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Abstract. The software’s that are currently used in 3D image reconstruction are
usually presented as a so called “black box”, which contains usually more algorithms.
These algorithms are used in mathematics software like MatLab®, Mathematica®,
Maple® and other. MatLab®, among others contain a very advanced module for
image analysis and in the present work it will be presented a reconstruction of a test
image using a back filtered projection (BFP) method, based on the Radon transform.
Also we will analyze the image recomposed with 18, 36 and 90 projections.
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1. INTRODUCTION

Since the discovery of X rays, the field of application has extended from
medical examinations to security control, but also in the field of cultural heritage
investigations.
In art, radiology is used in the study of conservation, for identifying previous
restoration attempts or even to study the working technique used by the artist.
There are cases when only a radiogram is good enough for investigating
certain objects, but, there are many situations when it is required to have a 3D
reconstruction of the object’s image.
In order to obtain a 3D image of the object, we need a number of projections
around the object. Using a back filtered projection algorithm, applied over each
projection, the 3D image will be reconstructed. The present paper will discuss,
using MatLab®’s Image Processing Toolbox and a test image, the optimal number
of projections needed for a clear 3D image.
Besides other data obtained in 2D and reconstructed in 3D images, X-ray
scanning is a widely used technique in cultural heritage investigations because of
the importance of the information it gives us. Practically by using the
reconstruction techniques we can reproduce from the 2D images, the 3D image of
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the studied object, being able to observe by a noncontact manner, all the inside of
an object. [3]
In art, it can be used X-ray scanning to reveal hidden defects, precious
conservation hints, and even previous paintings under the visible layer. It can also
identify certain use of some pigments and directing to a further spectroscopic
analysis [7]. In historical artifacts imaging, it can give important information about
the technology used by artists, previous conservations, degraded areas and causes
of the degradation.
X-ray scanning has a very important role in cultural heritage investigations,
among many other techniques like LIBS (Laser Induced Breakdown Spectroscopy)
[8] and LIF (Laser Induced Fluorescence) or multi-spectral imaging. Altogether the
techniques of investigation can produce a wide set of essential information for the
cultural heritage studies [9].
Radiology can be seen as a complementary investigation in any study that is
meant to observe also the insights of the object studied along with other imagistic
techniques or spectroscopic analysis [10].
X-ray methods do not generate three dimensional images of an object
directly. It provides 1 or 2 dimensional projections of the studied object. Hence,
images have to be reconstructed from a set of projections. Real-world application
needs image reconstruction from X-ray absorption projections obtained by
measuring the radiation attenuation by crossing through a physical object at
different angles [2]. Digitalized projections are collected by X-ray devices
connected to computers and after that acquisition a virtual image of the object is
reconstructed using different mathematical reconstruction methods. Energy of any
given beam (not only X-ray beam) is absorbed depending on what it cross on its
way between the source to the detector. This projection can be represented as an
integral. Projection does not carry enough information to reconstruct an image, but
it is a good starting point to build using mathematical methods to complete an
image that approximate good enough the studied object [4].

2. RADON TRANSFORM

The Radon transform is named after Johann Radon [1], who showed in 1917
in a pure theoretical way with no association to applications, how to describe a
function using its integral projections. The application from the function onto the
projections is the so called Radon transform. The inverse Radon transform is used
to the reconstruction process of the function from the integral projections obtained
by measuring the attenuation of X-ray radiation that passes through a physical
object at different angles.
We will use the following notations and definitions: x and y will denote the
spatial coordinates; I(x) is the D-dimensional image containing the
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N-dimensional shapes; p denotes the vector containing the curve parameters; c(p) is
the member of a class of shapes described by the parameter vector p; c(s; p) are
the coordinates of a point belonging to the shape c(p); C(x; p) will be the set of
constraint functions that define a shape.
The number of constraint functions depends on the dimension of the shape.
It is needed D – N constraints to describe an N-dimensional shape. For a point on
the shape, the constraint functions will be zero. The template C(x, p) is also called
the kernel that defines the shape defined by p as an image with spatial coordinates
x. Image I can be modeled as a sum of some of these templates.
Observe that the parameters subset contains also the location of the shape
(like the center of a sphere), hence we will write p = {q, x0}, where x0 is the
location parameter of the shape and q the rest of the parameters.
The classical formulation of the Radon transform is:
.

(1)

Even that initially it was an important but pure theoretical result, the Radon
transform is known for its role in reconstruction of radiology scanning. Radon
transform is used in the process of acquiring projections of an original object using
X-rays. Given a set of projection data, we can use the inverse Radon transform to
reconstruct the original object. Also, the Radon transform can be used for shape
and pattern recognition. We can reformulate the Radon transform for a simpler use:

.
(2)
We can use another equivalent formulation, useful for some applications:
ds=
=

.

(3)

They are other formulations, that are particularly practical in image analysis,
that expresses the Radon transform in terms of a volume integral [5].
Imagine now that in the image there is a shape with parameter set a. If p a,
the Radon transform will evaluate the number of intersections between the shapes
c(p) and c(a). When p = a, the Radon transform offer a peak in the parameter
space. This result is proportional to the N-dimensional hyper-volume of the shape.
The Radon transform can be interpreted as follows: it provides a function from
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image space to the parameter space generated by the parameters p. Function P(p)
created in this parameter space contains the peaks of those p for which the shape
c(p) is found in the image. Therefore, the shape detection problem is reduced using
Radon transforms to the much simpler problem of peak detection.
Equation (4) form of the Radon transform shows an important reason for
using distributions (generalized functions). In this formulation, it can be recognized
the form of a linear integral operator, also known as a Fredholm operator,
with
kernel C:

.

(4)

Hence, if we allow for the kernel C to be a distribution, the Radon transform
can be used as any other linear transformation. Using distributions, the identity
operator can be described in integral form. In order to develop a continuous
equivalent to matrix algebra, Dirac introduced these in his work on quantum
mechanics.
For the Radon transform, the kernel C takes the form:

.

(5)

In shape detection, the operator
is used to compute the inner product
between a template C the image and the image for a given parameter set p. Usually,
the parameters p consists of the position of the shape x0 and the actual shape
parameters q. In this situation, the kernel has a special structure:

,
for any d.
The operator

now reduces to a set of convolutions:

,
with

(6)

(7)

.

This brings a large speed-up for the computing process because each
convolution becomes a multiplication in the Fourier domain, using the convolution
property of the Fourier transform.
In MatLab® the Image Processing Toolbox, has an already built in function
for the Radon inverse transform, iradon. It is important to know that MatLab®
reads an image as a matrix and therefore all the operations that can be applied to
matrices can also be applied to images [6].
The iradon function inverts the Radon transform and hence can be used to
reconstruct images.
Given any image I and a set of fixed projection angles theta,
the Radon function can be used to compute the Radon transform
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R = radon(I,theta);
Then, the function iradon can be used to reconstruct from his projection data
the image I
IR = iradon(R,theta);
In the below presented example, we will calculate the projections from the
original image I.
However, in applications, we don’t have the original image, but we have the
projections of the image and the purpose is to construct an image from these
projections. This is the situation in tomography applications where the inverse
Radon transform is commonly used. Or in X-ray absorption tomography, when the
projections are obtained by measuring the absorption of radiation that cross
through a physical object at different angles. We can reconstruct the original image
from the cross sections through the object, where intensity values obtained
represent the density of the object. Projections are obtained using special x-ray
hardware, then an image of the object is reconstructed by iradon. This allows a
noninvasive imaging of the inside of an opaque object.
Function iradon reconstructs images from parallel-beam projections. Parallelbeam geometry uses projection obtained by compounding a collection of line
integrals throughout an image at a specific, constant angle.
Figure 1 illustrates how parallel-beam geometry is used in X-ray absorption
tomography. There are an equal number n of emitters and n corresponding sensors.
Each sensor measures the attenuation of the radiation emitted from its
corresponding emitter. The attenuation of the radiation gives information and
measure the density of the object. This match to the line integrals that are
calculated in the Radon transform presented before.
Figure 1 shows the parallel-beam geometry which is in fact the geometry that
was described in Radon Transform. The function f(x,y) describe the luminosity of
the image and Rθ(x′) is the theta angle projection of the object.
Function iradon uses a filtered backprojection algorithm to work out the
inverse Radon transform. The filtered backprojection algorithm reconstruct an
approximation of the original image I using the projections represented as the
columns of R. A better result, as we will see, can be obtained using more
projections at smaller angles. As the number of projections increases, and hence
smaller theta, the reconstructed image IR approximates more accurately the
original image I. The vector theta can contain increasing angular values with a
constant growing angle Dtheta. The scalar Dtheta can be used to the function
iradon instead of the vector of theta values. For example:
IR = iradon(R, Dtheta).
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Fig. 1 – Parallel-beam projections throughout an object.

Usually, the filtered backprojection algorithm first filters the projections of
R and secondly reconstructs the image using the filtered projections. However,
there is always some noise in the projections. Sometimes, this noise must be
attenuated. To attenuate for example high frequency noise, we can apply a window
to the filter. Windowed filters are available in iradon. Next example applies a
Hamming window to iradon
IR = iradon(R,theta,'Hamming').
Function iradon enables us to use an above normalized frequency D. The
value D is a scalar in [0, 1]. Above D the filter has zero response. Using this
option, the frequency axis is rescaled such that the filter is compressed into the
frequency range [0, D]. This is very useful when the projections carry little highfrequency information but there is present a high-frequency noise. In this situation,
the noise can be even completely deleted without endanger the quality of
reconstruction. The following use of iradon shows how to set 0.85 as normalized
frequency
IR = iradon(R, theta,0.85).
Now we shall reconstruct an Image from Parallel Projection Data.
The example below illustrates how to reconstruct and compare an image
from parallel projection data. We will use as test image the Shepp-Logan phantom,
which can be generated using the phantom function.
First we can create a Shepp-Logan head phantom image by:
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P = phantom (256);
imshow (P)

Fig. 2 – Shepp-Logan phantom image.

Now we compute the Radon transform of the Shepp-Logan phantom for
three different sets of values for theta. First application R01 has 18 projections
with Dtheta = 10º, second application R02 has 36 projections with Dtheta = 5º,
and third application R03 has 90 projections and Dtheta = 2º
1. theta01 = 0:10:170; [R01,xp] = radon(P,theta01);
2. theta02 = 0:5:175; [R02,xp] = radon(P,theta02);
3. theta03 = 0:2:178; [R03,xp] = radon(P,theta03);
Next step is to reconstruct and display the results for the phantom image
from the projection data created in the previous step
4.
I1 = iradon(R01,10);
5.

I2 = iradon(R02,5);

6.

I3 = iradon(R03,2);

7.

imshow(I1)

8.

figure, imshow(I2)

9.

figure, imshow(I3)

Article no. 405

C. Armeanu

8

Fig. 3 – I1 is the image of R01 reconstructed from 18 projections for Dtheta = 10º,
I2 – is the image of R02 reconstructed from 36 projections and Dtheta = 5º and
I3 is the image of R03 reconstructed from 90 projectionswith Dtheta = 2º.

Discussion. Comparing the resulted images with the original Shepp-Logan
phantom it is easy to observe that image I1, that was reconstructed from 18
projections and big Dtheta = 10º, as expected, is the least precise reconstruction.
Image I2, reconstructed from 36 projections and Dtheta = 5º, is much better, but
still not clear enough to recognize clearly the small ellipses in the bottom of the
image. The image I3, reconstructed using 90 projections and Dtheta = 2º, most
closely approximates the original image. The conclusion is that for a small number
of projections (as in image I1 and image I2), the reconstruction is not accurate and
can include some artifacts and noise from the back projection. The best quality is
obtained in I3, where the number of projections is the highest. On the other hand,
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we can observe, that at a much higher number of projections the center of the
image will be very dense, because all the projections are intersecting at the center.
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