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Abstract. The motion a point harmonic oscillator coupled to a homogeneous
elastic medium and localized either on the medium’s surface or embedded in the medium
is analzyed. Two new elements are introduced, one regarding the reaction of the oscillator upon the medium and another concerning a coupling function. The present analysis
is meant to be relevant for the effects a seismic motion may have upon a localized structure, either natural or man-built. It is shown that the reaction of the oscillator modifies
its inertia, which in turn leads to a change in the oscillator’s eigenfrequency; this change
is controlled by the coupling function. The present treatment opens the way of introducing new, more realistic features in analyzing the effect of the seismic motion upon
localized structures, in particular the non-linear features of the coupling of the structure
with its local site’s motion.
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1. INTRODUCTION

In studies of seismic risk and hazard it is important to assess the effects of the
seismic motion upon localized structures, either natural or man-built. Usually, such
structures are viewed as localized harmonic oscillators, with one or several degrees
of freedom and corresponding eigenfrequencies (characteristic frequencies). It is
assumed that the seismic motion acts as an external force upon such oscillators and
the resonant regime is highlighted. It is desirable of course to avoid the resonance, i.e.
the structure’s characteristic frequencies must be different from the main frequencies
of the seismic motion at the site of the structure (local seismic motion).
Two essential elements are overlooked in such a simplified picture: the reaction
of the structure back on the elastic medium and the coupling of the structure to the
elastic medium. We show here a way of introducing these two elements in the analysis and describe the consequences, some surprising, of including these two more
realistic features.
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2. STRUCTURE ON THE SURFACE

First, we consider the free plane surface of an infinite, homogeneous elastic
medium; we consider elastic waves propagating on this surface (Rayleigh waves)
and assume a generic wave equation
ρü = F ∆u

(1)

describing the motion of the (two-dimensional) displacement vector u; in equation
(1) ρ is the superficial mass density and F is a generic superficial modulus of elasticity, such that the wave velocity is given by c2 = F/ρ; the Laplacian in equation
(1) is the two-dimensional Laplacian. On the other hand we assume a point-like harmonic oscillator with mass m and eigenfrequency Ω localized at r0 on the surface,
described by the equation
mv̈ + mΩ2 v = 0 ,
(2)
where v is the oscillator’s displacement from its equilibrium position.
The medium acts upon the oscillator with the surface force density (F ∆u)r=r0 ;
for an area S of the contact surface between the oscillator and the medium, the force
acting upon the oscillator is S(F ∆u)r=r0 . Here we introduce a coupling function g
and write the force as gS(F ∆u)r=r0 ; under these conditions, the equation of motion
of the oscillator becomes
mv̈ + mΩ2 v = gS(F ∆u)r=r0 ;

(3)

the area S must be much smaller than the area constructed with any relevant wavelength. The coupling function g may have a complex structure; it may depend on the
oscillator eigenmode (frequency Ω), on the oscillator amplitude, on the local amplitude u of the wave and even on the time t. We assume here the most simple situation
which corresponds to a constant g. Obviously, g ≤ 1.
Similarly, the oscillator reacts back upon the elastic medium, with its inertia
force −gmv̈Sδ(r − r0 ), localized at r0 and affected by the coupling function; the
wave equation (1) becomes
ρü = F ∆u − gmv̈δ(r − r0 ) .

(4)

Equations (3) and (4) are two coupled equations, which we solve here. We write
equation (4) as
1
gmv̈
ü − ∆u = −
δ(r − r0 ) ,
(5)
2
c
F
take the temporal Fourier transform, introduce the modulus of the wavevector k =
ω/c and get
gmω 2 v
∆u + k 2 u = −
δ(r − r0 ) ;
(6)
F
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the solution of the equation
∆u + k 2 u = f

(7)

in two dimensions is given by [1]
Z
1
(1)
u=
dr0 H0 (k r − r0 )f (r0 ) ,
4i
since
(1)
(1)
∆H0 + k 2 H0 = 4iδ(r) ,

(8)

(9)

(1)
H0

being the Hankel function of zeroth degree and the first kind; at the same time
it is the Green function in equation (9); its asymptotic behaviour is given by

2i

π ln(kr) , kr → 0 ,

(1)
H0 (kr) ∼
(10)
q

2 i(kr−π/4)

, kr → ∞ .
πkr e
Applying these formulae to equation (6) we get the particular solution
2

(1)

v
up = − gmω
4iF H0 (k |r − r0 |) '

(11)
2

v
' − gmω
2πF ln(k |r − r0 |) , k |r − r0 |  1 ;

we can see that a localized source generates cylindrical waves on an elastic surface,
which have a logarithmic singularity at the source. A solution of the homogeneous
equation (6) must be added to this particular solution in order to get the general
solution; we choose a free wave written as
u0 = A cos ω0 (t − x/c) ,

(12)

i
h
u0 = πA δ(ω − ω0 )eiω0 x/c + δ(ω + ω0 )e−iω0 x/c .

(13)

or its Fourier transform

Now we compute (∆u)r=r0 , where u = up + u0 , in order to introduce it in equation
(3); since ∆ ln rr=0 = 2πδ(r) we have
(∆up )r=r0 = −

gmω 2 v
gmω 2 v
δ(r − r0 )r=r0 ' −
,
F
FS

(14)

while
h
i
ω02
iω0 x0 /c
−iω0 x0 /c
πA
δ(ω
−
ω
)e
+
δ(ω
+
ω
)e
.
0
0
c2
Introducing these quantities in the Fourier transform of equation (3) we get
(∆u0 )r=r0 = −

(15)

m(Ω2 − ω 2 )v = −g 2 mω 2 v−


gSF ω 2
− c2 0 πA δ(ω − ω0 )eiω0 x0 /c + δ(ω + ω0 )e−iω0 x0 /c
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or
ω2

0
v(ω) = − Ω2 −ω2 (1−g
2) ×

(17)


iω0 x0 /c + δ(ω + ω )e−iω0 x0 /c
× gSρ
πA
δ(ω
−
ω
)e
0
0
m

.

The most important
equation (17) is the change in the resonance
presult exhibited byp
with
frequency ω → ω 1 − g 2 or Ω → Ω/ 1 − g 2 . As a result of its interaction
p
2
the elastic medium, the oscillator eigenfrequncy Ω changes into Ω/ 1 − g (gets
“renormalized”). If we take the inverse Fourier transform we get
ω02
gSρ
A cos ω0 (t − x0 /c) ;
(18)
2
2
2
Ω − ω0 (1 − g ) m
p
if we take into accont the contribution of the poles ω = ±Ω/ 1 − g 2 we get the
solution corresponding to freeposcillations at resonance; which occurs now at the
modified eigenfrequency ±Ω/ 1 − g 2 . It is worth noting that for a perfect coupling
corresponding to g = 1, there is not a resonance anymore.
v(t) = −

3. POINT OSCILLATOR EMBEDDED IN AN ELASTIC MEDIUM

Although not very realistic, we examine here the case of a point oscillator embedded in a homogeneous, infinite, elastic medium because the solution may appear
more familiar. Equations (3) and (4) read now
mv̈ + mΩ2 v = gV (F ∆u)R=R0 ,
(19)
ρü = F ∆u − gmv̈δ(R − R0 ) ,
where ρ is the volumic density of mass, F is a generic (volumic) modulus of elasticity; the wave velocity has the same expression (and value) given by c2 = F/ρ and
V (much smaller than the volume constructed with any relevant wavelength) is the
volume of the oscillator. The wave equation
1
ü − ∆u = f
c2

(20)

has the particular solution [1]
1
u=
4π

Z

dR0

f (R0 , t − |R − R0 | /c)
;
|R − R0 |

(21)

applying this formula to the wave equation
1
gmv̈
ü − ∆u = −
δ(R − R0 )
2
c
F
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we get the particular solution
up = −

gmv̈(t − |R − R0 | /c)
4πF |R − R0 |

(23)

and
gmv̈(t)
gmv̈(t)
δ(R − R0 )R=R0 =
,
(24)
F
FV
since ∆(1/R) = −4πδ(R). Similarly, for a plane wave u0 = A cos ω0 (t − x/c) we
get
(∆u0 )R=R0 = −(ω02 A/c2 ) cos ω0 (t − x0 /c) .
(25)
The equation of motion (19) of the oscillator becomes
(∆up )R=R0 =

mv̈ + mΩ2 v = g 2 mv̈ −

gV F ω02
A cos ω0 (t − x0 /c) ,
c2

(26)

or
m(1 − g 2 )v̈ + mΩ2 v = −gρV ω02 A cos ω0 (t − x0 /c) .
(27)
This is a typical equation of motion for a harmonic oscillator with a modified eigenfrequency under the action of an external force.
4. CONCLUSION

In conclusion, we may say that the reaction of a point harmonic oscillator to
the elastic medium to which it is coupled modifies the inertia of the oscillator, which
implies a change in its eigenfrequency; this change is controlled by the coupling
function. The introduction of the coupling function and the reaction upon the elastic
medium may bring important consequences in estimating the resonance regime of
a structure (either natural or man-built) subjected to the action of a seismic motion.
The present treatment opens the way of introducing various features in the coupling
functions, in order to be in more realistic situations; in particular it is amenable to
introducing the non-linearities which may affect the coupling of the structure with its
site’s motion.
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