ̂α

∂yj

)(∂qα
∂xi

+
∂Qα

∂yi

)
ds dxdydt

−
∫ T

0

∫
Ω×Γ

(t−T )hu(u2
i −u1

i )(ϕ̇
2
i − ϕ̇1

i ) dxdσdt

− 1

T0

∫ T

0

∫
Ω×Γ

(t−T )hθ(θ2−θ1)(q2− q1) dxdσdt

=−
∑
α=1,2

∫ T

0

∫
Ω×Yα

(t−T )
(
fiϕ̇

α
i +

1

T0
rqα
)

dxdydt,

which leads to (4.2). Following the same techniques as in [6] or [11], we can show
that uα, u̇α and θα vanish at t = 0. Also, it is not difficult to see that the solution of
the limit problem is unique.

Our goal now is to try to decouple the limit problem (4.2) and to write down
its strong formulation. To this end, we take as test functions ϕ1

i = ϕ2
i = q1 = q2 =

Q1 = Q2 = 0 and, since Φα
i (t,x,y) = ωαi (t,x)ψαi (y), without summation and with

ωαi ∈ D([0,T ]×Ω) and ψαi ∈H1
per(Yα) , we are lead to∫

Yα

aαijkh
∂ûαk
∂yh

∂ψαi
∂yj

dy =−
∂uαk
∂xh

∫
Yα

aαijkh
∂ψαi
∂yj

dy+θα
∫
Yα

bαij
∂ψαi
∂yj

dy. (4.7)

Let us consider the unique solution zα ∈ H̃1
per(Yα)n of the following local problem:

− ∂

∂yj

(
aαijkh

∂zαk
∂yh
− bαij

)
= 0 in Yα(

aαijkh
∂zαk
∂yh
− bαij

)
νj = 0 on Γ.

(4.8)

and, for l,m= 1, . . . ,n, the unique solutions wlmα ∈ H̃1
per(Yα)n of the cell problems

− ∂

∂yj

(
aαijlm+aαijkh

∂wlmαk
∂yh

)
= 0 in Yα

(
aαijlm+aαijkh

∂wlmαk
∂yh

)
νj = 0 on Γ.

(4.9)
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9 Homogenization results for a dynamic coupled thermoelasticity problem 987

Thus, from (4.7), we obtain

ûαk (t,x,y) =
∂uαl
∂xm

(t,x)wlmαk(y) +θα(t,x)zαk (y). (4.10)

In a similar manner, we can get a problem for θ̂α:∫
Yα

kαij
∂θ̂α

∂yj

∂pα

∂yi
=−∂θ

α

∂xj

∫
Yα

kαij
∂pα

∂yi
. (4.11)

We consider, for k = 1, . . . ,n, the solutions χα ∈ H̃1
per(Yα)n of the local problems

− ∂

∂yi

(
kαik +kαij

∂χαk
∂yj

)
= 0 in Yα(

kαik +kαij
∂χαk
∂yj

)
ni = 0 on Γ.

(4.12)

The linearity of (4.11) implies that

θ̂αk (t,x,y) =
∂θα

∂xk
(t,x)χαk (y). (4.13)

The homogenized coefficients are defined as being

aα∗ijlm =

∫
Yα

(
aαijlm+aαijkh

∂wlmαk
∂yh

)
dy, bα∗lm =

∫
Yα

(
bαlm+ bαij

∂wlmαi
∂yj

)
dy,

kα∗ik =

∫
Yα

(
kαik +kαij

∂χαk
∂yj

)
dy, βα∗ij =

∫
Yα

(
aαijkh

∂zαk
∂yh
− bαij

)
dy,

(4.14)

γα∗ =

∫
Yα

bαij
∂zαi
∂yj

dy. (4.15)

Let us remark that βα∗lm =−bα1∗
lm , for any l,m= 1, . . . ,n.

Theorem 4.2 The unique solution (uε,θε) ∈Wε of problem (2.1)-(2.8), with uε =
(u1ε,u2ε) and θε = (θ1ε,θ2ε), converges, in the sense of (4.1), to (u,θ), with u =
(u1,u2) and θ= (θ1,θ2), the unique solution of the homogenized problem in (0,T )×
Ω:

− ∂

∂xj

(
a1∗
ijkh

∂u1
k

∂xh
− b1∗ij θ1

)
+
〈
ρ1
〉
Y1
ü1
i −Hu(u2

i −u1
i ) = |Y1| fi, (4.16)

− ∂

∂xj

(
a2∗
ijkh

∂u2
k

∂xh
− b2∗ij θ2

)
+
〈
ρ2
〉
Y2
ü2
i +Hu(u2

i −u1
i ) = |Y2| fi, (4.17)

− ∂

∂xi

(
k1∗
ij

∂θ1

∂xj

)
+T0b

1∗
ij ėij(u

1) +
(
T0γ

1∗+
〈
c1
〉
Y1

)
θ̇1

−Hθ(θ2−θ1) = |Y1| r,
(4.18)
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− ∂

∂xi

(
k2∗
ij

∂θ2

∂xj

)
+T0b

2∗
ij ėij(u

2) +
(
T0γ

2∗+
〈
c2
〉
Y2

)
θ̇2

+Hθ(θ2−θ1) = |Y2| r, (4.19)
with the conditions

uα = 0, θα = 0 on (0,T )×∂Ω, (4.20)

uα(0,x) = 0, u̇α(0,x) = 0, θα(0,x) = 0 in Ω. (4.21)

Here, Hu =

∫
Γ
hu dσ and Hθ =

∫
Γ
hθ dσ.

Proof. To prove this theorem, it remains only to show that the limits uα and θα

obtained in Theorem 4.1 satisfy the problem (4.16)-(4.19). This can be easily ac-
complished by introducing the expressions of ûα and θ̂α in (4.2) and using the local
problems and the formulas for the effective coefficients. Therefore, (4.2) leads to∑

α=1,2

∫ T

0

∫
Ω
(t−T )

(
aα∗ijkh

∂uαk
∂xk
− bα∗ij θα

)∂ϕ̇αi
∂xj

dxdt

+
∑
α=1,2

∫ T

0

∫
Ω
(t−T )

[
〈ρα〉Yα ü

α
i ϕ̇

α
i +

1

T0
〈cα〉Yα θ̇

αqα
]

dxdt

+
∑
α=1,2

∫ T

0

∫
Ω
(t−T )

[
1

T0
kα∗ij

∂θα

∂xj

∂qα

∂xi
+
(
bα∗ij ėij(u

α) +γα∗θ̇α
)
qα
]

dxdt

+

∫ T

0

∫
Ω
(t−T )

[
Hu(u2

i −u1
i )(ϕ̇

2
i − ϕ̇1

i ) +
1

T0
Hθ(θ2−θ1)(q2− q1)

]
dxdt

=
∑
α=1,2

∫ T

0

∫
Ω
(t−T ) |Yα|

(
fiϕ̇

α
i +

1

T0
rqα
)

dxdt, (4.22)

which holds for any ϕαi , q
α ∈ D(0,T ;H1

0 (Ω)). By standard density arguments, it is
not difficult to see that (4.22) is exactly the weak formulation of (4.16)-(4.19).

5. CONCLUDING REMARKS

In the framework of homogenization techniques, using different kinds of lo-
cal problems, we obtained the effective behavior of the solution of a dynamic cou-
pled thermoelasticity problem. The macroscopic problem exhibits some interesting
features, such as the appearance of new macroscopic coefficients depending on the
corresponding microscopic ones and new coupling terms involving the macroscopic
displacement and temperature fields, generated by the imperfect bonding at the inter-
face between the two phases of the composite.
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