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Abstract. In this paper, a generalized nonlinear Schrödinger equation with varying second-, third-, fourth-, fifth-, and sixth-order dispersions, cubic-quintic-septic nonlinearity, and gain/loss is investigated. By means of the similarity transformation, exact self-similar soliton solutions, including bright and dark soliton solutions, are constructed. Based on the exact soliton solutions, we study the corresponding propagation
dynamics in a periodically modulated fiber system. The results show that in the absence
of gain/loss, the soliton solutions exhibit a periodic oscillatory evolution behavior, and
with the periodic modulation of the gain/loss, the dark soliton switch can be implemented. Finally, the stability of the self-similar solutions against the constraint deviations and the initial perturbations are also investigated by employing direct numerical
simulations.
Key words: nonlinear Schrödinger equation, similarity transformation, soliton
switch.

1. INTRODUCTION

The study of optical soliton has been of major research interest in the field of
fiber-optic communications for many years. The optical soliton in fibers was theoretically proposed by Hasegawa and Tappert [1,2] and the experimental verification has
successfully been carried out by Mollenauer et al. [3,4]. The best known model used
to describe the problem is the nonlinear Schrödinger (NLS) equation, which has been
analyzed during the past decades from different points of view [5–15]. Depending
on the anomalous or normal dispersion, the NLS equation allows for either bright or
dark soliton [16, 17]. For the NLS equation, second-order dispersion (or group velocity dispersion) and Kerr nonlinearity are considered. However, with the progress
of laser technology and the improvement of experimental accuracy, the pulses with
shorter durations, such as subpicosecond and femtosecond pulses, are readily available. Therefore, it was necessary to study the role of higher-order dispersions and
nonlinearities in the optical fiber systems.
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So far, the effects of the higher-order dispersions and nonlinearities on the
pulses that propagate in optical fibers have been extensively studied. Soliton-like
pulses governed by fourth-order dispersion and Kerr nonlinearity were investigated
numerically and analytically [18]. Chirped femtosecond soliton-like laser pulses
with self-frequency shift were also considered [19]. Recently, a series of soliton
solutions with up to sixth-order dispersion and cubic-quintic-septimal nonlinearities
have been analytically derived [20, 21]. It should be noted that these investigations
are based on constant coefficient models, which are the ideal situations. Considering the inhomogeneities in the optical fiber system, the dynamics of optical pulses
should be described by the variable coefficient NLS equation. For the NLS equation with variable coefficients, exact multisoliton solutions and modulational instability have been discussed [22–28]. Subsequently, chirped and chirp-free self-similar
cnoidal and solitary wave solutions and controllable optical rogue waves in the femtosecond regime have been studied [29, 30]. More recently, self-similar optical solitons on a continuous-wave background and the influence of the second-, third- and
fourth-order dispersion on the optical pulse propagation have been discussed [31,32].
Besides, Gaussian spatial solitons in quintic-septimal nonlinear materials under PTsymmetric potentials and two-dimensional localized Peregrine solution and breather
excited in a variable coefficient NLS equation with partial nonlocality have been studied [33, 34]. The propagation of self-similar optical solitons on a continuous-wave
background in a quadratic-cubic noncentrosymmetric waveguide has been demonstrated [35]. However, to the best of our knowledge, the variable coefficient NLS
equation with up to sixth-order dispersion and cubic-quintic-septimal nonlinearities
has not been reported yet.
In this paper, we will consider a generalized NLS equation with varying second-, third-, fourth-, fifth-, and sixth-order dispersions, cubic-quintic-septic nonlinearities, and gain/loss. By means of a similarity transformation between the variable coefficient equation and its constant coefficient counterpart, we present the selfsimilar solutions for the variable coefficient equation, including the bright and dark
soliton solutions. Based on the obtained exact solutions, we study their propagation dynamics in a periodically modulated fiber system. The results show that in
the absence of gain/loss, the soliton solutions exhibits the periodic oscillatory evolution behavior, and with periodic modulation of the gain/loss, the dark soliton switch
can be implemented. Finally, the stability of the self-similar solutions against the
constraint deviations and the initial perturbations are also investigated.
This paper is arranged as follows. In the next Section, the dynamical model and
the similarity transformation between this model and its counterpart with constant
coefficients are introduced. Based on the similarity transformation, we present the
bright and dark soliton solutions of the model. Their dynamics and stability are
studied in Sec. 3. Finally, our main results are summarized in Sec. 4.
http://www.infim.ro/rrp
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2. THE MODEL, REDUCTIONS, AND SELF-SIMILAR SOLUTIONS

We consider the ultrashort pulse propagation in an inhomogeneous monomode
optical fiber, which includes varying second-, third-, fourth-, fifth-, and sixth-order
dispersions, cubic-quintic-septic nonlinearities, and linear gain or loss. Its propagation dynamics is governed by the following variable coefficient generalized NLS
equation:

0 = iUτ + iG1 (τ )Us + G2 (τ )Uss + iG3 (τ )Usss
+ G4 (τ )Ussss + iG5 (τ )Usssss + G6 (τ )Ussssss
+ (K1 |U |2 + K2 |U |4 + K3 |U |6 )U + iΓ(τ )U,

(1)

where τ and s are the normalized dimensionless variables and U (τ, s) represents the
complex envelope of the electric field. G1 (τ ), G2 (τ ), G3 (τ ), G4 (τ ), G5 (τ ), and
G6 (τ ) are the parameters of first to sixth-order dispersions. For the convenience, we
here take G1 (τ ) = 0. K1 (τ ), K2 (τ ), and K3 (τ ) stand for the cubic, quintic, and
septimal nonlinearity, respectively. Here Γ(τ ) denotes the linear gain (Γ(τ ) < 0) or
loss (Γ(τ ) > 0).
We will construct a type of exact self-similar soliton solution that takes the
structure of a soliton via a similarity transformation connected to the corresponding
constant coefficient one. To obtain the exact solution for Eq. (1), we introduce the
following transformation [29, 30, 36]
U (s, τ ) = A(τ )q [x(s, τ ), t(τ )] eiψ(s,τ ) ,

(2)

where x = x(s, τ ) and t = t(τ ) are the similar transformations to be determined,
A(τ ) and ψ(s, τ ) describe the amplitude and phase, and q(x, t) is the new electric
field envelope. Substituting Eq. (2) into Eq. (1), and letting q(x, t) to satisfy the
corresponding constant coefficient generalized NLS equation [21]

iqt + ia1 qx + a2 qxx + ia3 qxxx + a4 qxxxx + ia5 qxxxxx
+ a6 qxxxxxx + (b1 |q|2 + b2 |q|4 + b3 |q|6 )q = 0

(3)

with a1 , a2 , a3 , a4 , a5 , a6 , b1 , b2 , and b3 being real constants, we obtain the following
http://www.infim.ro/rrp
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expressions:

 Z τ
Γ (ζ) dζ ,
A(τ ) = A0 exp −
0
Z
m6 τ
G6 (ζ)dζ,
t(τ ) =
a6 0


Z τ
G6 (ζ) dζ + x0 ,
x (s, τ ) = m s + m0
0


Z τ
G6 (ζ) dζ + ψ0 ,
ψ(s, τ ) = n s + n0

(4)
(5)
(6)
(7)

0

and the constraint conditions
G6 (τ )
G6 (τ )
, G3 (τ ) = G30
,
a6
a6
G6 (τ )
G6 (τ )
G4 (τ ) = G40
, G5 (τ ) = G50
,
a6
a6

 Z τ
G6 (τ )
Γ (ζ) dζ ,
exp 2
K1 (τ ) = K10
a6
0

 Z τ
G6 (τ )
K2 (τ ) = K20
Γ (ζ) dζ ,
exp 4
a6

 Z0 τ
G6 (τ )
K3 (τ ) = K30
Γ (ζ) dζ ,
exp 6
a6
0
G2 (τ ) = G20

(8)
(9)
(10)
(11)
(12)

where
n
(−2a2 m4 − 3a3 m3 n + 4a4 m2 n2 + 5a5 mn3 − 6a6 n4 ),
a6
n
n0 = (−a2 m4 − 2a3 m3 n + 3a4 m2 n2 + 4a5 mn3 − 5a6 n4 ),
a6

m0 =

G20 = a2 m4 + 3a3 m3 n − 6a4 m2 n2 − 10a5 mn3 + 15a6 n4 ,

G30 = a3 m3 − 4a4 m2 n − 10a5 mn2 + 20a6 n3 ,
G40 = a4 m2 + 5a5 mn − 15a6 n2 ,
G50 = a5 m − 6a6 n,

K10 =

b1 m6
b2 m6
b3 m6
,
K
=
,
K
=
,
20
30
A20
A40
A60

and A0 , x0 , ψ0 , m, and n are real constants. From the above results, one can see that
the amplitude A(τ ), the similar transformations t(τ ) and x (s, τ ), and phase ψ(s, τ )
depend strongly on the sixth-order dispersion parameter G6 (τ ) and gain/loss function
Γ(τ ). Hence, one can manipulate the propagation of self-similar soliton solutions by
http://www.infim.ro/rrp
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suitably selecting these two parameters.
In terms of the soliton solutions for Eq. (3) [21], we can present the bright and
dark soliton solutions for Eq. (1) in the form
U (s, τ ) =

√


i −κx(s,τ )−

ηA (τ ) sech[x (s, τ ) − η0 t (τ )]e

η1 t(τ )

2
12b2 κP (5Q+3κ2 )

+ψ(s,τ )



,
(13)

and
U (s, τ ) =

√


i −κx(s,τ )−

ηA (τ ) tanh[x (s, τ ) − η0 t (τ )]e

η1 t(τ )

2 +ψ(s,τ )
12b2 κP (5Q+3κ2 )



,
(14)

where A(τ ), t(τ ), x (s, τ ) and ψ(s, τ ) are given by Eqs. (4)-(7), respectively, and
ℓ2 + 3b1 κP
, η0 = a1 − 2a2 κ − 8κ3 (a4 + 2a5 κ),
b2 κ (3κ2 + 5Q)
2
η1 = 3b1 ℓ3 (ℓ2 + 3b1 κP ) − 12κ2 a1 b2 P 3κ2 + 5Q

+ b2 P (6κa2 ℓ4 + a5 ℓ5 ) 3κ2 + 5Q ,
η=

with

ℓ1 = 259Q2 − 252P R + 210κ2 Q + 15κ4 , ℓ2 =

√

P 2 L,

ℓ3 = Q2 + 12P R + 6κ2 Q − 3κ4 , ℓ4 = −9Q2 + 10κ2 Q + 3(4P R + κ4 ),

and

ℓ5 = 81Q4 + 24P Q2 R + 3024P 2 R2 − 100κ6 Q − 15κ8


+ 180κ2 Q 3Q2 + 4P R − 6κ4 23Q2 + 156P R ,

4
a5 = 6a6 κ, a3 = κ(3a4 + 5a5 κ),
3
1
{9b21 κP + 3b1 ℓ2 + b2 P (5Q + 3κ2 )[6a2 κ + a5 (91Q2
a4 = −
12b2 κP (5Q + 3κ2 )2
+ 252P R + 150κ2 Q + 75κ4 )]},
1
b3 =
{30a5 [9b1 κP (6b21 κ + b2 (5Q + 3κ2 )(6a2 κ − a5 ℓ1 )]
P (6a2 κ − a5 ℓ1 )3
+ ℓ2 [(b2 (5Q + 3κ2 )(a5 ℓ1 − 6a2 κ) − 18b21 κ)]},



L = κ 9b21 κ + 2b2 5Q + 3κ2 (6a2 κ − a5 ℓ1 ) .

Here, P = −1/4, Q = 1, and R = 0 for the bright soliton, while P = 1, Q = −2, and
R = 1 for the dark soliton, and κ is an arbitrary real constant [21]. Thus, in principle,
given a1 , a2 , a6 , b1 , b2 , and κ, we can obtain the expression of the soliton solutions
for Eq. (1). However, it should be noted that we must ensure L ≥ 0 and η > 0. Figure
http://www.infim.ro/rrp
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1 presents the dependence of L and η on the parameter κ for given a1 , a2 , a6 , b1 ,
and b2 . From it, one can see that for our choice of the parameters, the conditions
are met as κ < 0 for the bright soliton solution, and as κ ∈ (−5.14444, −1.23886) ∪
(0, 1.82574) for the dark soliton solution. Thus, we can study the dynamics of the
bright and dark soliton solutions for given a1 , a2 , a6 , b1 , b2 , and κ that satisfy the
above condition.
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Fig. 1 – (Color online) Dependence of L and η on the parameter κ, where (a) a1 = 0, a2 = 0.35858,
a6 = 0.020267, b1 = 2.6, b2 = −2.5, P = −0.25, Q = 1, R = 0; (b) a1 = 0, a2 = −0.16,
a6 = −0.0009157, b1 = 1.1, b2 = −1.1, P = 1, Q = −2, R = 1.

3. THE DYNAMICS OF BRIGHT AND DARK SOLITONS AND THEIR STABILITY

In this Section, we are going to study the dynamics and stability of the soliton
solutions given by (13) and (14), respectively. Because they depend only on the
sixth-order dispersion G6 (τ ) and the gain/loss function Γ(τ ), we will specify G6 (τ )
and Γ(τ ) to investigate the dynamics of the self-similar solutions.
We first consider a special case of G6 = a6 and Γ(τ ) = 0. In this case, the
constraint conditions (8)-(12) can be written as G2 = G20 , G3 = G30 , G4 = G40 ,
G5 = G50 , K1 = K10 , K2 = K20 , K3 = K30 , which are real constants related to
A0 , n, and m. Particularly, as A0 = 1, m = 1, n = 0, x0 = 0, and ψ0 = 0, we have
G2 = a2 , G3 = a3 , G4 = a4 , G5 = a5 , K1 = b1 , K2 = b2 , K3 = b3 , and A(τ ) = 1,
t(τ ) = τ , x (s, τ ) = s, ψ(s, τ ) = 0, which are reduced to the case of Eq. (3) [21].
Here, we presents the more general form due to the presence of the parameters A0 ,
n, and m. Figure 2 shows the evolution plots of the bright soliton (13) and the dark
soliton (14) for Eq. (1) under A0 = 1, m = 1, n = 1, x0 = 0, and ψ0 = 0.
In general, to demonstrate the dynamical evolution of the obtained soliton solutions, we consider a periodically modulated system similar to that in Ref. [22], where
the sixth-order dispersion is taken as G6 (τ ) = d6 cos(ωτ ) with d6 and ω being real
constants [29].
As Γ(τ ) = 0, it can be found from Eqs. (4)-(7) that A(τ ) = A0 . t(τ ) =
http://www.infim.ro/rrp
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(b)

(a)

Fig. 2 – (Color online) Evolution plots of (a) the bright soliton (13) and (b) the dark soliton (14) of
Eq. (1) under m = 1, n = 1, A0 = 1, x0 = 0, and ψ0 = 0. Here, the parameters are (a) a1 = 0,
a2 = 0.35858, a6 = 0.020267, b1 = 2.6, b2 = −2.5, κ = −0.5, P = −0.25, Q = 1, R = 0; (b)
a1 = 0, a2 = −0.16, a6 = −0.0009157, b1 = 1.1, b2 = −1.1, κ = 0.001, P = 1, Q = −2, R = 1.
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Fig. 3 – (Color online) Evolution plots of the bright soliton solution (13) of Eq. (1) with
G6 (τ ) = d6 cos(ωτ ) and Γ(τ ) = 0, where d6 = −0.1 and ω = 1. (a) The three-dimensional evolution
plot and (b) the corresponding top view. The other parameters are P = −0.25, Q = 1, R = 0, a1 = 0,
a2 = 0.35858, a6 = 0.020267, b1 = 2.6, b2 = −2.5, κ = −0.5, m = 0.09, n = −1.6, A0 = 0.8,
x0 = 0, t0 = 0,
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m6 d6 /(a6 ω) sin(ωτ ), x(s, τ ) = m[s + (m0 d6 /ω) sin(ωτ )] + x0 , and ψ(s, τ ) = n[s +
(n0 d6 /ω) sin(ωτ )] + ψ0 . The corresponding evolution plot of the bright soliton solution (13) is shown in Fig. 3, where the parameters are P = −0.25, Q = 1, R = 0,
a1 = 0, a2 = 0.35858, a6 = 0.020267, b1 = 2.6, b2 = −2.5, κ = −0.5, and m = 0.09,
n = −1.6, A0 = 0.8, x0 = 0, t0 = 0, d6 = −0.1 and ω = 1. From it, one can clearly
see that the bright soliton displays a periodic oscillatory evolution along the propagation direction with the oscillation period and amplitude being 2π/ω and |m0 d6 /ω|,
respectively.

(a)

(b)

Fig. 4 – (Color online) Evolution plots of the bright soliton of Eq. (1) with G6 (τ ) = d6 cos(ωτ ) and
(a) Γ(τ ) = 0.02 and (b) Γ(τ ) = −0.02. The other parameters are the same as in Fig. 3.

As Γ(τ ) = Γ0 6= 0, we have A(τ ) = A0 exp(−Γ0 τ ). In this case, the bright
soliton solution (13) also shows the oscillatory periodic evolution, but its intensity
decreases when Γ0 > 0 and increases when Γ0 < 0, as shown in Fig.√4. Also, from
the expression (13), one can find that the width of the pulse is 2 ln(1 + 2)/m, which
is a constant. This means that the gain/loss parameter affects only the soliton intensity
and has no influence on the width or shape of the pulse.
The corresponding dark soliton solution (14) is also investigated, as shown
in Fig. 5, where the parameters are P = 1, Q = −2, R = 1, a1 = 0, a2 = −0.16,
a6 = −0.0009157, b1 = 1.1, b2 = −1.1, κ = 0.001, and m = 0.255, n = −1.07,
A0 = 0.8, x0 = 0, ψ0 = 0, d6 = −1, and ω = 2. In the absence of the gain or loss,
the dark soliton solution is still periodically oscillating, as shown in Fig. 5(a). One
can see that the dark soliton oscillates periodically on the background. The situation
is different when the gain or loss is taken into account. As an example, Fig. 5(b)
shows the corresponding result for Γ(τ ) = sin(τ ). Because the modulation period
of the gain/loss function is consistent with that of the periodically modulated dispersion, the dark soliton is reproduced periodically in the propagation. This interesting
phenomenon can be used to implement the dark soliton switch.
So far, we have demonstrated the dynamics of the bright and dark soliton solutions under the constraint conditions (8)-(12), which present the strict balance among
http://www.infim.ro/rrp
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(b)

Fig. 5 – (Color online) Evolution plots of the dark soliton of Eq. (1) with G6 (τ ) = d6 cos(ωτ ) and (a)
Γ0 = 0 and (b) Γ(τ ) = sin (τ ), where d6 = −1 and ω = 2. Here, the other parameters are P = 1,
Q = −2, R = 1, a1 = 0, a2 = −0.16, a6 = −0.0009157, b1 = 1.1, b2 = −1.1, κ = 0.001, and
m = 0.255, n = −1.07, A0 = 0.8, x0 = 0, ψ0 = 0.

(a)

(b)

Fig. 6 – (Color online) Evolution plots of (a) the bright and (b) the dark soliton solutions of Eq. (1)
with the perturbations such that G2 (τ ), G4 (τ ), K1 (τ ), and K2 (τ ) are increased by 3% and G3 (τ ),
G5 (τ ), and K3 (τ ) are reduced by 3%. The parameters in (a) and (b) are the same as in Fig. 3 and
Fig. 5(a), respectively.
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dispersions, nonlinearities, and gain or loss. But it may be difficult to produce exactly such constraint conditions in real applications. Therefore, a study of the perturbations for the constraint conditions (8)-(12) is necessary. Here, we perturb the
constraint conditions in the following way: G2 (τ ), G4 (τ ), K1 (τ ), and K2 (τ ) are
increased by 3%, and G3 (τ ), G5 (τ ), and K3 (τ ) are reduced by 3%, and the other
conditions are unchanged. The corresponding numerical evolution results are shown
in Fig. 6. It can be seen that the self-similar soliton retains its original shape and can
propagate stably. In addition to this, we have performed more numerical simulations
against the finite perturbation of the constraint conditions and the results show that
the self-similar soliton can maintain its original transmission characteristics during
the propagation.

(a)

(b)

Fig. 7 – (Color online) Evolution plots of (a) the bright and (b) the dark soliton under the initial
perturbation Upert = U (s, 0)[1 + 0.05 random(s)]. The parameters in (a) and (b) are the same as in
Fig. 3 and Fig. 5(b), respectively.

Finally, we discuss the stability of the self-similar soliton against finite initial perturbations. Here we have demonstrated its dynamic evolution by adding a
white noise in the pulse U (s, 0) so that the perturbed pulse reads Upert = U (s, 0)[1 +
0.05 random(s)]. The evolution plots of self-similar soliton under the perturbation
of 5% white noise are shown in Fig. 7, and the results reveal that the main characteristics of the self-similar soliton are retained.
4. CONCLUSIONS

In summary, we have investigated the variable coefficient NLS equation with
higher-order dispersions and nonlinearities, which describes the propagation of the
subpicosecond optical pulses in an inhomogeneous highly dispersive fiber. First, we
have studied the relationship between the variable coefficient equation and its counterpart with constant coefficients via a similarity transformation and we have derived
the exact self-similar soliton solutions of the considered model, including bright and
http://www.infim.ro/rrp
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dark solitons. The results have shown that the existence of the self-similar solitons
depends crucially on all orders of dispersions and nonlinearities. Furthermore, we
have discussed the propagation dynamics of bright and dark solitons in a periodically modulated system. The obtained results have indicated that in the absence of
gain/loss, the solitons exhibit a periodic oscillatory evolution dynamics, and with the
periodic modulation of the gain/loss, the dark soliton switch can be implemented.
Finally, the stability of the self-similar solutions against the constraint deviations and
the initial perturbations were also investigated by employing direct numerical simulations.
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