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Abstract. We report nonlinear conical diffraction in the superhoneycomb lattice,
which is an edge-centered honeycomb lattice, induced in a photorefractive crystal. This
system is of special interest, as it represents a hybrid fermionic – bosonic physical
system. When nonlinearity is imposed, conical diffraction from a fermionic Dirac cone
will change from circular diffraction rings, formed by small hexagons, into a triangular
arrangement of hexagons. But from the bosonic Dirac cone, conical diffraction changes
into elliptic diffraction rings of different inner symmetries, with the outer ring intensity
damped.
Key words: Superhoneycomb lattice, nonlinear conical diffraction, photorefractive crystal.

1. INTRODUCTION

Photorefractive (PR) crystals are extensively used in nonlinear optics in the past
few decades, due to the tunability of their refractive index change through an external
bias electric field. One of the most charming properties of PR crystals is that optical
lattices or waveguide arrays can be induced in a quite simple manner; such a property
is quite useful in investigating discrete solitons [1–5], quantum analogies [6, 7], and
related topological topics [8–11]. Indeed, the honeycomb and Lieb lattices have
stirred a lot of interest in topological photonics [12–17]. In previous research, it
has been proven that the superhoneycomb lattice combines the honeycomb lattice
and the Lieb lattice and displays the properties of both. It contains two different
kinds of Dirac cones, which demonstrates that the superhoneycomb lattice is a hybrid
fermionic – bosonic system [18, 19]. The first two bands, as well as the last two
bands in the superhoneycomb lattice intersect at a set of diabolic Dirac points at six
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corners of the first Brillouin zone, forming Dirac cones in the band structure. Such
Dirac cones are of the pseudospin-1/2 type. Whereas the Dirac point located at the
intersection of the flat band corresponds to the pseudospin-1 type.
Thus, the key feature related to the appearance of conical diffraction is the
existence of Dirac cones in the band structure. However, not all photonic lattices
support conical diffraction – only those with Dirac cones that are driven by the symmetry of the lattice structure. In the vicinity of a Dirac cone, the dispersion is nearly
linear, which indicates that the first-order derivative of the energy band is constant
and the second-order derivative is zero. This means that the transverse radius of the
beam that excites the Dirac cone state will linearly grow with the propagation distance and gives rise to a circular conical diffraction. Until now, the topic has been
widely investigated in honeycomb lattice [20], Lieb lattice [21], and edge-centered
square lattice [8, 22–24], to name a few. It is worth mentioning that Dirac cones
are associated with different physical pseudospin systems, which can be substantiated through the mediated vortex generation, indicated in the formation process of
conical diffraction [19, 25, 26].
In the superhoneycomb lattice, conical diffraction [19] and the line states [11]
were reported previously, but only in the linear domain. In this paper, we are interested in what will happen when the nonlinearity is introduced into this hybrid system.
Will the conical diffraction be substantially changed? Are there new phenomena in
comparison with the nonlinear conical diffraction already observed in honeycomb
and Lieb lattices? Thus, here we will investigate nonlinear conical diffraction in the
superhoneycomb lattice based on the continuous model, which is more accurate than
the tight-binding method. To excite the Dirac cone state effectively and avoid mathematical complexity along the way, we will use the method developed in Ref. [24].
2. SUPERHONEYCOMB LATTICE AND ITS BAND STRUCTURE

In an SBN photorefractive crystal, the dynamical behavior of a light beam can
be described by the Schrödinger-like paraxial wave equation of the form:
∂ψ(x, y, z)
1
i
=−
∂z
2k0



∂2
∂2
+
∂x2 ∂y 2


ψ(x, y, z) −

k0 ∆n(x, y, z)
ψ(x, y, z),
n0

(1)

where x, y are the transverse spatial coordinates and z is the longitudinal propagation
distance. Here, ψ(x, y, z) is the slowly-varying envelope of the light beam during
propagation, and k0 = 2n0 π/λ0 is the wave number, with the wavelength chosen
as λ0 = 532 nm, and n0 = 2.35 is the ambient refractive index of the SBN crystal.
Further, ∆n is the refractive index change due to light, which, according to the PR
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effect, is defined as:
1
1
∆n(x, y, z) = − n0 3 γ33 E0
,
2
1 + I(x, y) + |ψ(x, y, z)|2

(2)

where the bias field is E0 = 1 kV/cm, the electro-optic coefficient γ33 = 280 pm/V,
and I(x, y) is the light intensity in the crystal that builds the lattice. Here, this intensity is arranged in a pattern that will induce a superhoneycomb lattice in the SBN
crystal through
!2
X
(x − xm,n )2 + (y − ym,n )2
a exp −
I(x, y) =
,
(3)
w2
m,n
where a represents the beam amplitude, (xm,n , ym,n ) are the lattice sites, with (m, n)
being integers, and w determines the beam width. For the distance between two
nearest-neighbor (NN) lattice sites we take d = 30 µm, and for the width w = 0.72 µm.
We show the superhoneycomb lattice induced in the SBN photorefractive crystal in Fig. 1(a). The corresponding far-field diffraction pattern is displayed in Fig.
1(b), in which the first Brillouin zone (a hexagon) is clearly shown with high-symmetric points K and K0 in the corners and the Γ point in the center. One finds that
there is no difference between the Brillouin zones of the superhoneycomb lattice and
the honeycomb lattice [27]; the difference is in the number of sites in the unit cell:
honeycomb lattice has 2 and the superhoneycomb lattice has 5. Thus, the superhoneycomb lattice is formed by inserting another site in-between each NN pair of
sites of the honeycomb lattice. The band structure of the superhoneycomb lattice is
shown in Fig. 1(c). Usually, such band structures are reported using the tight-binding
method [19]. However, the band structure obtained directly, based on the continuum
model is more realistic, because the tight-binding method utilizes high-level approximations (e.g., only the NN hopping is considered). The band calculation proceeds
as follows.

Fig. 1 – (a) The geometry of the superhoneycomb lattice. (b) Far-field diffraction pattern with high
symmetric points of the first Brillouin zone. (c) Band structure.

For mathematical convenience, we transform Eq. (1) into a dimensionless
http://www.infim.ro/rrp
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equation by replacing x, y, and z with xr0 , yr0 , and zLz with Lz = k0 r02 being
the Rayleigh range. Here, r0 connects with the typical width of the incident beam.
As a result, one obtains:


k0 2 r0 2 ∆n(x, y)
∂ψ(x, y, z)
1 ∂2
∂2
ψ(x,
y,
z)
−
ψ(x, y, z). (4)
i
=−
+
∂z
2 ∂x2 ∂y 2
n0
To calculate the band structure based on the continuum model [24, 28, 29], we first
rotate the frame from (x, y) into (X, Y ) through the relation X = x cos(θ) − y sin(θ),
Y = x sin(θ) + y cos(θ) and Z = z, with θ = π/6. Then, we transform the lattice into
the frame (x0 , y 0 ) through the relation X = x0 + y 0 cos(ϕ), Y = y 0 sin(ϕ) and Z = z 0 ,
with ϕ = π/3. After these transformations, Eq. (4) reaches the form:


∂ψ(x, y, z)
k0 2 r0 2 ∆n(x, y)
2 ∂2
∂2
∂2
i
ψ(x,
y,
z)
−
ψ(x, y, z),
=−
+
−
∂z
3 ∂x2 ∂y 2 ∂x∂y
n0
(5)
which is the starting point of our analysis. In Eq. (5), we use again (x, y, z) as the
coordinates, rather than (x0 , y 0 , z 0 ), for notational simplicity. In the band calculation,
we neglect the nonlinear term |ψ(x, y, z)|2 in ∆n and look for the solution of the
form ψ(x, y, z) = u(x, y) exp(iβz), with β being the propagation constant. So, one
obtains:


2 ∂2
∂2
∂2
k0 2 r0 2 ∆n(x, y)
βu(x, y) =
+
−
u(x,
y)
+
u(x, y), (6)
3 ∂x2 ∂y 2 ∂x∂y
n0
which represents an eigenvalue problem for β. Equation (6) can be solved by the
plane-wave expansion method, to obtain the corresponding band structure, as shown
in Fig. 1(c).
There are 5 sites in the unit cell and 5 bands in the band structure. We label
the five bands in Fig. 1(c) as β1 ∼ β5 from top to bottom, which include a flat band
β3 in the middle of the band structure. In the first two bands β1 and β2 and the last
two bands β4 and β5 , there are six Dirac points that reside at the corners of the first
Brillouin zone. These Dirac points generate six Dirac cones that are visible in the
band structure shown in Fig. 1(c). Since these Dirac cones are associated with the
fermionic pseudospin system, we define them as Type-F Dirac cones.
At the intersection of the β2 and β4 bands, in-between which the flat band β3
is situated, one can notice another kind of Dirac cone at the Γ point, which is related
to the bosonic pseudospin system, and therefore we define it as Type-B Dirac cone.
Clearly, Type-F and Type-B Dirac cones are corresponding to the pseudospin-1/2
and pseudospin-1 systems [18, 19], respectively. It is well known that the first-order
derivatives (dβ/dkx , dβ/dky ) of the band structure correspond to the components
of the velocity of the states during propagation, and the second-order derivatives
(d2 β/dkx2 , d2 β/dky2 ) are the dispersions. The incident beam that excites the flat band
http://www.infim.ro/rrp
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will remain unchanged during propagation, and the beams that excite the Dirac cone
states will exhibit conical diffraction [19].
3. NONLINEAR CONICAL DIFFRACTION

Since there are two kinds of Dirac cones in the superhoneycomb lattice, it is
reasonable to investigate the conical diffraction separately for the two kinds. We
would like to note first that the bias field of E0 = 1 kV/cm will cause the beam
to undergo self-focusing effect during propagation. Therefore, we will not consider the self-defocusing case in this work. Also, during propagation, the intensity
|ψ(x, y, z)|2 will build up, even if it started as small relative to 1 + I(x, y). Thus, after a while, the refractive index change ∆n will develop into a saturable nonlinearity,
and the conical diffraction will change from linear to nonlinear. This is the change in
the conical diffraction we are looking for during beam propagation in the crystal.
The parameter we use to monitor the transition from
RR linear to nonlinear conical diffraction is the power of the incident beam, P = |ψ(x, y, z = 0)|2 dxdy. For
small P , the diffraction stays linear for long; as P increases, the transition to nonlinear diffraction becomes more rapid. For high P , no conical diffraction is observed.
For the preparation of the incident beam, we use the Dirac cone states based on the
method developed in Ref. [24], and then multiply them with a Gaussian beam.
3.1. TYPE-F DIRAC CONE

As concerns the Type-F Dirac cones, we consider first those between the β1
and β2 bands (labeled as D12 ), and then between the β4 and β5 bands (labeled as
D45 ).
In the linear case, the incident beam should exhibit perfect conical diffraction
during propagation, and the beam intensity distributions at selected normalized distances are drawn in Fig. 2(a1)-(a3). One finds that the conical diffraction indeed
appears during propagation. The input beam is a solid circle at the initial place, with
the input power P = 1 [Fig. 2(a1)], and it spreads linearly in radial directions during
propagation, to form a ring-like structure of constant thickness [30], as shown in Figs.
2(a2) and 2(a3). When the power of the incident beam P is increased, the influence
of nonlinearity becomes more obvious. In Fig. 2(b1), the power of the incident beam
is P ≈ 4.94. During nonlinear propagation, the beam also exhibits conical diffraction
[Fig. 2(b2)], however, after a long distance the conical diffraction does not show a
circular ring but a triangular profile, as displayed in Fig. 2(b3). Apparently, such a
change is due to self-focusing nonlinearity. Further increasing the power of the incident beam to P ≈ 8.78, as in Fig. 2(c1), the triangular conical diffraction becomes
more pronounced [Figs. 2(c2) and 2(c3)]. More numerical simulations indicate that
http://www.infim.ro/rrp
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conical diffraction will disappear if the power of the incident beam is too large. Then,
the incident beam will just spread uniformly.

Fig. 2 – (a) Linear conical diffraction of the incident beam exciting the Dirac cone state between β1
and β2 bands. The incident beam power is 1. (b) Nonlinear conical diffraction with the incident power
of 4.94. (c) Same as (b), but for the power 8.78. The panels are shown in the window
−139 ≤ x ≤ 139, −139 ≤ y ≤ 139. The propagation distance is shown in the right-bottom corner of
each panel.

Taking the same procedure, we study the nonlinear conical diffraction due to
the D45 Dirac cones, and the results are shown in Fig. 3. In Figs. 3(a1)-3(a3),
the linear conical diffraction is displayed, which corresponds to that in Figs. 2(a1)2(a3). One finds that the radius of the conical diffraction ring in Fig. 3(a3) is a
bit bigger than that in Fig. 2(a3). This means that the velocity (dβ/dkx , dβ/dky )
around D45 is slightly bigger than that around D12 , even though they are seemingly
the same. Incidentally, the band structure in Fig. 1(c) is quite similar to the one
obtained by the tight-binding method [19]. However, the band structure obtained by
the continuum model is not completely symmetric about the flat band β3 , which is
also not completely flat. When nonlinearity is considered, similar to that in Fig. 2,
the circular conical diffraction changes into a triangular conical diffraction.
From the nonlinear conical diffractions exhibited in Figs. 2 and 3, one finds that
the nonlinearity can affect the conical diffraction from Type-F Dirac cones greatly,
and it can result in the triangular diffraction patterns that deviate significantly from
linear circular patterns.
http://www.infim.ro/rrp
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Fig. 3 – Figure setup is as Fig. 2, but for the Dirac cone state between β4 and β5 bands. The powers of
the incident beam in (b) and (c) are 3.83 and 15.33, respectively.
3.2. TYPE-B DIRAC CONE

In this subsection, we explore the nonlinear conical diffraction from the TypeB Dirac cone [31]. The Dirac cone at Γ point is of pseudospin-1 type, which is
bosonic-like, and therefore fundamentally different from the fermionic-like Dirac
cones at K and K0 points. Here, we will be concerned with the following questions:
Is the nonlinear conical diffraction the same as that investigated above and displays
triangular patterns? Since there is a flat band that cuts through the Type-B Dirac
cone, are the nonlinear conical diffractions the same when the Dirac cone states are
excited separately above and below the flat band? Having these questions in mind,
we investigate the nonlinear conical diffraction from the Type-B Dirac cone, utilizing
the same approach as used before.
We first show the results associated with the Type-B Dirac cone above the flat
band, as in Fig. 4. In Figs. 4(a1)-4(a3), the linear conical diffraction is displayed.
One finds that the phenomenon of the linear conical diffraction is quite similar in
both Type-B and Type-F Dirac cones, except for the expansion speed. This is quite
easy to understand. According to the band structure in Fig. 1(c), one finds that
the first-order derivative of the Type-B Dirac cone is bigger than that of the TypeF Dirac cone. When the nonlinearity is considered, as shown in Fig. 4(b1)-4(b3),
where P ≈ 22.79, the conical diffraction still shows a circular ring, but the intensity
along the ring edge obviously decreases [Fig. 4(b3)]. Also, the intensity inside the
http://www.infim.ro/rrp
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Fig. 4 – Figure setup is as Fig. 2, but for Dirac cone state between β2 and β3 bands. The powers of the
incident beam in (b) and (c) are 22.79 and 29.77, respectively.

ring [Fig. 4(a3)] also decreases, due to nonlinearity. Further increasing the incident
beam power to P ≈ 29.77, the circular conical diffraction changes into an elliptic
conical diffraction, as displayed in Figs. 4(c1)-4(c3). In Fig. 4(c3), the major axis
of the elliptic ring is along the y axis. This is different from the nonlinear conical
diffraction from the Type-F Dirac cones, where the triangular patterns are observed.
The results for the case when the Type-B Dirac cone state below the flat band
is excited are shown in Fig. 5. Figure 5(a) displays the linear conical diffraction,
which is quite similar to that in Fig. 4(a), because the absolute values of both
(dβ/dkx , dβ/dky ) and (d2 β/dkx2 , d2 β/dky2 ) of the Dirac cone do not change above
or below the flat band. When the nonlinearity is included, with the increasing incident beam power, the circular conical diffraction also changes into elliptic conical
diffraction, as shown in Figs. 5(b1)-5(b3) and 5(c1)-5(c3). However, the major axis
of the elliptic diffraction ring is now along the x axis, which is orthogonal to that
shown in Fig. 4. Hence, one finds that not only the nonlinear conical diffractions
from Type-F and Type-B Dirac cones are different, but also those from the Type-B
Dirac cone above and below the flat band are different.
Obviously, nonlinearity brings more interesting results in the superhoneycomb
lattice than in other lattices, and the hybrid superhoneycomb lattice exhibits enormous potential and possibilities for controlling light behavior.
http://www.infim.ro/rrp
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Fig. 5 – Figure setup is as Fig. 4, but for Dirac cone state between β3 and β4 bands. The powers of the
incident beam in (b) and (c) are 30.97 and 44.6, respectively.
4. CONCLUSION

In conclusion, we have investigated conical diffraction in the superhoneycomb
lattice, based on the continuous model. We display the nonlinear conical diffraction
from Dirac cones at points K and K0 , as well as from the cone at Γ point. At K
and K0 points, the nonlinear conical diffraction exhibits triangular patterns, while
at the Γ point, the nonlinear conical diffraction displays elliptic patterns. Based
on our results, one finds that the nonlinearity indeed affects the conical diffraction
substantially, and that the role is different in fermionic and bosonic Dirac cones. Our
results may have potential applications in wavefront shaping and modulation.
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