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Abstract. We study two types of discrete nonlinear waves based on discrete
optical waveguides. One is the scattering problem of the spatial discrete dark solitons, and the other one is the excitation of the discrete X-waves. The unidirectional
flow of the discrete dark solitons is found by the interaction between a mobile discrete
dark soliton and an embedded defect created by a pair of parity-time (PT) symmetric
waveguides with mutually balanced gain and loss. The scattering is an inelastic process,
where the discrete dark soliton can be reflected, transmitted or trapped depending on
its transversal speed and strengths of the embedded defects. We show numerically the
unidirectional flow of the discrete dark solitons and the trapping of discrete dark soliton
by two of PT-symmetric defects. Thus it is possible to perform the diode effect and
the storage of single and multiple discrete dark solitons. We numerically demonstrate
that the optical discrete X-waves can be excited for a wide range of initial conditions,
namely by the interplay between discrete diffraction, normal temporal dispersion, and
nonlinearity in PT-symmetric waveguide arrays.
Key words: unidirectional flow, discrete dark soliton, discrete X-waves, PTsymmetric optical waveguide arrays.

1. INTRODUCTION

Parity-time (PT) symmetric systems have attracted a growing interest in recent
years. One-dimensional PT-symmetric systems can be described by the Schrödinger
equation with a complex-valued potential, where the real part of the potential is an
even function of the coordinates, and the imaginary part is an odd function. PTsymmetric systems can possess all-real eigenvalue spectrum [1–3].
Further growth of interest was spread out to the PT-symmetric physical systems including optics and photonics [4, 5], on the basis of the analogy between quantum mechanics and optics, where the refractive index plays the role of the potential
in the Schrödinger equation. In optical waveguides, the refractive index of optical
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waveguides can be described by real-valued potential function, the imaginary part
of complex potential stands for the effects of losses and gain in optical waveguides.
The possibility of optical realization of the PT-symmetric system was investigated
theoretically and experimentally in the linear regime [4, 6–8]. In nonlinear optical
waveguides, the existences of various nonlinear modes were demonstrated under the
interactions of the PT-symmetry and nonlinear effects [9–19]. Furthermore, novel
dynamical properties were found in other PT-symmetric optical systems and in a
series of physical settings [20–39].
Photonic structures consisting of identical coupled nonlinear waveguide arrays
leads to altogether new families of optical solitons that have no counterpart whatsoever in continuous systems [40]. In particular, the equal gain and losses in the
nonlinear optical waveguide arrays can constitute a PT-symmetric discrete optical
system. The simplest discrete PT-symmetric dimer consists of two linearly-coupled
nonlinear waveguides carrying the balanced gain and loss [41–44]. The underlying
non-Hermiticity of the Hamiltonian, the nonlinearities, and discreteness lead to many
novel possibilities for forming the optical solitons and shaping optical beams in comparison with traditional conservative structures [45, 46]. However, the extensions of
the PT-symmetric defect embedded into a self-defocusing nonlinear array and the PTsymmetric nonlinear waveguide arrays with normal dispersion were not addressed in
previous works, to the best of our knowledge.
In this work, we consider two types of discrete nonlinear waves based on the
PT-symmetric nonlinear waveguide arrays, i.e., the spatial discrete dark solitons scattering and the excitation of the discrete X-waves. The discrete dark soliton can be
reflected, transmitted or trapped depending on its transversal speed and strengths of
the embedded defect. In particular, we found the unidirectional flow of the discrete
dark solitons by an inelastic scattering process. This diode-type transmission effect
can be seen as a kind of optical diode for the discrete dark soliton and is used to
store the dark solitons. At last, we numerically demonstrate that the optical discrete
X-wave can be excited by single waveguide excitation in the nonlinear normally dispersive PT-symmetric waveguide arrays.
The paper is organized as follows. In Sec. 2 we investigate the scattering of
discrete dark solitons in PT-symmetric nonlinear waveguide arrays. Then in Sec. 3
we study the discrete X-waves in discrete PT-symmetric nonlinear waveguide arrays
with normal group-velocity dispersion and Kerr nonlinearity. The conclusions are
presented in Sec. 4.
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2. SCATTERING OF DISCRETE DARK SOLITONS
2.1. THEORETICAL MODEL

We describe the propagations of the spatial discrete dark solitons in an array
of coupled optical waveguides, with additional terms accounting for self-defocusing
Kerr nonlinearity, as shown schematically in Fig. 1(a). The optical wave propagating
through the waveguide array can be described by the discrete nonlinear Schrödinger
equation [47],
dun
i
+ c1 (un+1 + un−1 ) + γ |un |2 un = 0,
(1)
dz
where un is the optical mode amplitudes, z is the propagation coordinate along the
waveguides, c1 is the coupling constant for the conservative waveguides, γ is the
nonlinear parameter with γ > 0 for the self-focusing case and γ < 0 for the selfdefocusing case, and n is the waveguide number. We will focus our study on the
self-defocusing case with γ = −1. We consider the scattering of spatial discrete dark
solitons by the embedded PT-symmetric defect, where one waveguide experiences
gain, and the other one loss, as shown schematically in Fig. 1(b). In this case, the
optical wave propagating through the waveguide array can be described by a set of
discrete nonlinear Schrödinger equations [48],
i

dun
+ c1 un+1 + c1 un−1 − |un |2 un = 0,
dz

dun+1
+ c1 un + c2 un+2 − |un+1 |2 un+1 + igun+1 = 0,
(2)
dz
dun+2
i
+ c2 un+1 + c1 un+3 − |un+2 |2 un+2 − igun+2 = 0,
dz
where c1 is the coupling constant for the conservative waveguides, c2 is the coupling
constant inside the PT-symmetric defect, and g is the gain-loss coefficient.
i

2.2. TRANSVERSE MOBILITY OF THE DISCRETE DARK SOLITONS

Let us first briefly address the most important features of the existence of the
discrete dark solitons problem, which can be formally obtained from Eq. (1) by
setting γ = −1. When the balance between the self-defocusing Kerr nonlinearity
and the discrete diffraction is achieved, this leads to the existence of the discrete
dark solitons [49]. A mobile discrete dark soliton propagating in a self-defocusing
waveguide array without impurities can be described by
un = A tanh [A (n − n0 )] + iB,
where the transversal speed of the discrete dark soliton is
field is fixed by A2 + B 2 = 1.
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Fig. 1 – Schematic illustration of the optical waveguide arrays. (a) Discrete waveguide array
composed of conservative waveguides. (b) Discrete waveguide array composed of conservative
waveguides with a PT-symmetric defect, carrying mutually balanced gain and loss at n + 1 and n + 2.

Fig. 2 – Examples of mobility of the discrete dark solitons in the conservative waveguide array of Eq.
(1). (a)-(d) show the intensity distributions as a function of n for the discrete dark solitons with initial
speed B = 0, 0.3, -0.3, 0.5, respectively. The values of the coupling constant and the nonlinear
parameter are c1 = 1 and γ = −1.

We conducted numerical simulations of discrete dark solitons in the nonlinear
waveguide array in order to characterize the mobile discrete dark solitons. Equation
(1) was integrated with a fourth-order Runge–Kutta scheme and with a fixed-step size
of 10−3 . Figure 2 presents four examples of mobility of the discrete dark solitons.
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When the transverse speed of the discrete dark soliton is zero (B = 0) in Eq. (3),
the discrete dark soliton propagates along the longitudinal direction of the optical
waveguide array, as shown in Fig. 2(a). The discrete dark soliton propagates and
shifts to the right for the positive transverse speed of the discrete dark soliton (B =
0.3) in Eq. (3), as shown in Fig. 2(b). The negative transverse speed (B = −0.3)
in Eq. (3) causes the discrete dark soliton to shift to the left during propagation, as
presented in Fig. 2(c). The large transverse speed (B = 0.5) in Eq. (3) leads to
a greater deviation of the discrete dark soliton during the transmission process, as
depicted in Fig. 2(d).
2.3. UNIDIRECTIONAL FLOW OF THE DISCRETE DARK SOLITONS

Scattering of bright solitons by the PT-symmetric defect have been investigated in the continuous model. In particular, the PT-symmetric defect leads to the
directional propagation or diode behavior, both single and multiple soliton scattering exhibit almost perfect unidirectional flow [34]. Unidirectional transmission and
blockage of gap solitons by the PT-symmetric defect, as well as amplification and
destruction induced by multiple reflections from the two PT-symmetric defect, has
been demonstrated in [50]. Unidirectional reflectionless flow was demonstrated experimentally near the spontaneous parity-time symmetry phase transition point at optical frequencies [51]. Moreover, scattering of bright solitons by the PT-symmetric
defect have been extensively investigated in the discrete model [45, 48, 52]. However, the scattering properties of the discrete dark solitons when PT-symmetric defect
potentials are involved, have not been investigated, to the best of our knowledge.
The extension of the above results obtained for discrete bright solitons to the
case of discrete dark solitons can be of interest in several respects. It is interesting
to see if the key scattering properties remain still valid. In particular, whether the
unidirectional flow of the discrete dark solitons still exists in the optical waveguide
array with self-defocusing nonlinearity.
We now consider the scattering of the discrete dark solitons by the PT-symmetric
defect. As shown in Fig. 1(b), since the array is composed of conservative waveguides on either sides of the PT-symmetric defect, Eqs. (2) admit conventional solutions (the discrete dark soliton) of Eq. (3) that can propagate through the waveguide
array for n < n + 1 and n > n + 2. The discrete dark soliton, moving through the
waveguide array, interacts with the PT-symmetric defect and radiate energy, which
leads to the fluctuations in the background. The magnitude of the background fluctuations, in most of the cases, is smaller than the amplitude of the background field.
Figure 3(a) shows that a launched discrete dark soliton from the right enters
passing through the PT-symmetric defect (first passes through the waveguide with
the gain and then with the loss). Whereas, a launched discrete dark soliton in the
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Fig. 3 – (a) The intensity distributions of a single discrete dark soliton scattering by the PT-symmetric
defect, when the soliton is moving from right to left. (b) Same as in (a) but for the motion from left to
right. The vertical gray solid lines indicate the location of the PT-symmetric defect. Parameters in Eq.
(2) are as follows: c1 = 1, c2 = 1, g = 0.5, and B = ∓0.53.

opposite direction is reflected back by the PT-symmetric defect, as shown in Fig.
3(b). It is indicated that the discrete dark solitons have nonreciprocity in the soliton
transmission or a unidirectional soliton flow, when it passes through the configuration
of the PT-symmetric defect. This diode-type transmission effect can be seen as a kind
of optical diode for the discrete dark soliton.
2.4. THE STORAGE OF SINGLE AND MULTIPLE DISCRETE DARK SOLITONS

The interplay between the discrete dark solitons and the multiple PT-symmetric
defects is also very interesting to explore in the optical waveguide array with selfdefocusing nonlinearity. In particular, the capability of PT-symmetric defect to reflect
the discrete dark soliton allows us to design a simple, but effective, mechanism of
spatial storage of the discrete dark solitons.
Here, we consider two of the PT-symmetric defects, placed symmetrically with
opposite sign of the gain-loss coefficient as depicted in Fig. 4(a). The two PTsymmetric defects are distant enough such that the interaction of the discrete dark
soliton with each defect occurs independently. The discrete dark soliton initially
positioned between the PT-symmetric defects will remain in the storage region as
long as its speed is less than the critical one. Within the storage region, the discrete
dark soliton is consecutively reflected by the PT-symmetric defects bounded in the
storage region from z = 0 to z = 200, as shown in Fig. 4(b).
The storage of multiple discrete dark solitons is generated using the following
initial condition
un =

j=2N
X

A tanh [A (n − nj )] + i (−1)j B,

j=1

where 2N represents the number of the discrete dark solitons.
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Fig. 4 – (a) Schematic illustration of optical waveguide array storage of the discrete dark solitons with
two of the PT-symmetric defects. (b) and (c) show the propagations of single and multiple discrete
dark solitons along the storage region bounded by two of the PT-symmetric defects. In (b) and (c), the
PT-symmetric defects are separated by 18 and 500 guides, respectively. The vertical gray solid lines
indicate the location of the PT-symmetric defect. Parameters in Eq. (2) are as follows: c1 = 1, c2 = 1,
g = 0.7, and B = 0.6.

Equation (4) leads to the formation of N pairs of discrete dark solitons that
propagate with equal speed, but in opposite directions. Numerically, we study the
case with four (N = 4) pairs of the discrete dark solitons initially placed between two
PT-symmetric defects. The intensity evolution of the multiple discrete dark solitons
is shown in Fig. 4(c), where long distance storage is observed up to z = 400.
3. DISCRETE X-WAVE

We note that so far, the optical discrete PT-symmetric waveguides have been
primarily explored in the spatial domain. The above discussions are focused on
the spatial discrete dark solitons propagating in the self-defocusing optical waveguide array with PT-symmetric defects. However, the spatio-temporal evolution of
optical pulses has been investigated in conventional waveguide arrays with a normal temporal dispersion effect and nonlinearity, based on the discrete nonlinear
Schrödinger equation. One of the interesting outcomes was the possibility of exciting two-dimensional X-waves in discrete waveguide arrays as a result of bidispersion
[53–57].
In this Section, we report the existence of discrete X-waves in the discrete
PT-symmetric waveguides with normally temporal dispersion effect and Kerr nonlinearity.
To analyze discrete X-wave excitation, we consider an array of uniformly spaced
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Fig. 5 – Schematic illustration of an optical waveguide array with PT-symmetry.

weakly-coupled single-mode waveguides with PT-symmetry
∂un s ∂ 2 un
−
+ c (un+1 + un−1 ) + γ |un |2 un + (−1)n igun = 0,
(5)
2
∂z
2 ∂t
where s = ±1 represents the anomalous (s = −1) or normal (s = +1) group-velocity
dispersion, c and γ are the coupling coefficient and the Kerr nonlinear parameter,
respectively, g is a coefficient that indicates the rates of gain and loss. Equation (5)
can describes the evolution of light waves in nonlinear waveguide arrays with the
PT-symmetry. Here, we only discuss the case of normal group velocity dispersion
and self-focusing Kerr nonlinearity, i.e., s = 1 and γ = 1 in Eq. (5).
PT-symmetric waveguide array is formed by alternating coupling between neighbor sites, as depicted in Fig. 5. The array is excited in time with a hyperbolic secant
pulse. To begin, one pulse is launched into the single waveguide with
 
t
un = A0 sech
,
(6)
T0
i

where A0 and T0 represent the amplitude and width of the pulse, respectively. The
total power of the input pulse is given by
Z +∞
P=
|un |2 dt.
(7)
−∞

In the waveguide sites, we will examine discrete X-wave formation by single
waveguide excitation. First, the PT-symmetric optical waveguide array is excited by
the single loss waveguide with different input power. Figures 6 (a1 ), (b1 ), (c1 ), and
(d1 ) show the pulses inputting the single loss waveguide with different input power
P = 20 (A0 = 1, T0 = 10), P = 80 (A0 = 2, T0 = 10), P = 125 (A0 = 2.5, T0 = 10)
and P = 180 (A0 = 3, T0 = 10), respectively. For a low input power (P = 20),
the discrete diffraction effect dominates the process and the initial pulse spreads in
the transverse direction, as shown in Figs. 6 (a2 ) and (a3 ). Discrete X-waves are
effectively excited with increasing of the input power, as shown in Figs. 6 (b2 , b3 ),
(c2 , c3 ), and (d2 , d3 ). It is evident that the discrete X-wave has already excited even
at power level P = 80.
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Fig. 6 – Spatiotemporal profiles excited by the loss waveguide in the PT-symmetric optical waveguide
arrays with different input power. (a1 )-(a3 ) P = 20, (b1 )-(b3 ) P = 80, (c1 )-(c3 ) P = 125, (d1 )-(d3 )
P = 180, respectively. The first row shows the initial input pulse, the middle row shows the intensity
profiles at z = 3, the bottom row shows the intensity profiles at z = 6. The values of the parameters in
Eq. (5) are s = 1, c = 1, γ = 1, and g = 0.2.

Fig. 7 – Same as Fig. 6 but for the excitation at the gain waveguide with different input power.
(a1 )-(a3 ) P = 20, (b1 )-(b3 ) P = 45, (c1 )-(c3 ) P = 61, (d1 )-(d3 ) P = 72, respectively. The first row
shows the initial input pulse, the middle row shows the intensity profiles at z = 3, the bottom row
shows the intensity profiles at z = 6. The parameters in Eq. (5) are s = 1, c = 1, γ = 1, and g = 0.2.
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We next investigate the behavior of the PT-symmetric array when the single
gain waveguide is excited. The PT-symmetric optical waveguide array is excited by
the single gain waveguide with different input power. Figure 7 (a1 ), (b1 ), (c1 ), and
(d1 ) show the input pulses with different input power P = 20 (A0 = 1, T0 = 10),
P = 45 (A0 = 1.5, T0 = 10), P = 61 (A0 = 1.75, T0 = 10) and P = 72 (A0 = 1.9,
T0 = 10), respectively. Clearly, the discrete diffraction effect dominates the process
at power level P = 20, which makes the input pulse gradually broadened as depicted
in Figs. 7 (a2 , a3 ) and (b2 , b3 ). Due to gain effect, the process of discrete X-wave
formation has already begun at the input power (P = 61), as shown in Figs. 7 (c2 ) and
(c3 ). At an intermediate input power (P = 72), the discrete X-wave can be clearly
formed over a short propagation distance in Figs. 7 (d2 ) and (d3 ).
4. CONCLUSIONS

In conclusion, we have numerically demonstrated two types of discrete nonlinear waves in PT-symmetric optical waveguide arrays. We have shown that the
interaction between a mobile discrete dark soliton and an embedded PT-symmetric
defect leads to the unidirectional flow of the discrete dark solitons. The discrete dark
soliton has be reflected, transmitted or trapped by the PT-symmetric defects.
The possibility to store the single and multiple discrete dark soliton was also
considered in terms of relevant examples. In the last part of this article, we have
numerically demonstrated that the optical discrete X-waves can be excited by the
single loss or gain waveguide for a wide range of power levels, due to the interplay
between discrete diffraction, normal temporal dispersion, and nonlinearity in PTsymmetric waveguide arrays.
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