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Abstract. We describe the quantum steering in a Gaussian system, consisting of
two bosonic modes, each one being placed in its own thermal bath. The study is given
in the framework of the theory of open systems based on completely positive quantum
dynamical semigroups. The evolution of the system is given in terms of the covariance
matrix formalism, using the Kossakowski-Lindblad master equation. We determine
the time evolution of quantum steering in terms of the temperatures and dissipation
coefficients of the thermal baths, frequencies of the modes, average thermal photon
numbers and squeezing parameter of the modes. We also compare the dynamics of
quantum steering with the time evolution of quantum entanglement in the considered
system.
Key words: Quantum steering, Gaussian states, open quantum systems.

1. INTRODUCTION

Quantum entanglement has found multiple applications in quantum information and quantum communication, such as quantum teleportation [1–3], superdense
coding [4] and quantum cryptography [5]. Entanglement is a physical phenomenon
that occurs when the quantum state of a component part of a composed system cannot be described separately of the other parts of the system. If Alice and Bob share
an entangled state, it means that in the case that Alice chooses to measure her part of
the entangled system, then the state of Bob part will be determined if he chooses to
measure his subsystem in the same basis.
An analogous description can be used to define quantum steering existing in
an entangled state of a bipartite system of Alice and Bob. Alice’s aim is to convince
Bob (who does not trust Alice) that the state they share is entangled. Each of them
measures the state of their own part and communicates classically the measurement
outcome. If Alice succeeds to convince Bob that the state they share is entangled,
then the state is defined as steerable [6, 7], due to the fact that Alice can steer Bob
state.
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Quantum steering paved the way for many applications in quantum information and quantum communication: one-sided device-independent quantum key distribution [8], superconducting transition-edge sensors [9], randomness certification
[10, 11] and a cryptography secret sharing [11, 12]. Another important application
of steering is the secure quantum teleportation, for which two conditions have to be
fulfilled in order to be realised: two-way steering and fidelity of teleportation larger
than 2/3 [13, 14].
Practical implementation of quantum information protocols can be realized on
the discrete variable based devices accomplished using solid state structures with
low dissipation [15] such as Josephson junctions arrays [16] and graphene based
structures [17], as described in Refs. [18–24], or ion traps [25]. An alternative
direction is the elaboration of continuous variable quantum protocols and appropriate
devices for their implementation [26]. The most common type of continuous variable
systems are described by Gaussian states [27–29], which can be obtained using laser
sources [30].
The successful experiments establishing the presence of one-way steering, carried for continuous variables systems and Gaussian measurements [11, 31], paved
the way for an easy implementation of the mentioned protocols [32], since Gaussian
states are attractive for applications as a result of their easy preparation and manipulation in laboratories [30]. Gaussian states can be defined as the states whose Wigner
distribution function has a Gaussian form [33].
In this article we study the evolution of quantum steering of a system consisting
of two bosonic modes, each one embedded in its own thermal environment. In Sec. 2
we describe the evolution of the considered Gaussian system in weak interaction with
the thermal environment, in the Markovian approximation, using the Lindblad master
equation. In Sec. 3 we introduce the quantum steering for the considered system and
describe its evolution in comparison with quantum entanglement. Conclusions are
drawn in Sec. 4.
2. EVOLUTION OF A TWO-MODE GAUSSIAN STATE

We study the evolution of a system made of two non-interacting bosonic modes,
each one embedded in its own thermal bath. We work in the formalism of completely
positive quantum dynamical semigroups. In this case, the time evolution of a system
with the density operator ⇢(t), Hamiltonian H and operators Vj responsible for the
interaction with the environment, taken as polynomials of the first degree in the coordinates x, y and momenta px , py , is given by Kossakowski-Lindblad Markovian
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master equation [34–36]:
d⇢(t)
=
dt

i
1 X
[H, ⇢(t)] +
(2Vj ⇢(t)Vj†
~
2~
j

{⇢(t), Vj† Vj }+ ).

(1)

Let us first describe the evolution of a single mode put in weak interaction with
a thermal bath. In this case, the covariance matrix of the system is:
✓
◆
xx
xpx
s(t) =
,
(2)
px x

px px

with the elements of the covariance matrix defined as ab = hRa Rb +Rb Ra i/2, a, b 2
{x, px } and R = {x, px }. The Hamiltonian of one bosonic mode is:

1 2 m!12 2
p +
x .
(3)
2m x
2
Under the influence of a general Gaussian channel, evolution of the covariance matrix
is determined by the equation [36–38]:
H=

ds(t)
= Z1 s(t) + s(t)Z1> + 2D1 ,
(4)
dt
where s(t) is the covariance matrix, D1 is the matrix of diffusion coefficients and
(we put m = 1 and ~ = 1)
✓
◆
1
1
Z1 =
,
(5)
!12
1
1

0 being the dissipation coefficient.
The solution of Eq. (4) is given by [37]:
s(t) = X1 (t)[s(0)

s(1)]X1> (t) + s(1),

(6)

where X1 = exp(Z1 t) (it tends to 0 in the limit of infinite time). This equation can
be rewritten as:
s(t) = X1 (t)s(0)X1> (t) + Y1 (t),
(7)
where
✓
◆
1
cos(!1 t)
!1 sin(!1 t)
X1 (t) = e 1 t
(8)
!1 sin(!1 t) cos(!1 t)
and
Y1 (t) = X1 (t)s(1)X1> (t) + s(1).
(9)
The values for s(1) are obtained from the equation:
Z1 s(1) + s(1)Z1> =

2D1 ,

where the matrix of diffusion coefficients is:
✓ 1
◆
!1
coth 2kT
0
1
!
1
1
.
D1 =
!1
0
!1 coth 2kT
2
1
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Then the covariance matrix at asymptotic times is given by:
✓ 1
◆
!1
coth 2kT
0
1
!
1
1
s(1) =
.
!1
0
!1 coth 2kT
2
1

(12)

Any two-mode Gaussian state is characterized by a covariance matrix which
satisfies the condition of positivity, is real and symmetric, and it can be written in
block form:
✓
◆
A C
(t) =
,
(13)
C> B
where A, B and C are 2 ⇥ 2 Hermitian matrices, with C containing the information
about the correlations between the two modes, and A and B describe the one-mode
states. The evolution of the state is given by the equation:
(t) = X(t) (0)X > (t) + Y (t),

(14)

with matrices X(t) and Y (t) given by the interaction with the environment. This
equation can be rewritten for the system of two non-interacting bosonic modes, each
one coupled to its own thermal environment as [38]:
(t) = (X1 (t)

X2 (t)) (0)(X1 (t)

X2 (t))> + (Y1 (t)

Y2 (t)),

(15)

where X1,2 and Y1,2 correspond to the two bosonic modes, and the two thermal reservoirs are characterised by the dissipation coefficients 1 and 2 , and temperatures T1
and T2 , respectively, and given by Eqs. (8), (9), (12).
As the initial state we choose a squeezed thermal state given by [39]:
0
1
a 0 c 0
B 0 a 0
c C
B
C,
(16)
ST S = @
c 0 b 0 A
0
c 0 b
with the matrix elements:

1
a = n1 cosh2 r + n2 sinh2 r + cosh 2r,
2
1
2
2
(17)
b = n1 sinh r + n2 cosh r + cosh 2r,
2
1
c = (n1 + n2 + 1) sinh 2r,
2
where n1 and n2 denote the average thermal photon numbers of the two modes and r
represents the squeezing parameter. The condition for the existence of entanglement
between the two modes is satisfied when r > rs , where
(n1 + 1)(n2 + 1)
.
n1 + n2 + 1
(c) 2021 RRP 73(0) 110 - v.2.0*2021.5.17 —ATG
cosh2 rs =

(18)

5

Quantum steering of two bosonic modes

Article no. 110

3. EVOLUTION OF QUANTUM ENTANGLEMENT AND QUANTUM STEERING

Before introducing the notion of quantum steering, we remind that the existence of the entanglement in a Gaussian state can be determined by employing the
positive partial transpose (PPT) criterion: the state is entangled if and only if the partial transpose of its density matrix is positive. A Gaussian state is fully characterized
by its first and second moments. The first moments can be set to zero by local unitary
operations that do not affect the separability of the system. The information about
second moments is contained in the covariance matrix. For a bipartite Gaussian system, the PPT criterion has been derived by Simon [40]: the state is entangled if and
only if S(t) < 0, where [38]
✓
◆2
1
S(t) ⌘ det A det B +
| det C|
4
(19)
1
>
Tr[AJCJBJC J]
(det A + det B),
4
✓
◆
0 1
where J =
.
1 0
Consider local Gaussian measurements performed on Alice mode. These measurements can be depicted by a positive operator with covariance matrix RA which
obeys the condition:
i
RA
+ J 0.
(20)
2
Such measurements are usually carried out using symplectic transformations and
homodyne detection [41]. After the measurement is performed on Alice part, the
outcome a is achieved. The conditional Bob state is described by the density matrix
⇢aB or, equivalently, by the covariance matrix B C(A + RA ) 1 C > .
Alice can steer the Bob state if and only if the following relation is not satisfied
[6, 7]:
i
+ 0A J 0,
(21)
2
which can be rewritten as
i
B
A > 0, and
+ J 0,
(22)
2
where B = B CA 1 C > is the Schur complement of A. The condition A > 0
is always satisfied. If B is a covariance matrix, then the steering is absent in the
system. This can be checked by computing the Williamson form of B with an
appropriate symplectic transformation, S > B S = Diag(⌫ B , ⌫ B ), and verifying the
uncertainty relation ⌫ B 12 . It follows that the steering A ! B can be measured by:
GA!B ( ) := max{0,

ln 2⌫ B }.
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Obviously, B ! A steerability can be defined in an equivalent manner. Steering
is present in the system if GA!B is positive. In the case when the steered party has
one mode [42], the expression of the quantum steering takes the form:
⇢
1
det A
A!B
G
( ) = max 0, ln
.
(24)
2 4 det

(a) !1 = !2 = 2, 1 = 0.001,
0.1, T2 = 2, n1 = n2 = 1.

(c) !1 = 2, !2 = 1, 1 =
T2 = 2, r = 1.6, n1 = 1.

2

2

= 0.1, T1 =

= 0.01, T1 = 1,

(b) !1 = !2 = 2, 1 = 0.001,
T1 = 2, r = 1.6, n1 = n2 = 1.

2

= 0.1,

(d) !1 = 1, 1 = 0.001, 2 = 0.1, T1 = 0.1,
T2 = 2, r = 1.8, n1 = n2 = 1.

Figure 1 – : Evolution of quantum steering G and separability function S with: (a) time t and squeezing
between the modes r; (b) time t and temperature T2 of the second thermal bath; (c) time t and the
average number of thermal photons n2 of the second mode; (d) time t and the frequency !2 of the
second mode.

In Fig. 1(a) it is presented the evolution of quantum steering (orange) and
separability function (blue) with time and the squeezing between the modes. We
observe that entanglement is present (S < 0) in the system for a range of values of
time and squeezing parameter larger than that one for which the steering exists. The
steering disappears at some definite moment of time, it increases with the squeezing
between the modes, but for small values of the squeezing parameter it is not present
in the system.
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(a) !2 = 1, 1 = 2 = 0.01, t = 1, T1 =
T2 = 2, n1 = n2 = 1.

(b) !1 = 2, !2 = 1, 1 =
T1 = 1, T2 = 2, n1 = 1.

(c) !1 = 1, !2 = 2, 1 = 0.001,
t = 1, r = 1.6, n1 = n2 = 1.

(d) 1 = 0.001, 2 = 0.1, t = 1, T1 = 1,
T2 = 2, r = 1.6, n1 = n2 = 1.

2

= 0.1,

2

= 0.01, t = 1,

Figure 2 – : Evolution of quantum steering G and separability function S with: (a) squeezing between
the modes r and the frequency !1 of the first mode; (b) squeezing between the modes r and average
number of thermal photons n2 of the second mode; (c) temperatures T1 , T2 of the two thermal baths;
(d) frequencies !1 , !2 of the two modes.

Figure 1(b) depicts the evolution of quantum steering with time and temperature of the thermal bath in which is embedded the second mode. As expected, the
steering is decreasing by increasing the temperature of the bath. Likewise, the time
of survival of the steering is decreasing with the temperature of the second thermal
bath.
The dependence of the quantum steering on time and the average number of
thermal photons is illustrated in Fig. 1(c). The survival time of steering reduces with
the increase of the average number of thermal photons of the second mode.
The evolution of quantum steering with time and the frequency of the second
mode is shown in Fig. 1(d). We observe that the steering is present in the system
longer times for higher values of the frequency of the second mode.
In Fig. 2(a) it is presented the dependence of the quantum steering (orange)
and the separability function (blue) on the squeezing between the modes and the
frequency of the first mode, at a fixed moment of time. We again notice that the
(c) 2021 RRP 73(0) 110 - v.2.0*2021.5.17 —ATG
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steering is present only if the entanglement still exists in the system, and that for
relatively small values of the squeezing parameter the steering is absent. The steering
increases with the frequency of the first mode until it reaches a constant value.
Figure 2(b) shows how steering evolves with the squeezing parameter and the
average number of thermal photons of the second mode, at a fixed moment of time.
For low values of the squeezing parameter, Alice cannot steer Bob state. However,
for larger values of squeezing the steering is generated in the system. For lower
values of the average number of thermal photons the value of squeezing necessary
for the existence of steering is also lower.
The dependence of steering on the temperatures of the two reservoirs, at a fixed
moment of time, is depicted in Fig. 2(c). While the ability of Alice to steer Bob state
is almost constant with respect to the temperature of the first bath, it reduces visibly
with the increase of the temperature of the second reservoir. This fact illustrates once
more the asymmetric character of quantum steering.
In Fig. 2(d) it is illustrated the evolution of quantum steering with the frequencies of the two modes, at a fixed moment of time. The steering is not present for
very small values of both frequencies. After generation, steering increases with both
frequencies and it reaches a relatively constant value.

(a) !1 = 1, 1 = 0.001, 2 = 0.1, t = 1,
T2 = 2, r = 1.6, n1 = n2 = 1.
Figure 3 –

(b) !1 = 2, 1 = 2 = 0.01, t = 1, T1 = 2,
T2 = 2, r = 1.6, n1 = 1.

: Evolution of quantum steering G with: (a) frequency !2 of the second mode and the

temperature T1 of the first reservoir; (b) frequency !2 of the second mode and the average number of
thermal photons n2 of the second mode.

The evolution of quantum steering with the temperature of the first thermal
bath and the frequency of the second mode, at a fixed moment of time, is presented
in Fig. 3(a). Like we have seen previously, for very low values of the frequency, Alice
cannot steer Bob state. After generation, the steering increases with the frequency of
the second mode. In the presented example, the temperature of the first thermal bath
does not influence visibly the presence of steering.
In Fig. 3(b) it is shown the dependence of quantum steering on the frequency
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of the second mode and the average number of thermal photons of the second mode,
at a fixed moment of time. We observe again that the steering increases with the
frequency of Bob mode and decreases by increasing the number of thermal photons
of Bob mode.
4. CONCLUSIONS

We investigated the evolution of quantum steering of a system composed of
two bosonic modes, each one immersed in its own thermal environment, as a function of time, squeezing between the two modes, frequencies of the modes, average
numbers of thermal photons and temperatures of the two baths, and compared it with
the quantum entanglement in the same system. The quantum steerability and the
quantum separability have been studied based on the covariance matrix formalism.
We have shown that steering is present in the system for a range of values of
time and squeezing parameter smaller than that one for which the entanglement exists. The quantum steering is missing for low values of the squeezing parameter, it
increases with the squeezing between the modes, but it decreases with the increase
of the average number of thermal photons. As expected, the interaction with the environment destroys the quantum steering in a finite time. Like in the case of quantum
entanglement, we notice the sudden death of quantum steering. The obtained results
may be useful in protocols of quantum information processing and communication,
like secure quantum teleportation.
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