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Abstract. The deformation energy for the 296 Lv superheavy element is calculated in the framework of the macroscopic-microscopic model based on the the WoodsSaxon two-center shell model. The inertia is obtained within the cranking approach.
The superasymmetric fission and the near symmetric fission of 296 Lv nucleus are investigated. The fission paths are obtained by minimizing the action integral constrained
by a final configuration pertaining to the fission or to the ↵ decay process. In both cases,
the potential barrier exhibits a two-humped structure characterized by a deep second
well. The ratio between ↵-decay and cold fission decay probabilities are reported for
different excitation energies of the parent nucleus.
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1. INTRODUCTION

It is well known that 48 Ca is one of the most employed projectiles used in combination with different heavy targets for the synthesis of superheavy elements. This
optimum projectile/target combination that leads to cold fusion reactions was predicted in Ref. [1]. An appropriate method for the optimum choice of the reaction
partners for the synthesis of superheavy elements was inferred in the framework of
the fragmentation theory. A complicated shell effects structure of the multidimensional potential energy surface is exhibited within the the Strutinsky prescriptions,
evidencing some valleys in the mass-asymmetry coordinate. The interacting fragments should have a minimal excitation energy along the valley when the compound
system is formed. Thus, the largest survival probability of the compound nucleus
corresponds to 48 Ca projectile as a optimum candidate. Using the microscopicmacroscopic method and the superasymmetric two-center shell model based on
harmonic oscillators, an extended analysis of all possible combinations highlighted
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[2–4] that the most favorable channels able to produce isotopes with Z 104 are
connected with the so-called 208 Pb potential valley, i.e. the same valley as that of
the heavy cluster emission [5]. By assuming that a 208 Pb similar valley exists for
48 Ca, in Ref. [3], the 48 Ca was proposed as a projectile on various transuranium targets. This prediction was proved of crucial importance during the last three decades,
having in mind that the production of many superheavy elements with Z  118 was
mainly based on this idea [6–12]. Other options for superheavy element synthesis
were tested experimentally by using 45 Cr, 64 Ni or 58 Fe beams [13, 14]. For the last
isotopes, it was found that the fast fission channel becomes the most important one
and the survival probability for the superheavy element drops by several orders of
magnitude. In the following, the previous work is developed by using a more realistic two center shell model and by extending the investigation of the potential energy
surface, aiming to understand better the behavior of the cold fusion as a many-body
process. Based on the above mentioned arguments, the 296
116 Lv superheavy element
248
48
synthesis was studied, obtained in the reaction Cm+ Ca. Recently, the existence
of a valley in the deformation energy was assessed for the ↵-decay [15]. Within the
same model, the ↵-decay, the cluster emission, the fission, and the synthesis of superheavy elements were described in an unitary manner. In Ref. [15], we used the
following even-even combinations of light nuclei and their partners that give the compound 296 Lv superheavy element: 4,6 He, 8,10 Be, 12,14 C, 16,20 O, 22,24 Ne, 26,28,30 Mg,
32,34,36 Si, 38,40,42 S, 44,46 Ar, 48,50 Ca, 52,54 Ti, 56,58 Cr, 62 64 Fe, 66,68,70 Ni, 72,74,76 Zn,
78,82 Ge, 80 Zr, 84,86,88 Se, 90.92.94 Kr, 96,98,100 Sr, 102 Zr, 104,106,108 Mo, 110,112,114 Ru,
116,118,120 Pd, 122,124,126,128 Cd, 130,132,134 Sn, 136,138 Te, 140,142,144 Xe, and 146,148 Ba.
For all of them we computed the spheroidal prolate deformations by minimizing
the deformation energy. When two colliding heavy ions come in contact, the energetically favored configuration is the tip-to-tip one, in which the two nuclei have
elongated shapes along the internuclear axis. Therefore, these deformations were
considered to be unchanged in the external region up the configuration in which the
nuclei arrive in contact. The ↵-decay process was investigated from the microscopical point of view. Now, the work of [15] is extended by determining the least action
trajectory for the fission process. The probabilities of disintegrations for ↵ decay and
for fission are reported for different values of the excitation energy of the compound
nucleus.
2. FORMALISM

The half-life T for a spontaneous decay is calculated with the formula
ln 2
,
⌫P (Ev )
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where ⌫ = !/2⇡ is the frequency of assaults on the barrier, and
⇢ Z
2p
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is the penetrability of the barrier. The integral is calculated between the turning points
of the potential barrier determined by the vibration energy Ev . The angular velocity
and the vibration energy are proportional, Ev = ~!/2. The zero point vibration
energy is denoted E0 , being the lowest value of the collective kinetic energy of the
system. If the system possesses an initial collective kinetic energy Ek , the vibration
energy will be Ev = Ek + E0 . By considering Ev in MeV units, the half-life in s
units is simply
1.433 ⇥ 10 21
Ts (Ev ) =
.
(3)
Ev P (Ev )
The superheavy nucleus is obtained as a consequence of a fusion reaction. Therefore,
the compound system is always excited. Statistically, by assuming a thermalization
of the initial nucleus, the excitation energy E ⇤ can be shared equiprobably between
the collective kinetic energy Ek and the intrinsic one Ep . So, the half-life of the
system at the excitation energy E ⇤ is defined as
R E⇤
1
⇤
Ek )dEk
1
0 Ts (Ek +E0 ) ⇢(E
=
,
(4)
R E⇤
T
⇢(E ⇤ Ek )dEk
0

where ⇢(E) is the nuclear levels density at the energy E of the compound nuclear system. In our work, the nuclear levels density is obtained within the Gilbert-Cameron
formula [16], similarly as in Ref. [17].
In order to calculate the penetrability (2), the deformation energy and the inertia along a fission path are required. We use an axial symmetric nuclear shape that
offers the possibility to obtain a transition from one initial nucleus to the separated
fragments. This parametrization is obtained by smoothly joining two spheroids of
semi-axes ai and bi (i=1,2) with a neck surface generated by the rotation of a circle
of radius R3 around the axis of symmetry. By imposing the condition of volume
conservation we are left with five independent generalized coordinates {qi } (i=1,5)
that can be associated to five degrees of freedom: the elongation R given by the
distance between the centres of the spheroids, the necking parameter C3 = S/R3
related to the curvature of the neck, the eccentricities i associated with the deformations of the nascent fragments, and the mass asymmetry parameter ⌘ = a1 /a2 .
Alternatively, the mass asymmetry can be characterized also by the mass number of
the light fragment A2 . This number is obtained by considering that the sum of the
volumes of two virtual ellipsoids characterized by the mass asymmetry parameter ⌘
and the eccentricities ✏i (i=1,2) gives the volume of the parent. This parametrization
was widely used by the Bucharest group in the calculations addressing the cluster
(c) 2020 RRP 72(0) 202 - v.2.0*2020.7.20 —ATG
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and alpha decay [15, 18–22], the fission process [23, 24], the dissipation during the
decay [25–27], the pair breaking [28], the generalization of time dependent pairing
equations [29], and the heavy element synthesis [30, 31].
A Woods-Saxon mean field potential is associated to the nuclear shape parametrizations described above. The single-particle wave functions of this mean field are
obtained in a single Hermite space by using the two-center prescriptions. The manybody wave function and the single particle energies are provided by the Woods-Saxon
two-center shell model [29]. The Woods-Saxon potential, the Coulomb interaction
and the spin orbit term must be diagonalized in an eigenvector basis. A complete
analytical eigenvector basis can be only obtained for the semi-symmetric two-center
oscillator. This potential corresponds to a shape parametrization given by two ellipsoids that possess the same semi-axis perpendicular on the axis of symmetry. The
potential is
⇢ 1
2
c1 )2 + 12 m!⇢2 , z < 0,
2 m!z1 (z
Vo (⇢, z) =
(5)
1
2
c2 )2 + 12 m!⇢2 , z 0,
2 m!z2 (z

where ! denotes the stiffness of the potential along different directions as follows,
1/3
1/3
!z1 = !0 Ra10 , !z2 = !0 Ra20 , !⇢ = !0 Rb10 , !0 = 41A0 , R0 = r0 A0 , in order to
ensure a constant value of the potential on the surface. The origin on the z-axis is
considered as the location of the plane of intersection between the two ellipsoids.
The asymmetric two-center shell oscillator provides an orthogonal eigenvector basis.
For reflection-symmetric shapes, the solutions along the z-axis are also characterized
by the parity as a good quantum number. The prescriptions for the two-center model
are inspired from Refs. [32–34].
3. RESULTS

To obtain the macroscopic-microscopic barriers, a minimization of the energy
is searched for all paths connecting the ground state and the fission valley as specified
for example in Ref. [35]. The energy is obtained by using a dense grid points inside
the available deformation space. Different fission trajectories are prospected in the
configuration space, starting from the ground state of the compound nucleus and
reaching the exit point from the potential barrier. The best trajectory is obtained
when the following functional
Z rb p
2
P = exp
B(s)E(s)ds
(6)
ra ~
is minimized. In the previous expression, the first turning point ra is at the equilibrium deformation while the second one rb lies on the equipotential curve of the same
deformation energy as the ground state that defines the exit of the barrier. B(s) is the
(c) 2020 RRP 72(0) 202 - v.2.0*2020.7.20 —ATG
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Fig. 1 – (Color online) (a) The potential barrier for the near-symmetric fission process is plotted with a
black curve while the potential barrier for the ↵ decay is plotted with a red one. The barriers are
represented as function of the distance between the centers of the fragments R. (b) The effective
masses for the fission process and the ↵ decay are plotted with the same colors as in the panel (a).

Fig. 2 – (Color online) (a) The half-lives T are plotted as function of the excitation energy E ⇤ of the
compound nucleus. The black curve represents the behavior for the near-symmetric fission process
while the red one is for the ↵ decay. (b) Ratio between the partial half-lives of the ↵-decay and the
fission process.
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inertia along the fission trajectory
B(s) =

X
i,j

B qi qj

@qi @qj
@s @s

(7)

where Bqi qj are the elements of the effective mass tensor as function of the deformation parameters qi and qj [36]. The motion is adiabatic. So, the flux in the fission
channel is not redistributed in other degrees of freedom, as considered with complex
potentials [37].
The fission of superheavy elements depends on the deformations of the two
nascent fragments. The ground state is characterized by a nearly spherical shape stabilized by strong shell effects, the elongation being R ⇡0 fm. Very small deviations
from the quasispherical shapes produce rapid increase of the deformation energy. It
is interesting to note that the fission trajectories for both channels, fission process
and ↵ decay, proceed initially through very compact configurations. Meaning, the
nuclear shapes are obtained by a combination of two oblate spheroids joined by an
intermediate necking region, for elongations R smaller than 3 fm. Around R =3
fm, the deformation energy reaches a maximum value, a first potential barrier being
formed. After the passage of the first barrier, the path for the fission channel is now
determined by a combination of two spheroids, which become to be prolate. After
the top of the first barrier, the ↵ decay proceeds along a valley in the deformation
energy, where the asymmetry parameter increases. The potential barrier shapes of
the ↵ decay and of the fission process are represented in Fig. 1 (a) as function of the
distance between the two nascent fragments. The inertia is displayed in Fig. 1 (b) for
the same processes. It can be seen that asymptotically the inertia tends to reproduce
the reduced masses of the two channels. The effective mass of the fission process is
everywhere larger than that of the ↵ decay. The height of the fission barrier is 9.02
MeV, being obtained by subtracting a zero point vibration energy of 0.5 MeV. The
height of the fission barrier is of crucial importance for calculations of cross section
for heavy or superheavy elements synthesis [38]. Using fission barriers evaluated
dynamically, the half-lives of superheavy elements could be evaluated, as explained
in Ref. [39]. This quantity was computed in Ref. [40] giving a value of 6.4 MeV.
From systematic investigation in the framework of the macroscopic-microscopic approach concerning the fission properties of heavy and superheavy nuclei, a value of
the potential barrier of 9.1 MeV was obtained in Ref. [41], which agrees to the result
presented in this work.
The partial half-lives of the two channels are calculated with Eq. (4) as function
of the excitation energy of the compound nucleus. If the compound nuclear system
arrives in its ground state without excitation energy, then the present evaluation predicts T↵ =0.0887 s for the ↵ decay and Tf =2.21 s for the fission process. Therefore,
at very low excitation energies the ↵ decay is the dominant channel in the disinte(c) 2020 RRP 72(0) 202 - v.2.0*2020.7.20 —ATG
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gration of the superheavy element, by about one order of magnitude. The half-lives
decrease abruptly with the excitation energy, by about three orders of magnitude for
only E ⇤ =1 MeV. For excitation energies larger that 1.1 MeV, the disintegration of the
compound nuclear system proceeds mainly though fission.
4. CONCLUSION

A simple model able to predict the competition between the ↵ decay and the fission process as function of the excitation energy of superheavy elements is presented.
Calculations are realized for the 296 Lv isotope. Calculations of the half-lives of the
superheavy elements are also possible by inferring semi-empirical parametrizations
[42–44]. The parametrizations offer a good systematics of the half-lives if the masses,
the Q-values and the height of the fission barriers are provided by the experimental
data. In the present predictions, all the ingredients required to compute the half-lives
are obtained from theory, without using additional parameters.
2022.
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