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Abstract. We describe the time evolution of the quantum coherence in an open
system consisting of two coupled bosonic modes embedded in a thermal reservoir. We
discuss the influence of the environment in terms of the covariance matrix for initial
squeezed thermal states. The coherence is quantified using the relative entropy as a
measure, and its dynamics is studied in the framework of the theory of open systems
based on completely positive quantum dynamical semigroups. We show that the evolution of the quantum coherence strongly depends on the initial state of the system
(squeezing parameter and thermal photon numbers), frequencies of the modes, parameters characterizing the thermal reservoir (temperature and dissipation coefficient) and
the intensity of the coupling between the two modes.
Key words: Quantum coherence, relative entropy, Gaussian states, open systems,
squeezed thermal states.
1. INTRODUCTION

Quantum coherence arises from the superposition principle, which represents
the essential point of departure of quantum physics from the classical views of reality.
Presently coherence is identified as a quantum resource for applications in science
and quantum technologies [1, 2]. Resource theory provides a powerful framework
for the understanding of quantum physical phenomena, with fruitful applications to
quantum information processing tasks [3–8], quantum thermal engine [9, 10], quantum computing [11], cryptography [12], quantum metrology [13, 14] as well as to
biological systems [15, 16].
Recently, Baumgratz et al. [17] proposed a framework for quantifying coherence, considered as a quantum resource, in a similar axiomatic way like the approach
to the quantification of entanglement and other quantum correlations or types of nonclassicality [18–24].
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Most of the measures of quantum coherence assume a finite-dimensional Hilbert
space, however, some recent papers introduced a resource-theoretic framework for
coherence in continuous variable systems, and, in particular, coherence of Gaussian
states has been investigated [25–28].
In order to obtain a realistic description of quantum processes it is necessary
to take decoherence and dissipation into consideration. Recently we studied, in the
framework of the theory of open systems, the dynamics of quantum correlations of
two bosonic modes embedded in a common thermal bath, for initial Gaussian states
of the system [29–36].
In this work we use the axiomatic formalism of the theory of open quantum systems based on completely positive dynamical semigroups [37] to address the quantification of coherence, following Ref. [26], for an open system consisting of two
coupled bosonic modes embedded in a thermal environment. We study the time evolution of the coherence of this system and show that it has a strong dependence on
the initial state and the parameters characterizing the open system and the environment. Previously we described the evolution of quantum coherence of two uncoupled
bosonic modes interacting with a thermal bath [38].
The paper is organised as follows. In Sec. 2 we write the Markovian master
equation for the density operator of the open system interacting with a general environment and solve the evolution equation for the covariance matrix of the state of the
bimodal bosonic system [39]. In Sec. 3 we provide a coherence measure for Gaussian states based on the relative entropy. In Sec. 4 we describe the time evolution of
the coherence of the open system of two coupled bosonic modes, as a function of the
parameters of the considered system and environment. The conclusions are given in
Sec. 5.
2. MASTER EQUATION FOR TWO BOSONIC MODES INTERACTING WITH THE
ENVIRONMENT

To study the dynamics of the subsystem consisting of two coupled bosonic
modes (harmonic oscillators) in weak interaction with a thermal reservoir, we use the
axiomatic formalism based on completely positive quantum dynamical semigroups.
In this framework the Markovian irreversible time evolution of an open system is described by the following Gorini-Kossakowski-Sudarshan-Lindblad master equation
for the density operator ⇢(t) [37, 39–41]:

d⇢(t)
=
dt

i
1 X
[H, ⇢(t)] +
(2Bj ⇢(t)Bj†
~
2~
j
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where H denotes the Hamiltonian of the open system and the operators Bj , Bj† are
defined on the Hilbert space of H, and describe the interaction of the subsystem with
a general environment.
The Hamiltonian of two coupled in coordinates non-resonant harmonic oscillators of identical mass m = 1 and frequencies !1 and !2 is given by
1
1
H = (p2x + p2y ) + (!12 x2 + !22 y 2 ) + qxy,
(2)
2
2
where x, y are the coordinates and px , py are the momenta of the two modes, q is the
coupling parameter, and we take the operators Bj as polynomials of first degree in
the canonical variables of coordinates and momenta.
We introduce the 4 ⇥ 4 bimodal covariance matrix , with the elements defined
by ij = Tr[(Ai Aj + Aj Ai )⇢], i, j = 1, . . . , 4, with A = {x, px , y, py }, which fully
characterize any Gaussian state of a bimodal system (up to local displacements). The
equation of motion for the covariance matrix (t) is the following (T denotes the
transposed matrix) [39]:
0
1
1
0
0
B !12
d (t)
q
0 C
C,
= Z (t) + (t)Z T + 2D, Z = B
(3)
@ 0
0
1 A
dt
q
0
!22
with real diffusion matrix D and dissipation coefficient . We assume that the diffusion matrix has the following form [37, 38] (we set ~ = 1):
D = diag{

!1

coth

!1
!1
!2
!2
, !1 coth
, coth
, !2 coth
}, (4)
2kB T
2kB T !2
2kB T
2kB T

where kB is the Boltzmann constant and T is the temperature of the thermal reservoir.
The time-dependent solution of Eq. (3) is given by [39]
(t) = S(t)[ (0)

(1)]S T (t) + (1),

(5)

where S(t) ⌘ exp(Zt). The values at infinity are obtained from the equation Z (1)+
(1)Z T = 2D. The covariance matrix, which is a real, symmetric and positive
matrix entirely specifying a two-mode Gaussian state, has the following block structure, where 2 ⇥ 2 Hermitian matrices A and B are the covariance matrices for the
single modes, and C contains the cross-correlations between the modes:
✓
◆
A C
(t) =
.
(6)
CT B
The model is thus analytically solvable and the covariance matrix depends on
the initial state, on the parameters of the system and of the reservoir, and on the
coupling constant between the bosons.
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The chosen form for the diffusion matrix leads, in the case of non-interacting
bosonic modes, q = 0, to an asymptotic state describing a thermal equilibrium with
the environment [31, 37]. In the case of coupled resonant (!1 = !2 = !) bosonic
modes, the asymptotic state is not a product state, but has a covariance matrix of the
form (we set kB = 1):
!
coth 2T
2! (L2 q 2 )
1
q L
C
q 3 + q! 2 L
C,
2
A
q
2 + 2! 2 (L2
2
q )

(1) =

0

B
⇥B
@

2L2

q2

q2
Lq
q L

where L ⌘ ! 2 +

q2

q2
Lq
2 + 2! 2 (L2
2
q )
q L
q L
2L2 q 2
q 3 + q! 2 L
q2
q2

2.

(7)

3. QUANTUM COHERENCE OF GAUSSIAN STATES

A state is called incoherent if it is diagonal in a fixed orthonormal basis. We
denote by I the set of all incoherent states. In Ref. [17] there have been proposed the
following postulates that any proper measure of the coherence C(⇢) needs to satisfy
for finite-dimensional states ⇢.
(C1) C(⇢) 0 and C(⇢) = 0 if and only if ⇢ 2 I.
(C2a) Monotonicity under all incoherent completely positive and trace-preservP
†
ing (ICPTP) maps: C(⇢) C( ICP T P (⇢)), where
ICP T P (⇢) =
n Kn ⇢Kn ,
P
†
†
n Kn Kn = I, Kn IKn ⇢ I for all n, with I identity operator.
(C2b) Monotonicity for P
average coherence under subselection based on mea†
surement outcomes: C(⇢)
n pn C(⇢n ), where ⇢n = Kn ⇢Kn /pn and pn =
Tr(Kn ⇢Kn† ).
under the mixing of quantum states:
P (C3) Nonincreasing
P
p
C(⇢
)
C(
p
⇢
n
n n
n n n ).
We note that (C2b) and (C3) imply C(2a).
In Ref. [26] Xu proved that an one-mode Gaussian state is diagonal if and only
if it is a thermal state, and gave the following definition of an incoherent Gaussian
channel (IGC): it is a Gaussian channel that maps thermal states into thermal states.
Instead of (C2a) and (C2b) it is required that any coherence measure C for Gaussian
states satisfies
(C2) C(⇢) C( IGC (⇢)) for any Gaussian state ⇢ and any incoherent Gaussian channel.
The coherence measure for Gaussian states
C(⇢) = inf {S(⇢|| ) : is an incoherent Gaussian state},
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where inf runs over all incoherent Gaussian states, is given in terms of the relative
entropy for two density matrices ⇢ and :
S(⇢|| ) = Tr(⇢ log2 ⇢)

(9)

Tr(⇢ log2 ).

Here the first term represents the von Neumann entropy of ⇢, S(⇢) = Tr(⇢ log2 ⇢).
In the case of a bipartite system we have
◆
2 ✓
X
ki 1
ki 1 ki + 1
ki + 1
S(⇢) =
log2
log2
,
(10)
2
2
2
2
i=1

where k1 , k2 are the symplectic eigenvalues of the covariance matrix (t) defined as
[42]
p
2
2
2k1,2
= ⌥
4 det (t)
(11)
and is the symplectic invariant (seralian) = det A + det B + 2 det C.
Using the definition of coherence (8), one obtains the following expression of
the relative entropy of coherence for Gaussian states [26]:
C(⇢) = inf [ S(⇢)

Tr (⇢ log2 )] = S(⇢) + sup Tr (⇢ log2 ) = S(⇢diag ) S(⇢),

(12)
where ⇢diag is the density matrix of the closest Gaussian thermal state to the given
state ⇢, and has a covariance matrix described by the average number of thermal
photons
1
1
nth
2) , nth
2) .
(13)
1 = (A11 + A22
2 = (B11 + B22
4
4
Thus, the final expression for the relative entropy of coherence is
C(⇢) =

2 h
X

g(2nth
i + 1)

i=1

with
g(x) =

x+1
x+1
log2
2
2

x

i
g(ki ) ,
1

2

log2

(14)

x

1
2

.

(15)

4. TIME EVOLUTION OF QUANTUM COHERENCE

We take an initial two-mode squeezed thermal state, with the covariance matrix
given by [43]
0
1
a 0 c 0
B 0 a 0
c C
B
C,
(16)
st (0) = @
c 0 b 0 A
0
c 0 b
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Fig. 1 – Relative entropy of coherence C for two bosonic modes with n1 = 1, n2 = 2, = 0.1,
q = 0.5 as a function of time t and squeezing parameter r for the resonant case !1 = !2 = 1 (left
panels) and non-resonant case !1 = 2, !2 = 1 (right panels) and for T = 0 (upper panels) and T = 5
(lower panels).

where
a = 2n1 cosh2 r + 2n2 sinh2 r + cosh 2r,
b = 2n1 sinh2 r + 2n2 cosh2 r + cosh 2r,
c = (n1 + n2 + 1) sinh 2r.
Here n1 , n2 denote the mean thermal photon numbers associated with the two modes
and r is the squeezing parameter. For n1 = 0 and n2 = 0, (16) becomes the covariance
matrix of the two-mode squeezed vacuum state.
We have analysed the time evolution of the coherence C of the two coupled
bosonic modes as a function of the squeezing parameter r, dissipation constant ,
coupling constant q and temperature of the reservoir T for fixed values of the average
(c) 2020 RRP 72(0) 102 - v.2.0*2020.2.10 —ATG
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Fig. 2 – Relative entropy of coherence C for two bosonic modes with n1 = 1, n2 = 2, r = 0.5,
q = 0.5 as a function of time t and dissipation constant for the resonant case !1 = !2 = 1 (left
panels) and non-resonant case !1 = 2, !2 = 1 (right panels) and for T = 0 (upper panels) and T = 5
(lower panels).
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Fig. 3 – Relative entropy of coherence C for two bosonic modes with n1 = 1, n2 = 2, r = 0.5,
= 0.1 as a function of time t and coupling q for the resonant case !1 = !2 = 1 (left panels) and
non-resonant case !1 = 2, !2 = 1 (right panels) and for T = 0 (upper panels) and T = 5 (lower
panels).

number of photons n1 , n2 in both resonant and non-resonant cases.
In Fig. 1 we plot the time variation of the coherence as a function of the squeezing parameter, for both resonant and non-resonant cases. The relative entropy of coherence increases with the increase of the squeezing parameter, but this increasing is
slower for higher temperatures (lower panels). The coherence decays asymptotically
in time to small, but non-zero values, and presents a non-monotonic evolution that is
more evident in the non-resonant case (right panels).
An almost periodic behaviour can be observed in the time evolution of the
relative entropy of coherence as a function of the dissipation parameter. See Fig. 2,
where we plot the coherence for fixed average thermal photon numbers, squeezing
parameter and coupling constant, as a function of time and dissipation parameter, for
both resonant and non-resonant cases. As expected, the coherence increases with the
(c) 2020 RRP 72(0) 102 - v.2.0*2020.2.10 —ATG
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Fig. 4 – Relative entropy of coherence C for two bosonic modes with n1 = 1, n2 = 2, r = 0.5,
= 0.1, q = 0.5 as a function of time t and temperature T for the resonant case !1 = !2 = 1 (left
panel) and non-resonant case !1 = 2, !2 = 1 (right panel).

decrease of the dissipation constant, and for relatively small values of it fluctuates
around definite positive values.
One can observe that the relative entropy of coherence increases with the
strength of the interaction between the bosonic modes (see Fig. 3) and decreases with
the temperature of the environment (see Fig. 4). Therefore, in the resonant case it is
possible to generate coherence in the system by increasing the coupling between the
modes and by decreasing the temperature. The direct interaction between the modes
favours also the preservation in time of the coherence in the resonant case, as seen
from Fig. 3 (left panels).
5. SUMMARY AND CONCLUSIONS

We have investigated the Markovian evolution of the quantum coherence of a
system composed of two coupled bosonic modes embedded in a thermal environment using the axiomatic formalism based on completely positive quantum dynamical semigroups. The dynamics of the coherence is studied for an initial two-mode
squeezed thermal state. We used the measure of coherence defined in terms of the
relative entropy of the given state and of the closest Gaussian thermal state.
Unlike the previous study [38], where the system formed of two non-coupled
bosonic modes in a thermal environment exhibited a quantum coherence asymptotically decreasing to zero, in the present model we showed that it is possible to preserve and even to generate coherence by decreasing the dissipation constant and the
temperature of the environment, and also by increasing the interaction between the
(c) 2020 RRP 72(0) 102 - v.2.0*2020.2.10 —ATG
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two modes in the resonant case. In the non-resonant case, the relative entropy of
coherence decreases non-monotonically in time to a nonzero positive value.
In the context of the debate relative to the physical interpretation of quantum
resources, the present results might be useful in controlling quantum coherence in
open systems and also for applications in protocols of quantum information processing and communication.
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