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Abstract. An explicit form of rogue waves of the third-type Davey-Stewartson
(DSIII) equation is derived using the bilinear transformation method. The relevant formulas involve determinants whose matrix elements are simple polynomials. It is shown
that the simplest (fundamental) rogue waves are line rogue waves that arise from a constant background at t  0 and then retreat back to a constant background at t  0.
Higher-order waves are parallel line rogue waves that describe the interaction of several fundamental rogue waves and which consist of several parallel lines. A dark rogue
wave, which reaches a deep amplitude below the asymptotical background, is also explicitly constructed. Several differences between the rogue waves of the DSIII equation
and those of the DSI equation are discussed, and are also illustrated graphically.
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1. INTRODUCTION

In recent years, rogue waves (RWs), which are a novel type of rational solitary
waves, have generated much interest in both mathematics and physics. Rogue waves
were first observed in deep ocean [1–3] and later in optical fibres [4, 5], in water tanks
[6, 7], and in several other physical settings [8, 9]. Rogue waves are generated via
the modulation instability of monochromatic waves and have the fascinating property
that they seem to appear “out of nowhere” and disappear “without trace” [10]. The
basic properties of RWs are summarized in [11]: (i) the RWs are (quasi-) rational
solutions; (ii) they are localized in both time and space; and (iii) they have large
amplitudes allocated with two hollows (the RW peak has a height of at least three
times of the background). These generic features are considered as the ‘definition’
of the first-order RW solution.
There exist only few (2+1)-dimensional soliton equations that have rogue wave
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solutions [12–19]. This fact motivates us to seek rogue waves for the third-type
Davey-Stewartson (DSIII) equation. This equation is given by
Z y
Z x
2
0
|q|2x dy 0 + u2 (x, t))] = 0,
|q|y dx + u1 (y, t)) − (
iqt − qxx + qyy − 2λq[(
−∞

−∞

(1)
where λ = ±1, the complex-valued scalar function q(x, y, t) represents a certain
physical quantity and u1 (y, t) and u2 (x, t) are two arbitrary real-valued functions.
Using the transformations
Z x
2
Vx = |q|y ,
V =
|q|2y dx0 + u1 (y, t),
(2a)
−∞

and
Uy =

|q|2x ,

Z

y

U=
−∞

|q|2x dy 0 + u2 (x, t),

(2b)

Eq. (1) becomes the following system of coupled partial differential equations:
iqt − qxx + qyy − 2λq(V − U ) = 0,

(3a)

Vx = |q|2y ,

(3b)

(3c)
Uy = |q|2x ,
where V and U are two real functions.
This equation was obtained by Boiti et al. [20] employing ideas [21] of the socalled direct linearising method of Fokas and Ablowitz [22]. However, as noted by
Fokas[23], it was derived earlier by Schulman [24] and by Fokas and Santini [25, 26]
using the symmetry approach.
Equation (1) supports localized solutions such as lump solitons. In this paper,
we derive an explicit representation for the rogue wave solutions of DSIII equation
(3) and also discuss the differences between the rogue wave solutions of the DSIII
equation and those of the DSI equation.
This paper is organised as follows. In Sec. 2, our main result is derived, which
can be used to express rogue wave solutions of Eq. (3) in terms of determinants of
N × N matrices. The dynamics of rogue wave solutions are discussed at Sec. 3. Our
results are summarised in Sec. 4.
2. ROGUE WAVE SOLUTION VIA DETERMINANTS OF N × N MATRICES

In this Section, we derive an explicit form of the rogue waves for Eq. (3). Using
the dependent variable transformations
q = g/f,

V = −λ(log f )yy ,

U = −λ(log f )xx ,
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the DSIII equation can be transformed into the bilinear forms
(iDt − Dx 2 + Dy 2 )g · f = 0,

(5)

(λDx Dy − 2)f · f = −2g · g ∗ .

Here, f is a real function, g is a complex function, the asterisk denotes complex
conjugation, and the operator D is the Hirota’s bilinear differential operator [27]
defined by
P (Dx , Dy , Dt , )F (x, y, t · ··) · G(x, y, t, · · ·)
0

0

0

= P (∂x − ∂x0 , ∂y − ∂y0 , ∂t − ∂t0 , · · ·)F (x, y, t, · · ·)G(x , y , t , · · ·)|x0 =x,y0 =y,t0 =t ,
where P is a polynomial of Dx , Dy , Dt , · · ·.
Theorem 1. The DSIII equation (3) possesses rational solutions that are given by
equation (4), where f and g are expressed by the determinants of the N ×N matrices:
f = τn |n=0 ,

g = τn |n=1 ,

(6)

with the matrix τn defined by
τn =

(n)

mi,j =

(n)

det (m2i−1,2j−1 ),

1≤i,j≤N

(7)

j

i
X

X a∗
ak
1
0
0
l
(p∂p + ξ + n)i−k
(p∗ ∂p∗ + ξ ∗ − n)j−l
| ,
(i − k)!
(j − l)!
p + p∗ p=1
k=0
l=0
(8)
0

ξ =

y
−λx
15ip2 t
+ p(
+ y) +
,
p
2
2

and the two positive integers i and j are not larger than N , and ak are arbitrary
complex constants.
A short proof of this theorem is given below (see Lemma 1). The fact that these
rational solutions are non-singular has been proved in [28].
Next we give a short proof of Theorem 1 based on the results of Ref. [28].
Lemma 1. The bilinear equations
(Dx21 − Dx2 )τ (n + 1) · τ (n) = 0,
(Dx1 Dx−1 − 2)τ (n) · τ (n) = −2τ (n + 1)τ (n − 1),

(9)

admit the solutions
0

τ(n) = det1≤i,j≤N (m2i−1,2j−1 (n)),
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with the matrix element
0

mi,j (n) =

i
X
k=0

j

X bl
ak
1
0
0
(p∂p + ξ + n)i−k
(q∂q + η − n)j−l
, (11)
(i − k)!
(j − l)!
p+q
l=0

1
1
0
0
ξ = px1 + 2p2 x2 − x−1 , η = qx1 − 2q 2 x2 − x−1 ,
p
q
where p, q, ak , and bl are arbitrary complex constants, and i, j, and N are arbitrary
positive integers. This lemma has been proved in Ref. [28].
Imposing the constraints
p = q = 1,

ak = b∗k

(12)

and assuming x−1 and x1 are real, x2 is pure imaginary, we find
0

0

η = ξ ∗,

m∗ij (n) = mji (−n),

τn∗ = τ−n .

(13)

Furthermore, under the parameter constraints (12), the τn satisfies the reduction condition
(∂x1 + ∂x−1 )τn = 4N τn .
(14)
Setting
x = a1 x1 + b1 y2 , y = a2 x1 + b2 y2 ,
we find
Dx = a1 Dx1 + b1 Dy2 , Dy = a2 Dx1 + b2 Dy2 ,
where the operator D is the Hirota’s bilinear differential operator [27]. Letting
λ = a1 b2 + a2 b1 − a1 b1 − a2 b2 ,
Eq. (5) implies a1 = − λ2 , a2 = 0, b1 = 1, b2 = −1.
Using the change of independent variables
λ
15it
x1 = − x + y, x−1 = −y, x2 =
,
2
4
the bilinear equation (5) is transformed into the bilinear equation (9), and then Eq.
(6) of Theorem 1 follows from Eq. (10).
It should be noted that these rational solutions can be expressed in a more
explicit form in terms of Schur polynomials, see [12, 28]. In the rest of this paper
we set a0 = 1, a2 = a4 = a6 = · · · = 0 without loss of generality, and retain only the
irreducible complex parameters a3 , a5 ,· · ·, a2N −1 . This approach is similar with the
one used for the nonlinear Schrödinger equation.
Next, we will derive several explicit formulas of rogue wave solutions of the
DSIII equation (3) from Theorem 1, and show their different dynamics in the (x, y)plane and the (x, t)-plane.
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3. DYNAMICS OF ROGUE WAVES

In this Section, we present the analysis of the dynamics of rogue wave solutions
of the DSIII equation (3).
3.1. FUNDAMENTAL ROGUE WAVE SOLUTIONS

Setting N = 1, the Theorem 1 yields the following solutions:
(1)

q=

m11

(0)
m11

,

(0)

V = −λ(log m11 )yy ,

(0)

U = −λ(log m11 )xx ,

(15)

where
1
x 15it
1
x 15it
1
1
(0)
m11 = (2y − +
+ a1 − )(2y − −
+ a∗1 − ) + ,
2
2
2
2
2
2
2
8
x 15it
1
x 15it
3
1
1
(1)
+ a1 + )(2y − −
+ a∗1 − ) − .
m11 = − (2y − +
2
2
2
2
2
2
2
8
This rational solution has a line profile with a varying height [see Fig. 1], and is called
a line rogue wave [12]. This solution is different from the moving line solitons of the
(2+1)-dimensional soliton equations, since line solitons maintain a perfect profile
without any decay during their propagation in the (x, y)-plane. In contrast to line
solitons, note that now |q| approaches the constant background as |t|  0, whereas
at intermediate times it reaches a much higher amplitude.
The above rational solution is the simplest rogue wave and thus will be called
the fundamental rogue wave. For (2+1)-dimensional systems, most of the fundamental rogue wave solutions are line rogue wave solutions, thus it is interesting
to analyse the differences among the fundamental rogue wave solutions of different (2+1)-dimensional systems. For this purpose, we will compare the fundamental
rogue waves of DSIII and DSI equations [12].
3.2. LOCALIZATION CHARACTERISTICS OF THE FUNDAMENTAL ROGUE WAVE
SOLUTIONS

The parameter a1 in (15) can be used to shift space and time, thus without loss
of generality we can take a1 = 0. Letting a1 = 0 in Eq. (15), it follows that the
modulus of q has three extreme lines given by
1
1
L1 : y = x + ,
4
4 √
1
1
625t2 + 3
(16)
L2 : y = x + −
,
4
4 √ 4
1
1
625t2 + 3
L3 : y = x + +
.
4
4
4
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(a) t= -1

(c) t= - 81

(e) t= 0

(g) t=

1
2

(b) t= - 12

1
(d) t= - 20

(f) t=

1
8

(h) t= 1

Fig. 1 – A fundamental line rogue wave |q| of DSIII equation, which is given by (15), with the
parameter a1 = 0, plotted in the (x, y)-plane.
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(a) t= -1

(c) t= - 16

(e) t= 0

(g) t=

1
2
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(b) t= - 12

1
(d) t= - 20

(f) t=

1
6

(h) t= 1

Fig. 2 – The second-order parallel line rogue wave |q| of DSIII equation, which is given by (17), with
1
, plotted in the (x, y)-plane.
the parameter a3 = − 12
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(a) t= -1

1
(c) t= - 10

(e) t= 0

(g) t=

1
2

8

(b) t= - 12

1
(d) t= - 50

(f) t=

1
10

(h) t= 1

Fig. 3 – The third-order parallel line rogue wave |q| of DSIII equation, which is given by (4), with the
parameters in (18), plotted in the (x, y)-plane.
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(c) t= - 12

1
(d) t= - 20

(e) t= 0

(g) t=

1
8

(f) t=
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1
12

1
2

Fig. 4 – The fourth-order parallel line rogue wave solution |q| of DSIII equation, which given by (4),
with the parameters a3 = −1/12, a5 = −1/240, a7 = −1/4800, plotted in the (x, y)-plane.
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(a) t= -1

(c) t= - 81

(e) t= 0

(g) t=

1
2

(b) t= - 12

1
(d) t= - 20

(f) t=

1
8

(h) t= 1

Fig. 5 – A fundamental line rogue wave V of DSIII equation, which is given by (15), with the
parameter a1 = 0, plotted in the (x, y)-plane.
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(a) t= -1

1
(c) t= - 10

(e) t= 0

(g) t=

1
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(b) t= - 12

1
(d) t= - 50

(f) t=

1
50

(h) t= 1

Fig. 6 – The second-order parallel line rogue wave V of DSIII equation, which is given by (17), with
1
, plotted in the (x, y)-plane.
the parameters a1 = 0, a3 = − 12
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(a) t= - 21

1
(b) t= - 10

1
(c) t= - 20

1
(d) t= - 100

(e) t= 0

(g) t=

1
10

(f) t=

1
20

(h) t=

1
2

Fig. 7 – The third-order parallel line rogue wave V of DSIII equation, which is given by (4), with the
parameters (18), plotted in the (x, y)-plane.
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(c) t= - 100

(e) t= 0

(g) t=

1
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1
(b) t= - 10

1
(d) t= - 200

(f) t=

1
100

(h) t=

1
2

Fig. 8 – The fourth-order parallel line rogue wave solution V of DSIII equation, which is given by (4),
with the parameters a1 = 0, a3 = −1/12, a5 = −1/240, a7 = −1/4800, plotted in the (x, y)-plane.

(a)

(b)

Fig. 9 – The second-order rogue wave V of DSIII equation, which is given by (4), with the papameters
1
(a) a1 = 0, a3 = − 12
, y = 0, and (b) a1 = 0, a3 = 5, y = 0, plotted in the (x, t)-plane.
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(a)

(b)

(c)

(d)

(e)

(f)

Fig. 10 – Three patterns of the third-order rogue wave solution V of DSIII equation, which is given by
(4), plotted in the (x, t)-plane. (a) The fundamental pattern with parameters
1
a1 = 0, a3 = − 12
, a5 = 0, y = 0. (b) The triangular pattern with parameters
a1 = 0, a3 = 20, a5 = 0, y = 0. (c) The ring pattern with parameters a1 = 0, a3 = 0, a5 = 120, y = 0.
The second row provides the corresponding density plots of the first row.

These lines are clearly seen in Fig. 1 (see panel (e)). When t = 0, along the line L1 ,
|q| reaches the maximum amplitude 3 (i.e., three times the height of the background);
we call L1 the maximum amplitude line. Along the lines L2 and L3 , |q| keeps the
minimum amplitude 0, so we call L2 and L3 the minimum amplitude lines. Based
on the above analytical results, we define the direction of the fundamental line rogue
wave as the direction of the three extreme lines, whose slope is 14 . We define the
width of the line rogue wave as the distance between the two minimum amplitude
lines, which is expressed by
√
2 17 p
Lwidth =
675t2 + 3.
17
Furthermore, we define the depth of the line rogue wave as the value of the difference
between the maximum and minimum amplitudes, which is given by
r
9
17
Ldepth = |q| |L1 −|q| |L2 = |q| |L1 −|q| |L3 =
.
2 675t2 + 3
Then, it is natural to define the sectional area by the equation
1
9
Ssection = Lwidth × Ldepth = .
2
2
These three quantities reflect the local properties of the line rogue wave solution q
(see Eq. 15) of the DSIII equation (3).
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(a)

(b)
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(c)

(d)

Fig. 11 – Several patterns of the fourth-order rogue wave solution V of DSIII equation, which is given
by (4), plotted in the (x, t)-plane. (a) The fundamental pattern with parameters
1
1
1
, a5 = − 240
, a7 = − 4800
, y = 0. (b) The triangular pattern with parameters
a1 = 0, a3 = − 12
a1 = 0, a3 = 20, a5 = 0, a7 = 0, y = 0. (c) The ring pattern with parameters
1
1
1
, a5 = − 240
, a7 = − 4800
, y = 0. The inner profile of (c) is a fundamental pattern
a1 = 0, a3 = − 12
of the second-order rogue wave. (d) The ring pattern with parameters
a1 = 0, a3 = −6, a5 = 6i, a7 = 2000 − 2i, y = 0. The inner profile of (d) is a triangular pattern of the
second-order rogue wave.

(a)

(b)

(c)

(d)

Fig. 12 – The corresponding density plots of the rogue waves shown in Fig. 11.
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(a)

(b)

16

(c)

(d)

Fig. 13 – Four rogue wave solutions |A| of the DSI equation in Ref. [12] with  = −1, N = 1, y = 0,
plotted in the (x, t)-plane. (a) The first-order rogue wave solution |A| with parameters
n1 = 1, c11 = 0, c10 = 1. (b) The second-order rogue wave solution |A| with parameters
n1 = 2, c12 = 10, c11 = 10, c10 = 1. (c) The third-order rogue wave solution |A| with parameters
n1 = 3, c13 = 400 + 150i, c12 = 0, c11 = 0, c10 = 1. (d) The fourth-order rogue wave solution |A|
with parameters n1 = 4, c14 = 3600 + 2600i, c13 = 0, c12 = 0, c11 = 0, c10 = 1.

(a)

(b)

(c)

Fig. 14 – Three rogue wave solutions |q| of DSIII equation, which are given by (4), with y = 0, plotted
in the (x, t)-plane. (a) The first-order rogue wave solution |q| with parameter a1 = 0. (b) The
second-order rogue wave solution |q| with parameters a1 = 1, a3 = 4. (c) The third-order rogue wave
solution |q| with parameters a1 = 1, a3 = 3, a5 = 3.
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(a)

(b)
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(c)

Fig. 15 – Three rogue wave solutions Q of the DSI equation of Ref. [12] with  = 1 and N = 1,
plotted in the (x, t)-plane. (a) The first-order rogue wave solution Q with parameters
n1 = 1, c11 = 1, c10 = 0. (b) The second-order rogue wave solution Q with parameters
n1 = 2, c12 = 10, c11 = 10, c10 = −2. (c) The third-order rogue wave solution Q with parameters
n1 = 3, c13 = 0, c12 = 0, c11 = −2, c10 = −2. Here the first-order rogue wave has two peaks and one
valley, which is different from the rogue wave plotted in Fig. 13.

Furthermore, in order to delineate the differences between the fundamental
rogue waves of DSIII and DSI equations, we consider the local properties of the
following fundamental rogue wave [12] of the DSI equation:
√
8iΩt − 4
A(x, y, t) = 2[1 +
],
1 + (k1 x + k2 y)2 + 4Ω2 t2
where
1
1
1
k1 = p + , k2 = p − , Ω = p2 + 2 .
p
p
p
As p = 1 in the solution of DSIII equation (see Eq. (12)), we also set p = 1 in
A(x, y, t). Similarly, the width, depth, and sectional area of A(x, y, t) are calculated
as follows:
s
0

Ldepth =

18p4
,
4(p4 + 1)2 t2 + p4

p
12(p4 + 1)2 t2 + 3p4
,
Lwidth =
(p2 + 1)p
0

2

1 0
p2 √
0
0
3 6.
Ssection = Lwidth × Ldepth = 2
2
p +1
0
Clearly Ssection is different from Ssection .
As shown in Fig. 1, the maximum amplitude of |q| changes as the rogue wave
propagates in the (x, y)-plane. The evolution of the maximum amplitude of |q| shows
clearly the localized property of rogue waves in the (x, y)-plane. We will use this
maximum to discuss the differences between the line rogue waves of DSIII and DSI
equations. Setting AM Pmax as the maximum amplitude of the line rogue wave, we
(c) 2016 RRP 68(No. 4) 1425–1446 - v.1.1a*2016.11.24
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find
AM Pmax = |ψ| |L1 = 3
for DSIII equation, and
r

2(16t2 + 9)
16t2 + 1
√
0
for DSI equation [12]. Clearly, AM Pmax |t=0 = 2AM Pmax . In summary, the
comparison of the above four quantities provides the first difference between the
rogue waves of DSI and DSIII equations.
The above discussions focused on the fundamental rogue wave solutions of
DSIII equation. We will discuss in the next Section the higher-order rogue wave
solutions corresponding to those given in Theorem 1, for N ≥ 2.
0

AM Pmax =

3.3. HIGHER-ORDER ROGUE WAVE SOLUTIONS

For an arbitrary given value of N , we can obtain the N -th order rogue wave
solutions by employing the results of Theorem 1. For example, setting N = 2 in Theorem 1 yields the following explicit form of the second-order rogue wave solutions:
(1)

q=

(1)

m11 m13
(1)
(1)
m31 m33
(0)

(0)

m11 m13
(0)
(0)
m31 m33

(0)

, V = (−λlog(

(0)

(0)

(0)

m11 m13
m11 m13
(0)
(1) ))yy , U = (−λlog(
(0)
(1) ))xx ,
m31 m22
m31 m22
(17)

(n)

where mij are given in Theorem 1. Setting a0 = 1, a1 = 0, and a2 = 0, the relevant
explicit formulas for the second-order rogue wave solutions involving an arbitrary
parameter a3 are given by Eq. (4). Then we obtained very long explicit expressions
for g(x, y, t) and f (x, y, t) as functions of the variables x, y, and t, which are not
given here.
The evolution of |q| (see Eq. 17) is plotted in Fig. 2. The maximum of
|q(x, y, t, a3 )| equals 5 (i.e., five times the height of the background), which is ob1
; its profile is shown in panel (e) of Fig. 2. It is clear
tained at t = 0 with a3 = − 12
from Fig. 2 that this line rogue wave arises from a constant background (see the
panel corresponding to t = −1/2). In subsequent times the two line rogue waves
begin to interact, and they merge in a single high amplitude line rogue wave with the
maximum height attained at t = 0. Unlike the non-fundamental rogue waves of other
(2+1)-dimensional soliton equations [12, 13, 15] in which the second-order rogue
wave has a hyperbola-type shape or a parabola-type shape, here the two straight line
rogue waves gradually merge to form a single straight line-shaped rogue wave with
(c) 2016 RRP 68(No. 4) 1425–1446 - v.1.1a*2016.11.24
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a large amplitude and furthermore, they preserve the initial direction of the propagation. When t > 0, the single line rogue wave gradually splits into two line rogue
waves (see Fig. 2 (f)), and finally goes back to the constant background again (see
Fig. 2 (h)) at t  0. The parallel lines in the profiles shown in Fig. 2 will be called
parallel line rogue waves [16]. In fact, the other higher-order solutions are also parallel rogue waves as shown in Figs. 3 and 4.
Now we are in position to consider more complicated cases of Theorem 1, for
example N = 3. In these cases, the higher-order rogue waves have similar profiles
with the case of N = 2, but there are now more parallel lines in the rogue waves
arising from the constant background. Then, in subsequent times these line rogue
waves interact with each other and create more and more complicated patterns in the
interaction region. For instance, setting N = 3 and considering the parameters
a1 = 0,

a3 = −

1
,
12

a5 = −

1
240

(18)

in Theorem 1, we find the third-order parallel line rogue waves shown in Fig. 3.
Clearly, the transitional profiles of solution become more convoluted, and the maximum value of solution |q| is 7 (i.e., seven times the height of the background). The
fourth-order parallel line rogue wave |q| is shown in Fig. 4, and there are now four
straight lines of maximum points in its profile (see the panels (b) and (g) of Fig. 4).
As shown in Figs. 3 and 4, the rogue wave solutions |q| are of different form than
the rogue waves of DSI [12]. The former possess several straight lines, whereas the
latter contain hyperbolic or parabolic curves [12]. Thus, we see the second difference
between the rogue waves of DSIII and DSI equations: the straight line profiles versus
the curvy profile plotted in Figs. 1, 2, and 3 of Ref. [12].
In addition to |q|, Figs. 5-8 provide the evolution of V , which shows that V is a
dark rogue wave consisting of several parallel lines. Specifically, we see that a rogue
wave with very shallow valleys arises from the constant background at early stage
(i.e. for t << 0); then, line rogue waves (valleys) start to interact with each other
(i.e. as t approaches zero from the left), and then gradually merge to form a deep
valley until the deepest valley is realized at t = 0. Next, the deepest valley gradually
splits as t > 0 into shallow valleys, and finally the rogue waves go back again to
the constant background as t >> 0. The profiles and evolution of V are similar to
|q|, excepting the orientation of the extreme lines. Note that the pictures of U are
similar to V , usually U are also dark rogue waves, but their minimum amplitudes are
different.
Like rogue waves of (1 + 1)-dimensional soliton equations [29–37], the higherorder rogue waves |q|, V , and U of Eq. (3), have three basic patterns, namely the
fundamental pattern, the ring pattern, and the triangular pattern. The similarities
and differences between the profiles of V , U , and |q|, discussed above are similar
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for higher-order rogue waves: the second-order, the third-order, and the fourth-order
rogue wave solutions V are plotted in Figs. 9, 10, 11, and 12. The plot of |q| shown
in Fig. 14, is different from the plot of |A| in Fig. 13 for DSI equation. Note that the
rogue waves V and U have similar profiles, thus we omit to plot the profiles of U .
Motivated by the key features of the rogue waves for the nonlinear Schrödinger
equation [32], the obtained results support the following conjectures for the n-th
order rogue waves |q|, V , and U of Eq. (3):
(1) For the fundamental pattern where the height of the background is 1, the central
peak is surrounded by n(n + 1) − 2 gradually decreasing peaks. Note that the height
of the background of V and U is 0.
(2) For the triangular and circular patterns, there are n(n + 1)/2 uniform peaks.
(3) For the circular pattern, the n-order rogue wave displays a ring structure, the outer
ring has 2n − 1 uniform peaks, and the inner structure consists of an (n − 2)-order
rogue wave.
Furthermore, in all the above cases, instead of the multitude of decreasing
peaks, there may exist inner structures of rogue waves, which are composed by firstorder and second-order rogue waves. The inner structure of Fig. 10 (c) depicts a
first-order rogue wave, and the inner structure of Fig. 11 (c) depicts a second-order
rogue wave. These inner structures are decomposed from third-order and fourthorder rogue waves, respectively. Thus these plots clearly present two typical examples supporting the conjecture (3).
The n-order rogue wave |A| of the DSI equation can be decomposed into n
first-order rogue waves (up to third order), and this provides an illustration of the
third difference between the rogue waves of DSI and DSIII equations. We would
like to point out that the rogue wave profiles plotted in Fig. 14 are different from the
rogue wave profiles shown in Fig. 13. For the sake of comparison we plot in Figs. 13
and 15 the typical rogue wave solutions of DSI equation according to formulas given
in Ref. [12], for different choices of parameters.
4. SUMMARY AND DISCUSSION

We have derived an explicit formula for the N -th order rogue wave solutions
of the DSIII equation (3) by employing the bilinear transformation method. In order to study the properties of the fundamental rogue waves of DSIII equation, we
have defined four quantities, namely Lwidth , Ldepth , Ssection , and AM Pmax . These
quantities characterise the first difference between the rogue waves of DSI and DSIII
equations. The higher-order rogue waves of DSIII equation have several parallel
straight lines in their profiles, and thus they are called parallel line rogue waves; this
provides the second difference between the rogue waves of DSI and DSIII equations,
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since the rogue waves of DSI equation have curvy profiles. According to Figs. 13
and 15, the rogue waves of the DSI equation do not satisfy the conjectures (2) and
(3) given in the previous Section; this provides the third difference between the rogue
waves of DSI and DSIII equations.
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