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Abstract. We describe the dynamics of the interferometric power in a system
composed of two bosonic modes immersed in a thermal reservoir, in the framework
of the theory of open systems based on completely positive quantum dynamical semigroups. The time evolution of the interferometric power is described in terms of the
covariance matrix for Gaussian initial states. We show that, independent of the initial
state, the Gaussian interferometric power is monotonically decreasing in time, and in
the limit of large times it asymptotically decreases to a zero value.
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1. INTRODUCTION

In the recent years continuously increased the interest of using the specific features of quantum effects and phenomena in applications to quantum technologies,
like cryptography, imaging, metrology, and sensing. An important metrological setting is the optical interferometry [1].
The interferometric power of a bipartite quantum state quantifies the precision,
measured by the quantum Fisher information, that such a state enables for the black
box estimation of a parameter embedded in a unitary dynamics applied to one subsystem only, in the worst-case scenario where a full knowledge of the generator of
the dynamics is not available a priori [2, 3]. By restricting to Gaussian local dynamics, in Ref. [2] Adesso obtained a closed formula for this operational quantifier for
all two-mode Gaussian states.
There have also been identified the characteristics of continuous-variable quantum states, necessary and sufficient for them to act as sensitive probes to a variety
of possible local dynamics, with genuinely quantum correlations between the two
modes entering the interferometer, of a general type like quantum discord [4–8].
The physical understanding of different kinds of quantum correlations, like
nonlocality, steering, entanglement, and discord constantly advanced in the last
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decades [9]. The genuine properties of quantum states in comparison with classical ones consist in such quantum correlations [9–11], which have proven to be useful
in quantum information processing.
To implement quantum information tasks into the real quantum systems is a difficult procedure, since they are not isolated, but always interact with their own environment. Consequently, quantum coherence and quantum correlations are inevitably
affected during the interaction of quantum systems with their external environment.
Therefore, it is necessary to take decoherence and dissipation into consideration in
order to obtain a realistic description of quantum processes. In the last years decoherence and dynamics of quantum correlations in open systems of continuous variables
have been intensively studied [12–43].
Recently we studied, in the framework of the theory of open systems based on
completely positive quantum dynamical semigroups, the dynamics of quantum correlations of both uncoupled and respectively coupled two bosonic modes embedded
in a common thermal reservoir, for initial Gaussian states of the subsystem [44–51].
We also studied the dynamics of quantum correlations of two bosonic modes in the
case when each mode is coupled to its own thermal reservoir, for Gaussian initial
states [52, 53]. In Refs. [54–59] we described the time evolution of the entanglement of two non-coupled bosonic modes interacting with a general environment,
characterized by general diffusion and dissipation coefficients, and we obtained that,
for separable initial states and for definite values of these coefficients, entanglement
generation or a periodic generation and collapse of entanglement may take place.
In the present work we describe, in the same framework of the theory of open
systems, the time evolution of the Gaussian interferometric power in the case of
a subsystem composed of two bosonic modes interacting with a common thermal
reservoir. The initial state of the subsystem is taken of Gaussian form, and the Gaussian form of the state is preserved during the evolution under the quantum dynamical
semigroup.
The paper is organized as follows. In Sec. 2 we define the interferometric
power and describe its properties. In Sec. 3 we write the Markovian master equation
for the density operator of the considered open system interacting with a general
environment and the evolution equation for the covariance matrix. From this equation
we obtain the time evolution for the covariance matrix of the state of the bimodal
bosonic system. Then we describe in Sec. 4 the time evolution of the Gaussian
interferometric power and show that, independent of the initial state, the Gaussian
interferometric power is monotonically decreasing in time, and in the limit of large
times it asymptotically decreases to a zero value. A summary is given in Sec. 5.
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2. GAUSSIAN INTERFEROMETRIC POWER

We define interferometric power (IP) and introduce its properties following
Ref. [2]. The input of an interferometer is a state ρAB of a bosonic continuousvariable system of two modes A and B. Mode A enters a black box where it undergoes a unitary transformation, not fully specified a priori:
UAφ = exp(iφHA ) .

(1)

After the black box the transformed state of the two modes is ρφAB and one
performs a measurement on the output state, in order to construct an estimator φest
for the parameter φ. To improve the statistical accuracy of the estimator, the probing
trial can be iterated κ times. The variance ∆φ2 ≡ h(φest − φ)2 i of any estimator for
the parameter φ, is constrained by the Cramér-Rao bound [60],
1
κ∆φ2 ≥
,
(2)
F(ρφAB )
where the quantum Fisher information [60, 61] can be defined as [62, 63]
∂ 2 F (ρφAB , ρφ+
AB )
= −2 lim
,
→0
∂2

(3)

n √
√ 1 o2
F (ρ1 , ρ2 ) = Tr ( ρ1 ρ2 ρ1 ) 2
.

(4)

F(ρφAB )
using the Uhlmann fidelity [64]

As the inverse of the variance of the estimator per trial, quantum Fisher information
quantifies the precision that can be achieved with the input probe state ρAB , for the
estimation of the parameter φ, by means of a specific optimized measurement on the
output state ρφAB .
The IP of the state ρAB , with respect to the probing mode A, is defined by
1
(5)
P A (ρAB ) = inf F(ρφAB ) .
4
The quantity P A (ρAB ) evaluates the worst-case precision guaranteed by using ρAB
as a probe, where the minimization runs over all possible choices of local dynamics
generated by a Hamiltonian HA with harmonic spectrum. In practice, probe states
ρAB with higher IP embody more reliable resources for metrology, as they ensure a
smaller variance in the estimation of φ.
We define the vector of quadrature operators O = {qA , pA , qB , pB } with the

0 1 ⊕2
canonical commutation relations [Oj , Ok ] = iΩjk (~ = 1), where Ω = −1
is
0
the two-mode symplectic form [65, 66]. We assume that the probe states ρAB are
two-mode Gaussian states, and the local dynamics UAφ is Gaussian, i.e., preserves the
Gaussian character of the states. This restriction requires that the generator HA has to
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be at most quadratic in the canonical operators. A Gaussian state ρAB is completely
specified by the first and second moments of the quadrature operators [65]. As the
first moments can be adjusted by local displacements, and since the IP is invariant
under local unitary operations, we can consider without any loss of generality states
with zero first moments, described entirely by their covariance matrix



α γ
σ AB = (σjk ) ≡
,
(6)
γT β
where σjk = Tr[ρAB {(Oj − δj ), (Ok − δk )}+ ] (with j, k = 1, . . . , 4), the 2 × 2 Hermitian matrices α and β are the covariance matrices for the single modes, and γ contains the cross-correlations between the modes. The covariance matrix corresponds
to a physical state in the Hilbert space if it satisfies the Robertson-Schrödinger uncertainty relation
σ AB + iΩ ≥ 0 .
(7)
In Ref. [2] it was obtained the following closed formula for the Gaussian IP
of a two-mode Gaussian probe with the covariance matrix σ AB , in terms of the four
local symplectic invariants of an arbitrary covariance matrix, defined as A = det α,
B = det β, C = det γ, and D = det σ AB :
√
X + X2 + Y Z
A
PG (σ AB ) =
,
(8)
2Y
where
X = (A + C)(1 + B + C − D) − D2 ,
Y

= (D − 1)(1 + A + B + 2C + D) ,

Z = (A + D)(AB − D) + C(2A + C)(1 + B) .
The Gaussian IP vanishes if and only if the state is a zero-discord state (also
known as classical-quantum state) [8]. In the Gaussian case, under a natural constraint of bounded mean energy per mode, the only classical-quantum states are product states [6, 7, 67]. The only two-mode Gaussian states with vanishing Gaussian IP
are product states, characterized by the invariants C = 0, D = AB. All correlated
two-mode Gaussian states are therefore useful for black box optical interferometry,
returning a nonzero quantum Fisher information for any possible local Gaussian dynamics. Furthermore, the Gaussian IP is invariant under local unitary operations, and
it is monotonically nonincreasing under arbitrary Gaussian quantum operations on
subsystem B, so that the Gaussian IP is a faithful measure of bipartite discord-type
correlations [8] for Gaussian states.
The Gaussian IP is not symmetric under swapping of the two modes A and
B for general two-mode Gaussian states and it reduces to a Gaussian entanglement
monotone [65] on pure states.
(c) 2018 RRP 70(0) 103 - v.2.0*2017.12.22 —ATG

5

Dynamics of quantum interferometric power

Article no. 103

3. MASTER EQUATION FOR TWO BOSONIC MODES INTERACTING WITH THE
ENVIRONMENT

In order to study the dynamics of the subsystem consisting of two bosonic
modes (harmonic oscillators) in weak interaction with a thermal reservoir, we use the
axiomatic formalism based on completely positive quantum dynamical semigroups.
In this framework, the Markovian irreversible time evolution of an open system is
described by the following Gorini-Kossakowski-Lindblad-Sudarshan master equation for the density operator ρ(t) [68–71]:
dρ(t)
i
1 X
= − [H, ρ(t)] +
(2Bj ρ(t)Bj† − {ρ(t), Bj† Bj }+ ),
(9)
dt
~
2~
j

where H denotes the Hamiltonian of the open system and the operators Bj , Bj† are
defined on the Hilbert space of H, and describe the interaction of the subsystem with
a general environment.
The Hamiltonian of two coupled in coordinates non-resonant harmonic oscillators of identical mass m and frequencies ω1 and ω2 is given by
1 2
m
2
2
H=
(p + p2B ) + (ω12 qA
+ ω22 qB
).
(10)
2m A
2
We are interested to use the Gaussian states, therefore we introduce such quantum
dynamical semigroups that preserve this set during the time evolution, by taking the
operators Bj as polynomials of the first degree in the canonical variables of coordinates and momenta.
The equations of motion for the quantum correlations of the canonical observables qA , qB and pA , pB are the following (T denotes the transposed matrix) [71]:
dσ(t)
= Zσ(t) + σ(t)Z T + 2D,
dt

(11)

where

−λ
1/m
0
0
−mω 2 −λ
−q
0 
,
(12)
Z =
 0
0
−λ
1/m
−q
0
−mω 2 −λ
D is the matrix of real diffusion coefficients Djk (with j, k = 1, . . . , 4) and λ is the
dissipation coefficient.
The time-dependent solution of Eq. (11) is given by [71]


σ(t) = S(t)[σ(0) − σ(∞)]S T (t) + σ(∞),

(13)

where the matrix S(t) = exp(Zt) has to fulfill the condition limt→∞ S(t) = 0. The
values at infinity are obtained from the equation
Zσ(∞) + σ(∞)Z T = −2D.
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Fig. 1 – Gaussian IP P versus time t and temperature T of the thermal bath (via C ≡ coth ω/2kT ) for
the squeezing parameter r = 0.5 and the dissipation coefficient λ = 0.1
(ω1 = ω2 ≡ ω = 1, m = ~ = 1).

4. DYNAMICS OF GAUSSIAN INTERFEROMETRIC POWER

We suppose that the only non-zero quantum diffusion coefficients have the following form (~ = 1) [70]:
mω1 λ
ω1
m2 ω12 DqA qA = DpA pA =
coth
,
(15)
2
2kT
mω2 λ
ω2
m2 ω22 DqB qB = DpB pB =
coth
,
(16)
2
2kT
where k is Boltzmann constant and T the temperature of the thermal reservoir.
We study the dynamics of the Gaussian IP for the considered system, by taking
an initial squeezed vacuum state, with the covariance matrix of the form:


cosh 2r
0
sinh 2r
0
1 0
cosh 2r
0
− sinh 2r
,
σ(0) = 
(17)


0
cosh 2r
0
2 sinh 2r
0
− sinh 2r
0
cosh 2r
where r is the squeezing parameter.
In Fig. 1 we represent the dependence of the Gaussian IP P (8) as a function
of time and temperature T . As expected, one can notice that the Gaussian IP is
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Fig. 2 – The Gaussian IP P versus time t and dissipation coefficient λ for the squeezing parameter
r = 0.5 and the temperature T = 0 of the thermal bath (ω1 = ω2 ≡ ω = 1, m = ~ = 1).

Fig. 3 – The Gaussian IP P versus time t and squeezing parameter r for the dissipation coefficient
λ = 0.1 and C ≡ coth ω/2kT = 2 (ω1 = ω2 ≡ ω = 1, m = ~ = 1).
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decreasing in time and by increasing the temperature of the thermal bath, and it tends
asymptotically for large times to a zero value.
In Fig. 2 it is illustrated the dependence of the Gaussian IP P (8) as a function
of time and dissipation λ. One can notice that the Gaussian IP is decreasing with
increasing the dissipation coefficient. From Fig. 3 we see that the Gaussian IP P (8)
is increasing with squeezing parameter r.
5. SUMMARY

We investigated the Markovian dynamics of the recently introduced Gaussian
interferometric power of two-mode Gaussian states, for a system composed of two
bosonic modes, embedded in a common thermal bath, in the framework of the theory
of open systems based on completely positive quantum dynamical semigroups. This
dynamics was described in terms of the covariance matrix for Gaussian input states.
The behaviour of the Gaussian interferometric power depends on the initial
state of the subsystem and on the parameters characterizing the thermal reservoir
(temperature and dissipation coefficient). Independent of the initial state, in the limit
of large times it decays asymptotically to a zero value.
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