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Abstract. Special types of exact two- and three-soliton solutions in terms of
hyperbolic cosines to the Kadomtsev–Petviashvili II equation are presented, exhibiting
rich intriguing interaction patterns on a finite background. The behavior of each line
soliton in the far region can be characterized analytically. It is revealed that under
certain conditions, there may appear an isolated bump in the interaction center, which
is much higher in peak amplitude than the surrounding line solitons, and the more line
solitons interact, the higher isolated bump will form. These results may provide a clue
to generation of extreme high-amplitude waves, in a reservoir of small waves, based on
nonlinear interactions between the involved waves.
Key words: Resonant soliton, Kadomtsev–Petviashvili equation.

1. INTRODUCTION

Soliton is some kind of highly nonlinear wave-packet unusual yet ubiquitous
in nature; it manifests itself in many physical settings such as the shallow- and deepwater waves [1, 2], the light pulses in optical fibers [3, 4], the spatial and spatiotemporal localized structures in nonlinear optical media [5–8], the matter waves in BoseEinstein condensates [9–12], and even the domain walls in supergravity [13]. It exists
by virtue of a delicate balance between the dispersion (or diffraction) that tends to
expand the wave-packet and the nonlinear effect that tends to localize it (in dissipative contexts, it requires also an extra balance between gain and loss [14]). In a strict
sense, the soliton concept is a sophisticated mathematical construct associated to the
integrability of a class of nonlinear differential equations [15] and typically obtained
by means of the inverse scattering transform [16]. The soliton theory of integrable
equations is a broad and very active field of mathematical research [17, 18].
Among integrable models, the Korteweg–de Vries (KdV) equation [19] plays a
fundamental role in developing the soliton concept. It came out of the first observation of a solitary wave (“wave of translation”) by Russell in 1834, and shaped up in
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the theoretical investigations by Rayleigh and Boussinesq around 1870 and, finally,
Korteweg and De Vries in 1895. A landmark event occurs in 1965 that the particlelike nature of solitary waves was first numerically demonstrated in media subject to
the KdV equation, hence the birth of the term soliton [20]. It is now known that the
KdV equation, in addition to being the governing equation of the string in the Fermi–
Pasta–Ulam problem [21], can describe well the evolution of such one-dimensional
waves as the shallow-water waves with weak restoring forces, the long internal waves
in a density-stratified ocean, and the ion acoustic waves in a plasma [17].
In 1970, Kadomtsev and Petviashvili proposed a (2 + 1)-dimensional [(2+1)D]
dispersive wave equation to study the stability of the one-soliton solution of the KdV
equation under the weak transverse perturbations [22]. This equation is now referred
to as the Kadomtsev–Petviashvili (KP) equation. It turns out that the KP equation, as
an integrable (2+1)D extension of the KdV, has much richer solution structure than
its (1+1)D counterpart [23–27], and might be considered as the most fundamental
integrable system in the sense that many known integrable systems can be obtained
as special reductions [23]. Particularly, in optical contexts, the KP equation and its
generalizations have been employed in the study of collapse of ultrashort spatiotemporal optical pulses [28], and for the analysis of the dynamics of few-cycle optical
solitons in diverse physical settings [29–32]. Recently, a close connection between
the KP equation and the (2+1)D nonlinear Schrödinger equation was numerically
demonstrated [33–35], increasing further its weightiness in applications.
Basically, the KP equation has two distinct versions, KP-I and KP-II, which
bear a similarity in form but differ significantly in their underlying mathematical
structure and the corresponding solution dynamics [17]. In this paper, we are only
concerned with the KP-II equation, which can be written, in normalized form, as
(ut + 6uux + uxxx )x + 3uyy = 0,

(1)

where u(t, x, y) is a real function describing a nonlinear long wave of small amplitude evolving with the time t, but with an asymmetric dependence on the spatial
coordinates x and y. Because of such asymmetry, the waves may behave differently
in the propagation (x) and transverse (y) directions. In Eq. (1), subscripts t, x, and y
stand for the partial derivatives. It should be pointed out that the above interpretation
of dependent variable u and of the coordinate variables can be adapted to the particular applicative contexts [23, 34, 36]. Besides, by rescaling variables, Eq. (1) can be
transformed into other equivalent forms with different coefficients [34].
The line-soliton solutions of the KP-II equation were extensively studied over
the past decades [26, 37–39], exhibiting complicated patterns typically defined by
cluster algebras [40–42]. In this work, we present explicitly, in terms of hyperbolic
cosines, special types of resonant elastic soliton solutions up to the third order that
propagate on a finite background. We will show that in addition to rich interaction
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patterns, there may appear an isolated bump in the interaction center under certain
conditions, which is much higher than the surrounding line solitons [39]. Moreover,
the more line solitons interact, the higher bump will form, with an extent proportional
to the square of the number of line solitons involved. We expect that these results
may provide a clue to formation of extreme high-amplitude waves (e.g., rogue waves
[43]), in a reservoir of small waves, based on nonlinear wave interactions.
2. DARBOUX TRANSFORMATION AND EXACT RESONANT ELASTIC SOLITON
SOLUTIONS

One can recall that the KP-II equation (1) can be cast into a linear eigenvalue
problem, with the Lax pair defined through [44]
ψy − ψxx − uψ = 0,

(2)

ψt + 4ψxxx + 6uψx + wψ = 0,
(3)
where u is the scattering potential, ψ is the eigenfunction, and w is defined by wx =
3uxx + 3uy . Obviously, as can be verified, the compatibility of Eqs. (2) and (3)
requires that the potential u must satisfy Eq. (1).
In terms of the Lax pair (2) and (3), a binary Darboux transformation can be
conducted, relating the new solution to the old one [44]. Here we let the old solution
be u = c (c 6= 0) so that the new solution signifies a soliton on a finite background. It
follows now from the above Lax pair that ψ has the form (with w = 0):
ψn =

M
X

anm eθm ,

(n = 1, 2, · · · , N ),

(4)

m=1

θm = κm x + (κ2m + c)y − 2(2κ3m + 3cκm )t + θ0 (κm ),
(5)
where θ0 is a real function that depends on the parameter κm . The constant coefficients anm define the N × M coefficient matrix A = (anm ), which is required to be
of full rank and all of whose nonzero N × N minors must be sign definite.
As a consequence, the N th-order solution u(N ) of Eq. (1) can be expressed as
[26, 38]
∂2
u(N ) = c + 2 2 ln τN,M , τN,M = W (ψ1 , ψ2 , · · · , ψN ),
(6)
∂x
where W is the Wronskian, given by the determinant of an N × N matrix Ψ with
j−1 ψ
n
entries Ψjn = ∂∂xj−1
, where ψn is defined by Eq. (4). Below, without loss of generality, the phase parameters κm in Eq. (5) are assumed to be distinct and well ordered
as κ1 < κ2 < · · · < κM . Obviously, for a nontrivial solution (6), it is required that
M > N and rank(A) = N . Meanwhile, in order for this solution to be nonsingular,
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all the nonzero N × N minors of the coefficient matrix A should be sign definite,
say, positive, as stated above [38]. As the simplest case, taking N = 1, M = 2, the
τ function appears as τ1,2 = a11 eθ1 + a12 eθ2 , which yields the general one-soliton
solution of the KP-II equation given by Eq. (6). For other cases N > 1, the τN,M
function can be expressed, by virtue of the Binet-Cauchy theorem, as [38]
X
Y
τN,M =
A(m1 , · · · , mN )eθm1 +···+θmN
(κmj − κmi ), (7)
16m1 <···<mN 6M

16i<j6N

where A(m1 , · · · , mN ) denotes the N × N minor of A
by selecting columns
 obtained
M
M!
m1 , · · · , mN . It follows that there will be at most N = N !(M −N )! terms in the τN,M
function and each given term defined by the phase combination eθm1 +···+θmN exists
if and only if the corresponding minor A(m1 , · · · , mN ) is nonzero.
It should be pointed out that the soliton solution (6) was derived over three
decades ago [37] and since then, a variety of interesting line-soliton behaviors were
demonstrated, including the ordinary line solitons, Toda-type line solitons, elastic
line solitons, and inelastic line solitons, depending on the specific form of the coefficient matrix A [26, 38–42]. As suggested in Eq. (7), the τ function of these soliton solutions are basically composed of the exponential terms, with the coefficients
A(m1 , · · · , mN ) being all non-negative. Here, we wish to pair up these exponents
and make them convertible into the hyperbolic functions so that the obtained soliton
solution can be expressed in terms of the hyperbolic cosines or secants. This is only
possible with M = 2N , as we exploited below.
As an example, in the one-soliton solution case, when a11 = a12 = 1, the
τ function becomes τ1,2 = 2 exp[(θ2 + θ1 )/2] cosh[(θ2 − θ1 )/2], and then the onesoliton solution can be expressed in terms of a hyperbolic secant, i.e.,
1
1
u(1) = c + (κ2 − κ1 )2 sech2 {2(κ32 − κ31 )t + (κ2 − κ1 )[6ct − (κ1 + κ2 )y − x]}. (8)
2
2
As a matter of fact, the one-soliton solution (8) can be obtained in an alternative
simple way. Letting κ1 = −1 , κ2 = 1 (here 1 > 0), and a11 = a12 = 1, the above
τ1,2 function can then reduce to
τ1,2 = 1 cosh[431 t + 1 (6ct − x)],

(9)

where the exponential multiplier has been omitted as it does not contribute to the
final soliton solution. On the other side, we note that Eq. (1) is invariant with respect
to the Galilean transformation [45], which implies that if u(t, x, y) is a solution of
Eq. (1), so is u(t, χ, ρ), where the substituted variables χ and ρ are defined by
χ = x + ky − 3k 2 t,

ρ = y − 6kt,

(10)

for real k. Hence, the τ1,2 function given above can be generalized as
τ1,2 = 1 cosh[431 t + 1 (6ct − χ)].
(c) 2018 RRP 70(0) 102 - v.2.0*2017.12.22 —ATG

(11)

5

Elastic resonant soliton solutions of the Kadomtsev–Petviashvili II equation

Article no. 102

As one can check, this τ1,2 function can reproduce the soliton solution (8) exactly by
the substitution 1 = 21 (κ2 − κ1 ) and k = κ1 + κ2 .
In the same manner, letting κ1 = −1 , κ2 = −2 , κ3 = 2 , and κ4 = 1 (here
1 > 2 > 0), the τ2,4 function yielding the resonant two-soliton solutions with hyperbolic cosines can be found to be
τ2,4 = (1 + 2 ) cosh[4(31 − 32 )t + (1 − 2 )(6ct − χ)]
+ α(1 − 2 ) cosh[4(31 + 32 )t + (1 + 2 )(6ct − χ)]
p
+ 2 (1 − α2 )1 2 cosh[(21 − 22 )ρ],

(12)

where α is an arbitrary real constant satisfying 0 6 α 6 1, and χ and ρ are given
by Eq. (10). We need to point out that the two-soliton solution with this generating
function has five free parameters c, 1 , 2 , α, and k, and has included the O-type and
Toda-type soliton solutions presented in Ref. [34] as special cases. As a limiting case,
when 2 = 0, the τ function (12) reduces to the one-soliton τ function, Eq. (11).
Similarly, by letting κ1 = −1 , κ2 = −2 , κ3 = −3 , κ4 = 3 , κ5 = 2 , and
κ6 = 1 (here 1 > 2 > 3 > 0), the τ3,6 function yielding the resonant three-soliton
solutions with hyperbolic cosines can be given by
τ3,6 = e1 cosh[4(31 − 32 − 33 )t + (1 − 2 − 3 )(6ct − χ)]
+ e2 cosh[4(32 − 33 − 31 )t + (2 − 3 − 1 )(6ct − χ)]
+ e3 cosh[4(33 − 31 − 32 )t + (3 − 1 − 2 )(6ct − χ)]
+ e4 cosh[4(31 + 32 + 33 )t + (1 + 2 + 3 )(6ct − χ)]

(13)

+ f1 cosh[431 t + 1 (6ct − χ)] cosh[(22 − 23 )ρ]
+ f2 cosh[432 t + 2 (6ct − χ)] cosh[(21 − 23 )ρ]
+ f3 cosh[433 t + 3 (6ct − χ)] cosh[(21 − 22 )ρ],
where
e1 = (α − β − γ)(1 + 2 )(1 + 3 )(2 − 3 ),

(14)

e2 = (α − γ)(1 + 2 )(1 − 3 )(2 + 3 ),

(15)

e3 = (β + γ)(1 − 2 )(1 + 3 )(2 + 3 ),

(16)

e4 = γ(1 − 2 )(1 − 3 )(2 − 3 ),

(17)

q
f1 = 4 αβ2 3 (21 − 22 )(21 − 23 ),
q
f2 = 4 β(α − β − 2γ)1 3 (21 − 22 )(22 − 23 ),

(18)
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q
α(α − β − 2γ)1 2 (21 − 23 )(22 − 23 ).
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(20)

Here the parameters α, β, and γ should satisfy the conditions 0 6 γ 6 12 (α − β) and
α > β > 0. It is clear that the three-soliton solution arising from this τ3,6 function has
eight free parameters c, 1 , 2 , 3 , α, β, γ, and k. In the limit, as 3 = 2 or 2 = 1 ,
Eq. (13) can reduce to the τ1,2 function (11) for the one-soliton solution (8). Also,
as 3 = 0, the τ2,4 function given by Eq. (12) would appear again, giving rise to the
two-soliton solution. To the best of our knowledge, both the τ functions (12) and
(13) intended for the two- and three-soliton solutions were not reported before.
The higher-order (beyond N = 4) line-soliton solutions in terms of hyperbolic
cosines can be derived in an analogous manner, although somewhat cumbersome.
In this work, we do not go any further than necessary, but concentrate on the novel
dynamics of the above two- and three-soliton solutions based on Eqs. (12) and (13),
which, as we will show, are indeed able to serve an edifying purpose for understanding the dynamics of even higher-order line solitons.
3. NOVEL ELASTIC LINE-SOLITON DYNAMICS AND DISCUSSION

The soliton solutions with the τ functions given by Eqs. (12) and (13) present
the general line-soliton dynamics that are often met before [26, 38]. We now shed
more light on these two special types of resonant line solitons.
3.1. RESONANT TWO-SOLITON INTERACTION

Let us first consider the τ2,4 function given by Eq. (12). A close inspection
reveals that the two-soliton solution will have different interaction pictures, which
strongly depend on the value of α. It is easy to show that the peak amplitude of such
two-soliton solution at the origin of interaction can be determined by
uorigin = c +

2(21 − 22 )[1 (1 + α) + 2 (1 − α)]
p
p
6 c + 2(21 − 22 ),
2
[ 1 (1 + α) + 2 (1 − α)]

(21)

where the equal sign in the inequality holds true for α = 1. Additionally, in the
far regime y → ±∞, the asymptotic behavior of two-soliton solution can also be
determined analytically. To be specific, as α = 0, in the xy plane, the two line solitons
before and after collisions will propagate along the lines


41 2
1
x = ±(1 + 2 )y ±
ln
,
(22)
2(1 − 2 )
(1 + 2 )2
with the amplitude
1
uα=0 = c + (1 − 2 )2 .
2
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Noting that here and in what follows, unless otherwise stated, we supposed t = 0 and
k = 0 so as to simplify the discussions. However, for 0 < α < 1, the two line solitons
might propagate along the lines:


1
41 2 (1 − α2 )
(24)
x = ±(1 − 2 )y ±
,
ln
2(1 + 2 )
(1 − 2 )2 α2
with the amplitude
1
(25)
uα∈(0,1) = c + (1 + 2 )2 ,
2
which is independent of the parameter α. Once α = 1, the two line solitons become
parallel to each other when t 6= 0, with the lower one involving the amplitude c +
1
1
2
2
2 (1 − 2 ) and the higher one the amplitude c + 2 (1 + 2 ) . However, at t = 0,
these two parallel line solitons coalesce and evolve into one line soliton propagating
along the y axis (which passes through the origin), with the amplitude given by
uα=1 = c + 2(21 − 22 ).

(26)

For illustration, we show in Fig. 1 the evolutions of the two-soliton solution
given by Eqs. (6) and (12) with different α values for given parameters c = 1, 1 = 3,
2 = 1, and k = 0. It is seen from Fig. 1(A) that as α = 0, the two line solitons in
the far region propagate along the directions parallel to the lines x = ±(1 + 2 )y =
±4y, each with an amplitude of 3, as calculated from Eq. (23). This two-soliton
state is often termed O-type line solitons [40]. Once the value of α goes slightly
beyond zero, say, α = 0.0001, there will appear a different two-soliton state in the
far region, see Fig. 1(B), where the two line solitons propagate along the directions
parallel to the lines x = ±(1 − 2 )y = ±2y, with the amplitude increasing up to 9,
as calculated from Eq. (25). Interestingly, in this case, while the two-soliton state of
amplitude 9 begins to appear, the one with amplitude 3 does not exit instantaneously,
resulting in a “bow-tie” interaction pattern, which was first reported in Ref. [26]
based on the general τ formula (7). However, this “bow-tie” structure will fade
quickly as α increases further, while leaving the two line solitons of higher amplitude
behind, as seen in Fig. 1(C) where we used α = 1/2. The current two-soliton state
is sometimes referred to as Toda-type line solitons [40], which can persist till α → 1.
Figure 1(D) shows that as α = 0.99999, the bump in the interaction center extends
significantly, with a peak amplitude of 17, as given by Eq. (26). Such evolution is not
surprising and can be predicted from the straight lines (24), of which the intercept will
approach infinity as α → 1. At last, as α = 1, the two incoming and outgoing line
solitons disappear and the two-soliton state evolves eventually into the one-soliton
state propagating along y axis, with the amplitude 17 (see Fig. 1(E)).
Here we should emphasize that these two-soliton structures shown in Fig. 1
were all given with respect to t = 0; in most cases, they may change with different
time t, as occurred in the KP-I system [25]. For example, as α = 1, there would
(c) 2018 RRP 70(0) 102 - v.2.0*2017.12.22 —ATG

Article no. 102

Shihua Chen et al.

8

Fig. 1 – Surface (left column) and contour (right column) plots showing the spatial distribution of the
two-soliton state at t = 0 evolving with respect to: (A) α = 0; (B) α = 0.0001; (C) α = 1/2; (D)
α = 0.99999; (E) α = 1, keeping the other parameters the same, i.e., c = 1, 1 = 3, 2 = 1, and k = 0.

appear two line solitons of different amplitudes when t 6= 0 (one involving the amplitude 3, the other 19), rather than the one shown in Fig. 1(E). Besides, for t slightly
beyond zero, the Toda-type structure in Fig. 1(C) becomes a trapezoid-shaped pattern
in the interaction region, as seen in Figs. 2(A) and 2(B), where we took t = 1/8 and
−1/8, respectively, under the identical parameter conditions. Such a drastic change
can be seen from its isosurface plot in Fig. 2(C), indicating that there will appear a
converted structure as t > 0 and < 0. However, the α = 0 case is an exception whose
structure is able to be invariant with t, except a trivial translation along the x direction. This can be understood either from the τ2,4 function (12) or from the isosurface
plot shown in Fig. 2(D), where the same parameters as in Fig. 1(A) were used.
Let us pay more attention on Fig. 1(D) where there occurs an enhanced interaction in the collision center by which we mean there appears a bump which is much
(c) 2018 RRP 70(0) 102 - v.2.0*2017.12.22 —ATG
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Fig. 2 – The spatial distributions of the two-soliton solution at (A) t = 1/8 and (B) t = −1/8, each
with the same parameters as in Fig. 1(C). (C) provides the isosurface plot of such a two-soliton state
with u = 8, while (D) gives the isosurface plot of that shown in Fig. 1(A) with u = 2.5.

higher in peak amplitude than the surrounding line solitons. We note that the bump
height can reach c + 2(21 − 22 ) as α approaches unity, as suggested from Eq. (21),
while the height of surrounding line solitons is given by c + 12 (1 + 2 )2 . Obviously,
4(2 −2 )

1
2
the ratio of the relative height on the same background, given by r = (1 +
2 , which
2)
has excluded the background height c, can reach at most 4 times in the two-soliton
situation, when 2 → 0. In Fig. 1(D) the ratio r is equal to 2 for 2 = 1, however
in Fig. 3(A) given below, where we used 2 = 10−6 , the ratio r can reach 4, under
otherwise identical parameter condition.
On the other side, as seen from Fig. 1, the two-soliton structures are completely
symmetric for k = 0. When k 6= 0, these structures will slant, in the clockwise sense
as k < 0 and anticlockwise as k > 0. In fact, in the k 6= 0 situation, the propagation directions of two line solitons before and after collision are still accurately determined
by Eqs. (22) and (24), only with x and y therein replaced by χ and ρ, respectively, of
course in the xy plane with t = 0. To illustrate this trivial case, Fig. 3(B) shows the

(c) 2018 RRP 70(0) 102 - v.2.0*2017.12.22 —ATG
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Fig. 3 – Surface and contour plots showing the formation of even higher-amplitude bump at t = 0 as
compared to that shown in Fig. 1(D), under otherwise identical parameters except 2 = 10−6 . (A)
k = 0; (B) k = −1.

two-soliton state formed with k = −1, keeping the other parameters the same as in
Fig. 3(A). It is seen that the two-soliton structure is tilted clockwise on the whole, as
compared to the symmetric one shown in Fig. 3(A). For this reason, in the following
three-soliton case, we will disregard the discussion of the k 6= 0 dynamics.
3.2. RESONANT THREE-SOLITON INTERACTION

Compared to the two-soliton situation, the three-soliton solution exhibits much
more complicated dynamics, as the latter generally involves 8 free parameters, as
suggested from the τ3,6 function (13). However, in the two asymptotic cases 3 → 2
and 2 → 1 , the three-soliton state can still be characterized by simple analytical
formulas. We find that, in the xy plane (we let t = 0 and k = 0 below), due to
symmetry, there always appears a line soliton propagating along the y axis, whose
amplitude can be determined by c + 221 (in the 3 → 2 case) or c + 223 (in the
2 → 1 case) in the vicinity of origin and by c + 222 in the far region. The other
two incoming and outgoing line solitons tend to propagate along a specific direction with characteristic amplitude, as occurred in the two-soliton situation shown in
Fig. 1. To be specific, in the case of 3 → 2 , these two line solitons would propagate parallel to the lines x = ±(1 + 2 )y with amplitude c + 12 (1 − 2 )2 , or parallel to the lines x = ±(1 − 2 )y with amplitude c + 21 (1 + 2 )2 . So is the 2 → 1
case, except that the parameter 1 in the above formulas for the 3 → 2 case is re(c) 2018 RRP 70(0) 102 - v.2.0*2017.12.22 —ATG
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placed by 3 correspondingly. Basically, in the former situation (i.e., 3 → 2 ), it is
possible to realize a high-amplitude bump in the interaction center, and the ratio of
the relative height between the bump and the surrounding line solitons, defined by
r = 221 / max[222 , (1 − 2 )2 /2], can reach as high as 9 times when 1 = 32 is met.

Fig. 4 – The spatial distributions of the three-soliton solution at t = 0 in the 3 → 2 case, obtained
with: (A) γ = 0; (B) γ = 1/2; (C) γ = 1. The other parameters are kept the same, given by c = 1,
α = 3, β = 1, 1 = 3, 2 = 1, 3 = 0.9999, and k = 0.

Below we are only concerned with these two asymptotic cases. Figure 4 illustrates the three-soliton structures in the 3 → 2 case, with parameter γ equal to
0, 1/2, and 1, respectively. The other parameters are specified in the caption. It is
clear in Fig. 4(A) that the three-soliton state will have a amplitude around 3 in the
far region, but 19 in the interaction center, for given set of parameters and γ = 0. In
this case, the ratio of the bump height to the surrounding soliton height can reach as
high as 9, much larger than that for the two-soliton states as shown in Figs. 1(D)
and 3(A). It is revealed that such a large-amplitude bump arises from the interaction
of surrounding line solitons, with the height ratio proportional to the square of the
number of the solitons involved. This interesting result implies that there is also a
possibility to realize nonrational extreme high-amplitude waves in the KP-II system,
although the latter admits no real nonsingular rational solutions [17]. On the other
hand, as γ goes beyond 0, there will appear another two line solitons which have a
higher amplitude given by c + 21 (1 + 2 )2 , as shown in Fig. 4(B) where we used
(c) 2018 RRP 70(0) 102 - v.2.0*2017.12.22 —ATG
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γ = 1/2. There are now three characteristic amplitudes, namely, 19 for the bump in
the interaction center, 3 for the line solitons near to the center, and 9 for the line solitons in the far region. Lastly, as γ = 21 (α−β) = 1, this three-soliton state evolves into
three travelling-wave solitons propagating parallel to the y axis, with the amplitude
3, 19, and 3, respectively.

Fig. 5 – The spatial distributions of the three-soliton solution at t = 0 in the 2 → 1 case for (A)
3 = 1, γ = 0; (B) 3 = 1, γ = 10−8 ; (C) 3 = 1, γ = 1; (D) 3 = 10−8 , γ = 1; (E) 3 = 0, γ = 1,
with the other parameters given by c = 1, α = 3, β = 1, 1 = 3, 2 = 2.999999, and k = 0.

In the 2 → 1 situation, the three-soliton state may have a distinctly different
dynamics, but still can be characterized using the above simple formulas. This is well
illustrated in Fig. 5, where we used 1 = 3 and 2 = 2.999999. The other parameters
are given in the caption. On one side, in Figs. 5(A)–5(C), we only modify the value
of the parameter γ and keep the other parameters unchanged. It is clear that the
line soliton propagating along the y axis has a amplitude 3 in the center, but 19 in
(c) 2018 RRP 70(0) 102 - v.2.0*2017.12.22 —ATG
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Fig. 6 – Isosurface plots of the hexagon-shaped three-soliton state shown in Fig. 5(D): (A) u = 5; (B)
u = 10. In (B), the contour plot of such a three-soliton state at t = 0 was also given.

the far region, while the other two line solitons have an amplitude 3 or 9 in the far
region, as predicted analytically above. In particular, as one can see in Fig. 5(B),
there appears an interesting double “bow-tie” three-soliton structure when γ = 10−8 .
According to our observation, this peculiar structure was not reported before. On the
other side, we demonstrate other different three-soliton dynamics in Figs. 5(C)–5(E)
by fixing γ = 1, but letting 3 be changeable from 1 to 0. It is seen in Fig. 5(D) that
there appears a hexagon-shaped three-soliton state in the interaction region, when
3 = 10−8 , while two line solitons in the far regime have a amplitude of 5.5. As 3
becomes nil, this complicated three-soliton state reduces to the two travelling-wave
soliton propagating along a direction parallel to the y axis, each with the amplitude
equal to 19, as the one along the y axis is now absent.
Finally, we stress again that for three-soliton solutions, their spatiotemporal
dynamics may be drastically changed for different t, as occurred in the two-soliton
interaction situation [see, for example, Fig. 2(C)]. However, there are some special
cases in which the three-soliton structure is invariant during propagation along a
certain direction, namely, behaving like a spatiotemporal bullet. Figure 6 shows the
isosurface plots of the three-soliton state shown in Fig. 5(D), by taking u = 5 (see
Fig. 6(A)) and u = 10 (see Fig. 6(B)) under the same parameter conditions. It is clear
that the three-soliton structure in this case is basically invariant with respect to the
time, contrarily to what one might usually expect before [25, 26, 38, 39].
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4. CONCLUSION

In conclusion, we presented special types of exact two- and three-soliton solutions to the KP-II equation, in terms of hyperbolic cosines. We showed that these
resonant soliton solutions could exhibit rich intriguing interaction patterns on a finite
background, some of which may change drastically with the evolution time, some
may not, behaving like a spatiotemporal bullet propagating along a certain direction.
Despite all this, both the amplitudes and propagation directions of these resonant
line solitons occurring in the interaction center and in the asymptotic far region can
be well characterized analytically. We unveiled further that under certain conditions,
there may appear an isolated bump in the interaction center, which is much higher in
peak amplitude than the surrounding line solitons, and the more line solitons interact,
the higher isolated bump will form. The results reported in this work may provide a
clue to forming extreme high-amplitude waves (e.g., rogue waves), in a reservoir of
small waves, based on nonlinear wave interactions.
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