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Abstract. We consider the propagation of three-dimensional few-cycle optical
pulses in topological insulator thin films within the framework of an effective longwave Hamiltonian in the case of low temperature. The key features of the propagation
dynamics of input Gaussian, Bessel, and Airy pulse shapes are revealed.
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1. INTRODUCTION

A topological insulator means any system with an energy gap in the
spectrum (in the case of an electron in the bulk of the sample), but with gapless
states on the surface. A necessary condition for the existence of a phase of a
topological insulator is, on the one hand, the presence of a strong spin-orbit
interaction [1, 2], and on the other hand, the presence of symmetry with respect to
inversion of time. Despite the increase in the number of publications in this area,
the question of the interaction of this system with the field of a few-cycle optical
pulse, which has broad and promising areas of applications, remains open.
Among nonlinear optical phenomena, few-cycle optical pulses [3],
representing pulses from several oscillations of the electric field, are of great
interest to researchers [4–24]. In this paper, along with the typical Gaussian pulse,
the Bessel pulse is investigated, as well as a new type of optical pulse, which has
become popular among light beams – the Airy pulse. These space-time waves
have a unique property of non-diffraction, i.e. propagate (in the absence of nonlinearity), without diffraction or dispersion. This class of universal waves can be
used in ultra-fast sounding or for visualization in environments with poorly studied
or dynamically changing properties.
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2. BASIC EQUATIONS

The energy spectrum for thin film topological insulators can be written in the
following form [25]:

 ( px , py )  ( px2  py2 ) / 2m  v f

px2  py2 ,

(1)

where p x , p y are the components of the electron momentum, m is the effective
electron mass,  x ,  y are the spin matrices, and v f is the Fermi velocity.
Following the general concepts of quantum mechanics, in the presence of an
external electrical field E directed along the x axis, without loss of generality,
choosing the gauge field: E   A

ct

(с is the light velocity), we need to change

the momentum to a generalized momentum: p  p  eA / c (е is the electron
charge). In this case, the Hamiltonian for the topological insulator can be written as
follows:

H   ( p 
p

e
A(t ))a p a p ,
c

(2)

where a p , a p are the creation and annihilation operators of the electron with the
quasimomentum p and spin  .
In the three-dimensional case, the Maxwell’s equations have the form:

 2 A  2 A  2 A 1  2 A 4
 2  2  2

(A)  0,
x 2
y
z
c t 2
c

(3)

where A is the vector potential, A = (0, A(х, y, z, t), 0).
Let us write the standard expression for the current density:

j  e v y ( p 
p

where

v y ( p) 

 ( p x , p y )
p y

e
A( x , y , z , t )) a p a p ,
c

(4)

, and the brackets show averaging with a

nonequilibrium density matrix  (t ) : B  Sp( B(0)  (t )) . Taking into account
that [a p a p , H ]  0 , the equation of motion for the density matrix easily provides:
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a p a p  a p a p

0

, where B

0

 Sp( B(0)  (0)) . So, in the expression for the

electric current, we can use the particle number calculated from the Fermi-Dirac
distribution. Further, we will consider the case of low temperature where only a
small area of the momentum space near the Fermi level gives nonzero contribution
into the sum (or integral) of (4):
 

j  e   dp x dp y v y ( p 
  

e
A( x, t )).
c

(5)

The integration limits are determined from the condition that the number of
particles be equal:
 

  dp dp
x

  

y

  dp x dp y a px, pya px, py .
ZB

The integration on the right hand side is over the Brillouin zone.
Then we can write the equation for the three-dimensional (3D) few-cycle
optical pulse propagation as follows:

 2 A  2 A  2 A 1  2 A 4

 2  2

 (A)  0
x 2
y 2
z
c t 2
c
 ( A)  e[ (   e / cA,  )   (   e / cA,  )
  (   e / cA,  )   (   e / cA,  )]

 ( x, y )  y 2 x / 2m  x 3 / 6m  vF x( x 2  y 2 )1/ 2 / 2  vF y 2ln( x  ( x 2  y 2 )1/ 2 ) / 2.
(6)
In the cylindrical coordinate system, the equation (6) has the form:

1    A  2 A 1 2 A
Att 

 4(A) .
r

r r  r  z 2 r 2  2

(7)

Assuming that the system is axisymmetric, we have ∂/∂φ→0. Due to the field
inhomogeneity along a certain axis, the resulting current is inhomogeneous,
thereby leading to a charge accumulation in some areas. From the charge
conservation law, one can conclude that the duration of the ultra-short pulse will
have a significant impact on the accumulated charge:

 / t  j / x  0,   

j
lx

.

(8)
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Here ρ is the charge density, j is the current density along the x axis, τ is the pulse
duration, lx is the characteristic length at which the electric field of the pulse
changes along the x axis.
The equation (8) allows us to conclude that the pulse duration has a
significant effect on the accumulated charge. Our estimations – the stored charge
being about 1–2% of the charge contributing to the current – suggest that the
charge accumulation effect for femtosecond pulses can be ignored. This is
confirmed by the numerical experiments for the case of carbon nanotubes and
pulses with a duration of tens of femtoseconds [26].

3. MAIN RESULTS

The equation (7) is solved numerically [27]. The initial conditions are chosen
in three forms: Gaussian beam (9a), Bessel pulse (9b), and Airy pulse (9c):
  z  z 2   r 2 
0
 exp   
Az, r,0  Q  exp   
   z     r 



(9a)
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 2Q z
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(9b)
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F ( x )   Ai ( y )dy
x

(9c)
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where r is the radius, Q is the amplitude, γz, γr determine the width of the pulse in
the z- and r-directions, respectively, z0 is the initial coordinate of the pulse center;
 z is the initial pulse velocity along the z axis; κ is the parameter that determines
the type of the Airy beam and is related by the dispersion coefficient in a linear
medium [28]; Ai(y) is the Airy function.
Note that the pulse with initial conditions (9b) (i.e. the Bessel beam) was cut
off, with the characteristic cutoff parameter γr. This is due to the physically
unrealizable pulse because of the infinity of its energy. The values of energy
parameters are expressed in units of  . Note that the time is chosen as the
evolution variable.
The evolution of a 3D electromagnetic field with the initial conditions (9a) as
it propagates along the sample is shown in Fig. 1.

Fig. 1 – The intensity of 3D electromagnetic pulse I(r, z, t) = E2(r, z, t) at different values of time:
а) the initial pulse shape; b) t = 5∙10-13 s; c) t = 7∙10-13 s.

It can be seen that the pulse propagates steadily, with a slight spreading and a
loss in amplitude. This behavior on the one hand is due to dispersion, which leads
to broadening of the optical pulse, and on the other hand, is due to the nonlinearity
of equation (7), which determines its “narrowing”. Thus, the stable propagation of
the pulse is possible due to the balance between these two processes in the
topological insulator.
The dynamics of propagation of a pulse along a sample as a function of the
initial conditions (9b, 9c) is illustrated in Fig. 2.
As can be seen from Fig. 2, the Gaussian pulse and the Bessel pulse
propagate most stably with the amplitude of the main peak retained. The Airy pulse
spreads under the same conditions, essentially losing amplitude. This is due
precisely to the presence of nonlinearity in the system under consideration.
For a more detailed study of the evolution of the pulse shape, we construct
the dependence of the electric field of the pulse on the radius for different instants
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of time in the direction of propagation of the Bessel beam and along the radius for
the Airy pulse; see Fig. 3 and Fig. 4.

Fig. 2 – The amplitude of the 3D electromagnetic pulse at different values of the time:
а), c), e) the initial shape; b), d), f) t = 5∙10-13 s. Figs. a,b correspond to the initial conditions (9a),
Figs. c,d – (9b), Figs. e,f – (9c).

Fig. 3 – The dependence of the electric field for the Bessel pulse on the radius in the direction
of the pulse propagation: а) t = 0; b) t = 5∙10-13 s.
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As follows from the dependence shown in Fig. 3, the Bessel pulse propagates
through a thin film of a topological insulator rather stably, experiencing only a loss
in the amplitude of about 2 times, but retaining its shape.

Fig. 4 – A portion of the dependence of the electric field for the Airy pulse on the radius
in the direction along the radius: а) t = 0; b) t = 1∙10-13 s; c) t = 5∙10-13 s.

In Fig. 4, the graph (a) is taken apart, since the pulse exceeds 10 times the
amplitude in (b, c). It is obvious that the pulse significantly changes its shape when
propagating over the sample in comparison with the initial instant of time. It can be
concluded that, in contrast to linear media, it is necessary to determine completely
different pulse shapes in nonlinear media for stable propagation.
An important question is also the stability of the obtained solutions with
respect to perturbations that depend on the angle ϕ. The stability analysis can be
carried out on the basis of the linearized equation (7), which for small perturbations
δA will have the form:

1   A   2 A 1  2 A
j ( A)
 Att   r
 2
 4
 A.

2
2
r  r  z
r 
A

(10)

We note that the last term in (10) is calculated on the solutions A(z, r, t) of
equation (7). Because of the linearity of (10), one can search for δA as:

 A   A( z, r, t )exp(im ) .
Next, we can calculate the corresponding corrections to the electric field:

 E  c1 A / t .

(11)
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The corresponding results for the electric field are presented in Fig. 5 and
Fig. 6. These figures show the maximum magnitude modulus δE (throughout the
calculation area) as a function of time (Fig. 5) and number m (Fig. 6).

Fig. 5 – Dependence of maximum modulus E(r, z, t) on time t (1 r.u. = 10-12 s).

Fig. 6 – Dependence of maximum δE(r, z, t) on m.

Figure 5 shows that the perturbations decrease with time. The dip in the
graph in the region 6·10-12 s is associated with the formation of a nonlinear focus
and a change in the shape of the pulse. According to Fig. 6 (calculations are made
for one instant of time), the faster the perturbation decreases, the larger the number
m is. These results allow us to conclude that the obtained solutions are stable to the
angular perturbations.
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4. CONCLUSIONS

The results reported in this paper show that a stable propagation of threedimensional few-cycle optical pulses in thin film topological insulators in the case
of initial pulse profiles in the form of Gauss or Bessel profiles is possible. In the
case of Airy pulse profiles, stable propagation is not observed. This effect can be
useful in the development of hybrid devices based on the effect of light interaction
with the electrons of a topological insulator.
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