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Abstract. The fractal physics is an important research domain due to its scaling
properties that can be seen everywhere in the nature. In this work, the generalized
Maxwell’s equations are given using fractal differential equations on the Cantor cubes
and the electric field for the fractal charge distribution is derived. Moreover, the fractal
heat equation is defined, which can be an adequate mathematical model for describing
the flowing of the heat energy in fractal media. The suggested models are solved and
the plots of the corresponding solutions are presented. A few illustrative examples are
given to demonstrate the application of the obtained results in solving diverse physical
problems.
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1. INTRODUCTION

Fractional calculus is an old topic but now it has found many applications in
science and engineering [1-6]. Fractional differential equations have been solved
using numerical methods [1]. The classical mechanics involves fractional derivatives
used to model non-conservative systems [2, 4, 5]. The fractional calculus is used to
model a series of physical processes on the fractal spaces and curves. The fractional
derivatives on real-line are non-local and for the case of small orders near the zero
violate the causality principle in physics [6]. The fractional derivatives are suitable to
model the processes with memory effects [7]. The anomalous diffusion is modeled
by fractional derivatives in Refs. [8, 9]. Recently, new fractional derivatives with-
out singular kernel are defined and applied in thermodynamics [10, 11]. The fractal
geometry is a new subject and has many applications in the real world [12]-[20].
The fractal analysis using different methods was applied in many branches of sci-
ence and engineering [13—15]. In many relevant papers, the fractal calculus was built
and applied in solving a lot of physics problems [16-26]. The Maxwell’s equations
are generalized involving fractal local derivatives as a new framework for the electro-
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magnetic theory [27]. The fractal Fourier transformation is used to model Fraunhofer
diffraction from Cantor set grating [28]. New non-local derivatives are defined on
fractal sets that can be used in constructing a mathematical model for the physical
processes with memory effects [29, 30].

The plan of the paper is as follows. In Sec. 2 we study and define the mathemat-
ical tools we need in the paper. The generalized fractal calculus on the Cantor cubes
is handled to obtain Maxwell’s equations on the Cantor cubes in Sec. 3. The wave
and heat equations on the fractal Cantor cubes time-space are given in Sec. 4 and
Sec. 5, respectively. In Sec. 6 we have solved illustrative examples as applications
in physics settings. Finally, we give our conclusions in Sec. 7.

2. BASIC TOOLS IN THE FRACTAL CALCULUS

In this Section, we define some of the basic definition in §%-calculus on the
Cantor cubes .

2.1. THE INTEGRAL STAIRCASE ON CANTOR CUBES

Let F be the triadic Cantor set [16, 28]. We define § = F x F x F Cc ®% as a
fractal Cantor cubes set that is the subset of I = [a,b] X [¢,d] X [e, f], a, b, ¢, e, f €R

(Real-line). We plot the Cantor cubes with fractal dimension iggg in Fig. 1. The

Fig. 1 — The finite iterations that create the fractal Cantor cubes J.

flag function for § is defined as

@(5’1)2{1 if §NI#0 ”

0 otherwise.
Let us consider a subdivision of I = [a,b] X [c,d] x [e, f] as follows

P[a7b]><[c,d]><[e,f] = {.%'0 = A, T1,L2y..ey Ty, = b} X {yo =CY1,Y25---3Yn = d}

x{z0=e€,21,22,..0s2n = f} ()
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We define 7¢(F,a,b,c,d, e, f) the mass function as

F(Gabe,doe, f) = lim —2i-1)* (Yi —yi—1)? (2 —zi_1)*

n

5—>op[ab]x[cdx[ef | P|<5 4 F a+l) T(B+1) D(p+1)

1
X O(F, [zi—1,7:])O(F, [yi-1,vi])O(F) [zi-1, zi]), 3)

where { =a+0+pand0<a <1, 0< B <1, 0<u<1. So that for the case of
fractal Cantor cubes we have £ =0.6+0.640.6 = 1.8.

The integral staircase function for the fractal Cantor cubes Sé(x, y, z) of order & for
a fractal set § is defined

“4)

SE(x,y,2) = Y4(F,a0,c0,€0,7,y,2) if x>ag, y>co, 2> e
7 7vf(ga 00700760,%?/,2) OtherWiSC,

where ag, cg, eg are arbitrary real numbers. The integral staircase shape is drawn
for the fractal Cantor cubes in Fig. 2. The {-dimension of FNa,b] X [¢,d] X [e, f] is

Fig. 2 — The integral staircase Sé‘s(m, y, z) is presented for the fractal Cantor cubes § with dimension
log 8
log3-

defined as

dime(§N[a,b] x [c,d] x [e, f]) = inf{¢:7°(F,a,b,c,d,e, f) =0} 6))
= supi{¢: 'yg(&a,b,c,d,e,f) =00} (6)
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A point (z,y,z) is a point of change of a f(x,y,z) if it is not constant over any
open set (a,b) X (¢,d) x (e, f) involving (z,y, z). The set of all points of change of a
function is denoted by Schf. The Sch(Sé(:n,y,z)) is called &-perfect if Sé(x,y,z)
is finite for all (z,y,2) € R.

2.2. FE.INTEGRATION

Consider f(x,y,z) as a bounded function on § so we define

_ ) supyegnr fz,y,2), if FNI#0;
M[f,3.1] = { 0, otherwise. @
and similarly
. infxegm f(m7y72)7 if ',SOI 7é 0’
mlf,§, 1] = { 0, otherwise. ®

Now, we define the upper U¢-sum and the lower L%-sum for function f(z,%,2) on
the subdivision P as [16, 28].

US[f 8, Pl = 20 MU F (i1, yim1,2im1), (0,43 20)] (©)
X (8545, 21) — S3(@im1,yi1, 2i-1)),
and
LS5, Pl = iy mlf 8 (i1, i1, 2i1), (20,03, 20) ] (10)
X (Sé(xi,yi,zi) - S§($iflayz’fla zi-1))-
The f(x,y,2) is §¢-integrable on F if we have

(b7d7f)
/ flx,y,2)dgadyydyz = sup  LS[f,5,P]
(a,c.e) Pla,b)x[c,d] x[e, f]
(b7d7f)
—/ f(z,y,2) %xdéyd’}z: inf US[f, 3, P). (11)
(a,c.e) Pla b x[c,d] x[e, f]

The §¢-integral is denoted by [!) f(x,y, 2)dgxd ydsz .

a,c,e)
2.3. F*-DIFFERENTIATION

Let us consider § as a &-perfect set. Then the F¢-partial derivative of f (z,y,2)
with respect to x is defined as
%’_ lim , f(CC:,y,Z)ff(I,y,Z) if (:L', y’ Z) c g
r %f(x,yyz) = (l’ 7y,z)—>(ac‘,y,z) S§($ ,y,z)—Sé(x,y,z)
0, otherwise,

(12)
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if the limit exists. In addition, ¥ D5 f(z,y,2),” D§ f(x,y,2) can be defined as Eq.
(12).

3. MAXWELL’S EQUATION ON THE FRACTAL TIME-SPACE

In this Section, we give the Maxwell’s equation on the fractal Cantor cubes,
which is a mathematical model for Maxwell’s equation on fractal space-time.

3.1. GRADIENT, DIVERGENCE, AND CURL ON FRACTAL CANTOR CUBES

We define the gradient ﬁgw(az, y.z), divergence ﬁ% A(z,y,2), and curl ﬁ% X

A(z,y, =) as follows
6%’8 ©=1"D%o+;7YD% o+ kD%
GLS. A= "DYO A, + VDY A, + *DYO A,
6%’8 x A= i( yD%ﬁAz - ZD%ﬁAy) +j( ZD%6A:E - ID%ﬁAZ)
+k(*DY A, — YDYOA,), (13)

where A(z,y,2) =1 Ay +J A, +k A, and o(z,y, 2) is a scalar function.

3.2. MAXWELL'S EQUATION ON THE FRACTAL CANTOR CUBES

We give the generalized Maxwell’s equation on the fractal Cantor cubes on the
vacuum as follows:

1.8
VL8 Fl8 = 'Ogi’ Gauss’s law (14)
€Fo
ﬁéS' B’é-S = 0, Gauss’s law for magnetism (15)
ViSx El® = _tDYS BLS, Faraday’s law (16)
6%8 % B’ég = M%,o J_}EB +,u§F’0 6%0 1tD%GE_'l'é;,Arnpére—Maxwell’s law (17)

where E%‘B, B%‘S, €05 10, t]g'S, and pé‘g are fractal electric field, fractal magnetic
field, permittivity of the fractal vacuum, permeability of the fractal vacuum, fractal
electric current density, and fractal electric charge density, respectively.

4. WAVE EQUATION ON THE FRACTAL TIME-SPACE

The generalized wave equation on the fractal time-space is given as

1
(' DF) (., 2,t) = ——
(Ug)

V5 VE U5 (2,9, 2,t), (18)
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where time changes on the fractal set F' with dimension o = 0.6 and the fractal space
F x F x F'=§ has dimension £ = 1.8. Here, we arrive at the standard result by
choosing a = 1.

5. HEAT EQUATION ON THE FRACTAL TIME-SPACE

The heat equation has an important role in the study of Brownian motion and
Fokker-Planck equation. It shows the distribution of heat in a given region over the
time changes. Now, we suggest the generalized heat equation on the fractal time-
space as follows

("DE)ufs(2,y,2,t) = D (V5)? ufe(,y,2,1) (19)

where @fc is the fractal coefficient of conductivity. Here (ﬁ%)Q is the generalized
Laplacian on fractal Cantor cubes.

6. EXAMPLES
In this Section, we present some illustrative examples to clarify the introduced
models for possible applications in physics.

Example 1. We consider the uniformly distributed charge )% on the fractal Cantor
set. The electric field due to this distribution at point P is shown in Fig. 3.

Fig. 3 — The fractal Cantor set and the point P where we want to calculate the electric field.

Then, in view of Fig. 3 and using the Coulomb’s law on fractal sets we obtain
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the electric field as

ppn= [t
F= Joao) SED+ S8 —S3@)?
1
B2 = L&)\ _
H) =% 550~ S-S
EEAESE() ks

T Sa)(SE) + 1) Sp@) (e + 1)’ 20

where S%(1) =1, S%(0) =0, and o = 0.6.
We have plotted Eq. (20) as a function of ' in Fig. 4 in order to compare with
the standard result.

121

10+ 1

T S (SE) +1)
e

ERS(!)

Fig. 4 — Plot of the electric field function due to Cantor set at point P.

Example 2. We consider the uniform charge distribution with density oz~ on

the Cantor dust (see Fig. 5 for the details).

1.2
F
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Fig. 5 — The charge distribution on the Cantor dust.

The electric field due to Cantor dust charge distribution at the point P using
F“-calculus is

. K (RS —7%)
d5E5(7%) = = dSw iy,

’—55_ ’3
3

B () = // {‘3 dsa dSy, 1)

where 77§, = S%(x)i+ Sfi( )7, f‘gg = 2 k. Then, one can write

ks (2 k—Sg(x)i+ Sy
E(r) = // L ) : F<y)y)d§x £ .
|22+ Sp()* + Sp(y)*?
Therefore, the asymptotic solution is
6 (€ Jéz 8
ES(F%):QEW> S(x) — 00, Sp(y) — oc. (23)
S

Example 3. Let us consider a wave equation on the fractal time-space as follows
1
(035)?

It is straightforward that the solution of Eq. (24) is

('DY5)2y5 (1) = S (*DEO) 2y (1), (24)

yr° (z,1) = Ap? cos(kp° S50 (x) —wp®SE°(1)), vp® =75 (25)
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y(z,t) = cos(z —t)
Vb, ) ~ cos(SpR) —

\// 04
02

t 0 0 «

0.8

u(t,x)

Fig. 7 — The plots of the solution of Eq. (26) and the standard solution in order to compare the results.

In Fig. 6 we have plotted y}:%(x,t) for the case of
AR = k5® = wp® = xr,

where x r is the characteristic function of the Cantor set. Here y(x,t) ~ cos(w —t)
is the standard solution.

Example 4. We consider a heated fractal bar with the length 0 < 2 < 1. The corre-
sponding fractal heat time-space equation is

("D )ug®(z,t) = D5 ("DF°)* ug®(x,1), (26)
where the heat distribution u§'2(x, t) in the fractal bar has the boundary conditions

ug®(0,6)=0,  “D¥Suz?(1,t) =0, @7

5% t);w/1
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and initial condition as
ué'Q(l‘,O) = 2sin(g x). (28)
For solving Eq. (26) we suppose the solution is as
ué‘Q(x,t) = [ (S%5(t)) sin (WSEI);%) . (29)
Then by substituting Eq. (29) into Eq. (26) we have

t 0.6y, 1.2 _ /al2 (2 0.6y2, 1.2 _ t10.6 0.6 . 75%6(35)
("DE°)ug?(w,t) = D" ("Dp°)? ug*(x,t) = "D’ f (Sp°(t)) sin

2
(30)
2 SO'6
Lo (s s (T ) o, 6
Then we have
2
'DRSF (SEO) + D> f (525(1) = 0. (32)

The solution for Eq. (32) is

F(S29(0) = £ (525(0)) exp <—®%2 S%GW) - (—33%'2 s%%)ﬁ) |

4 4
(33)
Finally, we arrive at
_@1.2 50.6 t 2 0.6
ué‘Q(:c,t) = 2exp < i 4F () sin (WSI;(:E)> . (34)

We have presented the graph of Eq. (34) and the standard solution in Fig. 7.

7. CONCLUSION

In this paper, we have generalized the F'*-calculus on the fractal Cantor cubes.
The Maxwell’s equation on the fractal Cantor cubes is given and the electric field
due to Cantor dust is derived. We have also obtained the wave equation on the fractal
time-space. Moreover, the heat equation on the fractal time-space is written as an
application of the fractal calculus. Finally, using some illustrative examples, we have
compared the obtained results with those given by the standard calculus.
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