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Abstract. We propose a method to control the rotational temperature of a
molecular beam exposed to intense femtosecond pump pulses. In practice, we solve
the Schrödinger equation, obtain the molecular wave function, calculate the rotational
energy and extract the corresponding rotational temperature. This paper investigates
the role of peak intensity, pulse duration and pulse separation on increase of the
rotational temperature, both in the classical and in the quantum approaches. The
method enables us to control the dynamics of the rotational energy, calculate the
increase of temperature accordingly, and draw limiting conditions in which the
classical approach prevails.
Key words: rotational temperature, pump probe experiment, molecular ensemble,
quantum control.

1. INTRODUCTION

Pump probe experiment is one of the most interesting and effective tools for
observing molecular dynamics, recording dynamic information, and even creating
molecular movie [1–3]. In this experiment, a molecular ensemble at a certain
temperature is hit by a pump pulse with specific intensity and time profile in order
to induce changes and to generate dynamic rotational wave functions. After an
adjustable delay time, a higher intensity probe pulse hits the gas to generate an
observed signal, either as an ionization, dissociation or high harmonic generation
(HHG) signal [4]. Since the observed signal is very sensitive to the rotational
temperature of the molecular ensemble [5], it is very important to measure the
rotational temperature of the molecular ensemble precisely and/or to have a
sensitive and effective method to determine it.
The most popular methods to measure the rotational temperature are
coherent anti-Stokes Raman scattering (CARS) [6] and HHG signal [7–8]. In the
HHG method, the signal in the frequency domain is obtained from the Fourier
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transform of the experimental HHG signal. The rotational temperature is obtained
by comparing the experimental signal with the calculated signal generated with the
same parameters, with various initial rotational temperatures. This method has
succeeded in determining the rotational temperature of a molecular gas jet with
various pressures and at various distances from the nozzle [9–10]. However,
generating calculated signals for various initial temperatures is time consuming. In
addition, the measured temperature is the effective rotational temperature after
pump heating, which is higher than the initial temperature of the gas [8].
To date, much research has focused on the energy received by materials
exposed to laser pulses. The energy deposit in material due to pump pulse was
observed not only in gas media such as CO2 [11–12], N2, O2 and air [13], but also
in plasma [14–15], aqueous solutions [16], water [17], electrons in dielectric media
[18], cluster [19], nanoporous gold [20], and nanoparticles [21]. Theoretically,
calculation of the increase of energy was carried out using the matrix density
method and the classical approach [13]. The results of N2 and O2 were compared to
experimental data and are in good agreement for a pulse with full-width at half
maximum (FWHM) of 110 fs and peak intensities up to 100 TW/cm2. Other
research groups calculated the expected value of squared total momenta,
J  J  1 [22]. Unfortunately, the calculation was only carried out for a single
initial state, so that results can not be associated with a specific molecule and/or
specific initial temperature. Recently we calculated the dynamics of rotational
energy of a molecular ensemble, by thermally averaging squared total momenta to
BJ  J  1
for a given initial temperature [23].
obtain rotational energy
However, we have not investigated the role of peak intensity, pulse duration and
pulse separation on increase of the rotational temperatures. Therefore, we have not
been able to control the rotational energy yet.
When examining gases CO2 [12] and N2 [24], it was found that the increase
of energy in the gas appears as the rotational energy. The rotational energy is then
slowly converted to the translation energy so that the two energies becomes the
same after several hundreds ps. Therefore, for pump probe experiments that occur
in order of fs, this condition allows us to model the entire laser pulse energy as the
molecular rotational energy and to determine the exact effective temperature.
This paper proposes a method to control the temperature dynamics of
ensemble rotational molecules interacting with a terawatt femtosecond pump
pulses. For this purpose, we first solve the Schrödinger equation to get the
molecular wave function, which is then used to calculate the rotational energy. By
taking the rotational energy as same as the heat energy, we can easily extract the
rotational temperatures. This paper analyzes the dynamics of the rotational
temperature of linear gas molecules, such as N2, O2, and CO2. We also investigate
the role of peak intensity, pulse duration, initial temperature, and laser pulse
separation on increase of the rotational temperature. The results are then compared
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with the classical results. We hope this method fulfills its aims to be a guide for
controlling molecular ensembles, and to draw limiting conditions in which the
classical approach prevails.
2. METHODS

Starting with a single initial state  J 0 M 0  t  0    J 0 M 0

 , the molecular

J0M 0
wave function at time t,  J 0 M 0  t    CJM
 t  JM eiEJM t , can be obtained by
JM

solving the time-dependent
=  e  me  k  1 ) [8]
i

Schrödinger

equation


 J 0 M 0  t    H N  VN  L  t    J 0 M 0  t  .
t

(in

atomic

units,

(1)

In Eq. (1), H N and VN  L t  stand for the field-free nuclear and the
interaction Hamiltonian due to the pump pulse at a time t, respectively. The
interaction Hamiltonian is given by
VN  L  t   

1
 cos2    perp   2  t  .

2

(2)

In Eq. (2),    par   perp is the anisotropic polarizability of the molecule,
i.e. the difference between the molecular polarizabilities parallel and perpendicular
to its molecular axis, whereas  is the relative angle between the molecular axis
and the laser polarization. The energy due to the pump pulse is given by
1 2
4
Ig  t  , where I and g t  stand for the peak and the time profile of
 t  
2
c
the pump pulse, respectively. In this present work, Eq. (1) was solved by numerical
integration, using the well-known Runge-Kutta method [25].
After getting the molecular wave function, the rotational energy of the
molecular ensemble can be obtained by using formula
E



BJ  J  1 .

(3)

In Eq. (3), B and J are the rotational constant and the total angular momentum
of the molecule, respectively. The inner parentheses in Eq. (3) stands for averaging
the rotational energy over the rotational states, giving the rotational energy of molecules
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for a specific initial state J 0 M 0 , E

J0M0

t  

outer parentheses stands for averaging E

J0M0

4

 J 0 M 0  t  BJ  J  1  J 0 M 0  t  . The

t 

over the Boltzmann temperature,

giving the rotational energy of the molecules for a specific delay time t and an
J
1
 BJ J 1 / kT
initial temperature T as E  t , T     g J 0 E J M  t  e 0  0  . Here
0 0
Z J 9 M 0  J 0
k is the Boltzmann’s constant, g J 0 is the nuclear statistics of the molecule, and Z is
the canonical partition function given by Z  

J



J 9 M 0  J 0

g J0 e

 BJ 0  J 0 1 / kT

.

In this study, the molecules are assumed (i) to have rotational energy only
(which is true for observation time close to the rotational period of the molecule
and far from the collisional time) [12, 24], and (ii) to have two rotational degrees of
freedom (which is true for the case of linear molecules). Therefore, it is reasonable
to use the relation E  kT and obtain the rotational temperature as
T

E
k

.

(4)

The rotational temperature T given by Eq. (4) should be the effective
temperature, i.e. the molecular temperature after its interaction with the pulse. This
temperature is not equal with the initial temperature T0 which represents molecular
temperature before its interaction with the pulse. The relation between those
temperatures is given by [8]
T  T0  T ,

(5)

where T is the increase of temperature due to the interaction with the pulse. This
effective temperature T is the temperature measured in experiment, but sometimes
it is misinterpreted as the initial temperature T0 . It is clear that the quantum
approach enables us to calculate the rotational energy by using Eq. (3), extract the
effective temperature T by using Eq. (4), and obtain the corresponding increase of
temperature T by using Eq. (5).
Now, it is worthwhile to compare the quantum results with ones obtained
from the classical approach. By treating molecule as a classical rotor, the average
energy obtained by the molecule due to a single pulse with fluence F is given by
2
E  32 BF 2 2    / 15= 2 c 2  , where B and  are the rotational constant and
the anisotropic polarizability, respectively [13]. The fluence is defined as
t
2
F  t    Ig  t  dt. For a Gaussian pulse with profile g  t   exp    t /    , the




5

Controlling rotational temperature of molecular beam

Article no. 405

1
 I 0 1  erf  t/  . Here,  is the pulse
2
duration and it is related to the FWHM as   0.6 FWHM . For t  4 , the pulse
has been turned off so that the fluence can be approximated as

fluence at time t is given by F  t  



F  t  4    Ig  t  dt   I , and the change of the rotational energy can be


expressed classically as
2

32 B 3  I 
E  t  4  

 .
15  =c 

(6)

Equation (6) looks reasonable because it consists all the quantities which
appear in the interaction Hamiltonian given by Eq. (2). It is clear that increase of
energy E is proportional to the square of the peak intensity I and the pulse
duration  .
It is also convenient to express all pulse parameters in a dimensionless
parameter well-known as kick-strength P defined as P  2 F /  =c  [26]. Thus,
in the classical formula, the change of energy of the molecular gas due to the pump
impulse is given by
E 

8B 2
P .
15

(7)

From Eqs. (6–7), the classical increase of temperature can be easily
calculated by using Eq. (4).
3. RESULTS AND DISCUSSION

The molecules under investigation are diatomic molecules, such as O2 and
N2, as well as triatomic linear molecule such as CO2. The properties of these three
linear molecules are shown in Table 1.
Table 1
Molecular properties of O2, N2, and CO2 [27–28]



B cm 1



 par  Å 3 

 perp  Å 3 

gJ

O2

1,4297

2,35

1,21

J even : J odd  2 : 1

N2

1,9896

2,38

1,45

J odd only

CO2

0,3902

4,01 – 4,11

1,93 – 1,97

J even only
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We first investigate the behavior of the rotational energy of molecules by
exposing the molecular ensemble of O2 to a Gaussian pump pulse with a peak
intensity of 60 TW/cm2 and an FWHM of 40 fs. The dynamics of the rotational
energy per molecule as a function of the delay time between observation time and
time when the pump pulse peaks, is shown in Fig. 1a.
The figure shows the temporal changes of the rotational energy calculated by
using Eq. (3). The rotational energy drastically increases as the pump is turned on
and reaches its maximum at t  4 . The rotational energy remains constant after
the pump pulse is turned off. For calculation with FWHM of 40 fs, the rotational
energy reaches maximum values at t  0.1ps and remains unchanged for t  0.1 ps,
in contrast to the alignment degree

cos2 

which revives with a period of

T  1/  2 Bc   11.6 ps . The increase of energy means that the pump pulse excites
the rotational states of the molecules to the higher levels, which persist even after
the pulse is turned off.

Fig. 1 – a) The dynamics of the rotational energy (blue) and alignment degree (red)
of O2 exposed to a Gaussian pump pulse with the peak intensity of 60 TW/cm2, FWHM of 40 fs,
and initial temperature 40 K; b) the dynamics of the rotational energy of O2, subject to the same
pump pulse as those in panel (a), but with various initial temperatures (Color online).

Figure 1b shows the dynamic rotational energy of O2 for various initial
temperature, which produce the same profile. Let's define the increase of energy as
the energy difference after and before the pump pulse. Figure 1b shows that the
rotational energy increases by E  25.5684 cm 1 , regardless of the initial temperature
(calculations from 10 K to 320 K), in agreement with the classical formula, which
is independent of the initial temperature.
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We now calculate the rotational temperature of the ensemble by using Eq. (4),
as shown in right scale of Fig. 1b. We obtain that the calculated temperature for the
molecular ensemble before its interaction with the pump pulse is exactly the same
as the initial temperature itself. This fact confirms the validity of the used
assumption as well as the accuracy of the proposed method for measuring the
rotational temperature. Figure 1b shows that molecular ensemble of O2 gains a
same increase of the rotational temperature, which is 36.77 K. We note that for
those given parameters, increase of the rotational temperature of O2 does not
depend on its initial temperature.
The next interesting issue is the effect of the peak intensity on the increase of
the rotational energy. Figure 2a shows the dynamics of the rotational energy for
fixed FWHM of 40 fs with various peak intensities, calculated by using the
quantum approach (solid lines) and the classical approach (dashed lines). The
figure demonstrates that a higher laser intensity produces a higher rotational
energy, in agreement with classical formula where the increase of energy depends
on the square of the peak intensity. In general, for pulse with FWHM of 40 fs, the
classical and the quantum results agree to each other, and therefore the molecules
experience the same temporal dynamics and gain the same increase of the
rotational energy. To obtain more information, we calculated the increase of energy
E as a function of the peak intensity I , as shown in Fig. 2b. The classical results
show the linier dependence of logE  on logI  , as expected from Eq. (6). For
pulse with FWHM of 40 fs, there is no discrepancy between the quantum and the
classical results for I  250 TW/cm 2 . However, this situation no longer holds for
longer pulse duration, where the quantum results deviate from the classical ones
and produce a smaller increase of the rotational energy. The figure shows that the
discrepancy occurs at I  130 TW/cm 2 for FWHM of 60 fs, and I  90 TW/cm2 for
FWHM of 80 fs. We observe that the discrepancy occurs in a smaller peak intensity
for a longer pulse duration. However, we notice that the discrepancy occurs in
almost similar kick-strength values of P  19 and P  17 , respectively. Therefore,
it is reasonable to define the deviating kick strength Pd , where the quantum and the
classical results are in agreement for P  Pd .
Next, we investigate the dependence of the increase of the rotational energy
on the pulse duration. The results are presented in Fig. 3a where solid and dashed
line stand for the quantum and the classical rotational energies, respectively.
Compared to the classical molecules, the quantum molecules require a longer time
to respond to the laser pulse and tends to gain a slightly smaller rotational energy,
especially for higher intensities. This discrepancy can be understood from the
interaction Hamiltonian between the laser and the molecules, which is proportional
to cos 2  , as given by Eq. (2). Here, the molecular rotational states JM undergo
transitions with J  0  2 and M  0 . This means that the new rotational states
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created by the laser pulse does not always have greater J, but also the same or
smaller J compared with the previous ones. The down transition is limited so that
J  0 , whereas the up transition has no limitation. Consequently, the laser pulse
always increases the rotational energy of the quantum molecules, even though with
smaller value compared with the classical ones. Another consequence is that the
increase of energy in quantum molecules does not take place immediately, and
hence the response of the quantum molecules to the laser pulse is retarded.

Fig. 2 – a) The dynamic increase of the rotational energy of O2 with initial temperature of 40 K,
exposed to a Gaussian pump pulse with FWHM of 40 fs, for various peak intensities (in units of
TW/cm2); b) the increase of the rotational energy of O2 with the same initial temperature exposed
to a Gaussian pump pulse with various peak intensities and different FWHMs. In both (a) and (b),
solid and dashed lines stand for the quantum and the classical results, respectively.

Fig. 3 – a) The dynamic increase of the rotational energy of O2 with initial temperature of 40 K,
exposed to a Gaussian pump pulse with the peak intensity of 40 TW/cm2, for various FWHMs;
b) the increase of the rotational energy of O2 with the same initial temperature exposed to a
Gaussian pump pulse with various FWHMs and different peak intensities. In (a) and (b), solid
and dashed lines stand for the quantum and the classical results, respectively.
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Figure 3a tells us that for pulses with intensity of 40 TW/cm2 and short FWHMs
(up to 80 fs), the increase in the quantum rotational energy is in agreement with the
ones obtained by using the classical approach, in a way that the increase of the
rotational energy is proportional to the square of the pulse duration. For longer
pulse durations (up to 160 fs), the quantum molecules obtain smaller increase of
energy compared with the classical ones. The discrepancy between the quantum
and the classical results occurs at 120 fs or Pd  12 . For pulses with a duration 200 fs
or longer, we observe an adiabatic behavior where the rotational energy tends to
decrease after pulse is turn off. The temporary decrease of the rotational energy is
proportional to the pulse duration, and the increase of the rotational energy become
smaller. This means that a laser with a higher intensity generates a smaller increase
of the rotational energy. For a fixed peak intensity, a pulse duration which
corresponds to a maximum increase of energy can be found. For a laser pulse with
intensity of 40 TW/cm2, the maximum increase of energy occurs at pulse with
duration of 200 fs or at Pm  20 .
To obtain more information of Pd and Pm , we plot the increase of energy as a
function of FWHM for various peak intensities up to 120 TW/cm2 (which is a typical
value for aligning pulse for O2 [4]). The results are shown in Fig. 3b. For the pulse with
intensity of 40 TW/cm2, the discrepancy occurs at 100 fs gives us Pd  10 , whereas the
maximum increase of energy occurs at 200 fs gives us Pm  20 . For the pulse with
intensity of 80 TW/cm2, we obtain Pd  14 and Pm  27 , whereas for the pulse with
intensity of 120 TW/cm2, we obtain Pd  17 and Pm  32 . The difference in the values
of Pd and Pm suggests that the increase the energy does not simply depend on P.
The results in Figs. 2–3 are summarized in Fig. 4. The upper panel of Fig. 4
presents the increase of temperature as a function of the pulse duration and the
peak intensity. It is clear that there is a range of peak intensity and pulse duration
which generates a maximum increase of energy. This implies that the increase of
the rotational energy is not simply proportional to square of kick-strength, as
predicted by Eq. (7). For quantum molecules, the peak intensity and the pulse
duration play different roles. We observe a maximum pulse duration for a fixed
pump intensity, but there is no maximum intensity for a fixed pulse duration. Thus
pulses with the same kick-strength but with different intensities and pulse durations
can generate different increase of energy. That is the reason why we observe
different value of deviating kick-strength Pd and maximum kick-strength Pm .
Figure 4 (upper panel) also shows that the increase of energy is sensitive to
the initial temperature, albeit with small deviation. This quantum phenomenon can
not be explained by using the classical formula in Eqs. (6–7), where E has no
initial temperature dependence.
The discrepancy in the increase of the rotational energy between the classical
and the quantum results,  T classic   T  quantum , is presented in the lower panel of
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Fig. 4. The figure shows that for low peak intensity and short pulse duration, there
is no difference between the quantum and the classical results. For O2 molecule
with low initial temperatures (up to 200 K) exposed to a laser pulse with intensity
of 120 TW/cm2, the discrepancy is quite small as long as the pulse duration does
not exceed 80 fs. In this regime, we can use the simple classical formula to obtain
the increase of the rotational energy.

Fig. 4 – The increase of the quantum rotational temperature (∆T)q (upper panel) and the
discrepancy between the classical and the quantum results of the increase of the rotational
temperature, T classic  T quantum of O2 molecules. The molecules are subject to a Gaussian
pump pulse with various peak intensities and FWHMs. The initial temperature ranges
from 40 K to 120 K.

Next, we investigate the dynamics of the rotational energy for N2 and CO2
molecules and compare the results with O2, as shown in Fig. 5a. In addition, we
also present the dynamics of the corresponding squared momentum

J  J  1

in Fig. 5b. For those three linear molecules, we use the laser pulse with kickstrength of 7 (corresponds to I = 73 TW/cm2 for O2, I = 89 TW/cm2 for N2 and
I = 39 TW/cm2 for CO2). This kick-strength is below the deviating kick-strength,
Pd , which allows us to use the classical formula. For the all molecules, we observe
that the laser pulse with P = 7 generates the same increase of the squared
momentum,  J  J  1  26 . In contrast, the observed increase of energy is
proportional to the molecular rotational constant ( E  51 cm 1 for N2,
E  36.5 cm 1 for O2 and E  10 cm 1 for CO2). These results are in agreement
with Eq. (7).
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(panel b) of three linear

top symmetric molecules with initial temperature of 40 K, subject to a Gaussian pump pulse
with kick-strength of 7.

Fig. 6 – The increase of the rotational temperature (∆T) of the quantum O2 molecules at its half
revival measured at specific temperature (upper panel) and specific time (lower panel). See text.

To maximize the route of quantum control for molecular ensemble, we also
investigate the effect of laser pulse splitting. To do this, we split a laser pulse with
intensity I into two pulses with intensities I1` and I 2  I  I1` , where the second
pulse is given at a certain time after the first pulse. Figure 6 (upper panel) shows
the increase of temperature as a function of ratio I 2 to I and delay time between
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the two pulses. For any initial temperature, we observe that the pulse splitting
reduces increase of energy, which implies that the maximum increase of energy is
obtained when the laser pulse is not spit. This fact is in accordance to Eq. (6–7).
However, we can use the scheme to determine the time for the second pulse
to enter, in order to give a desired result. For any initial temperature, we notice that
the minimum increase of rotational temperature, T , occurs when the second
pulse is given at t = 5.8 ps. At this time, the O2 molecule is in its half revival (see
Fig. 1a), where its alignment degree decreases from top to anti-top alignment. On the
other hand, the maximum T occurs when the second pulse is given at t = 5.4 ps,
where the alignment degree of O2 increases from average to top alignment. We also
observe that the profile of T is affected by the initial temperature. The dependence
of T on the initial temperature, at a fixed delay time between the two pulses are
presented in the lower panel of Fig. 6.
4. CONCLUSION

In summary, we have demonstrated a valid and accurate quantum method for
controlling the rotational temperature by using a terawatt femtosecond laser pulse.
This method allows us to control the rotational temperature by adjusting the peak
pulse intensity, pulse duration, initial temperature, pulse separation and delay time
between the two laser pulses. We also compare the quantum results with the
classical results to explore the possibility of using a simple classical approach. We
hope this method realizes a quantum control pathway for molecular ensembles.
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