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The Gaussian geometric quantum discord is studied for a system composed of two resonant bosonic
modes embedded in a squeezed thermal bath. The description of the evolution of the geometric discord is
performed in the framework of the theory of open systems, based on completely positive quantum dynamical
semi-groups, by using a geometric quantification of the total non-classical correlations of the Gaussian states.
We take initial squeezed thermal states and use the Hilbert-Schmidt metric to derive the geometric quantum
discord. We show that the time evolution of the geometric discord strongly depends on the parameters characterising the initial state of the system (squeezing parameter and the average thermal photon numbers of the
two modes) and the parameters of the squeezed thermal reservoir (temperature, squeezing and phase). The
geometric discord evolves non-monotonically in time, decreasing asymptotically to zero in the limit of large
times, due to the interaction with the squeezed thermal bath.
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1.

INTRODUCTION

The quantum correlations, such as Bell nonlocality, quantum steering, quantum entanglement and
quantum discord form the core of the quantum information theory, and they constitute an indispensable
physical resource for the description and performance of quantum information processing and communication tasks [1,2]. Of these resources, the most commonly used is quantum entanglement, which is based
on the inseparability property of quantum states. However, entanglement does not describe all the nonclassical properties of quantum systems, since there exist separable mixed states that cannot be simulated
by a classical probability distribution [3, 4]. Quantum discord has been defined as the total amount of
quantum correlations existing in a bipartite system, and it can have non-zero values for separable mixed
states [3, 5, 6].
Recently the dynamics of quantum correlations in the framework of the theory of open systems
based on completely positive quantum dynamical semigroups has been intensively studied [6–14], in
particular for a system consisting of two uncoupled or coupled bosonic modes embedded in a common
thermal reservoir, or in two independent reservoirs [15–23].
In a previous paper [24] the Hilbert-Schmidt Gaussian geometric discord [25] has been studied
for a system of two bosonic modes in interaction with a thermal bath. In the present paper we describe
the dynamics of the Hilbert-Schmidt Gaussian geometric discord in the same system, interacting with a
more general environment, namely a squeezed thermal reservoir, by taking squeezed thermal states as
initial states of the system. In addition, we study the dynamics of the geometric discord in the particular
case when the initial state preserves its form of squeezed thermal state [25] during the evolution in time
of the considered system.
The paper is organised as follows. In Sec. 2 we describe the dynamics of two bosonic modes
interacting with a squeezed thermal reservoir. In Sec. 3 we define the Gaussian geometric discord in
terms of the Hilbert-Schmidt distance. Then in Sec. 4 it is described the evolution of the Gaussian
geometric discord in a system consisting of two bosonic modes embedded in a squeezed thermal bath.
Finally, in Sec. 5 we present our conclusions.
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DYNAMICS OF TWO BOSONIC MODES INTERACTING WITH A SQUEEZED THERMAL RESERVOIR

We will describe the dynamics of a system composed of two bosonic modes interacting with a
squeezed thermal reservoir, used to model the environment surrounding the system of interest. The
most general equation, that describes the irreversible time evolution of open quantum systems in the
Markovian approximation, is the Gorini-Kossakowski-Lindblad-Sudarshan master equation, which has
the following form in the Schrödinger picture for the density operator ρ [26–29]:

n
o 
dρ(t)
i
1 X
,
(1)
2Vj ρ(t)Vj† − ρ(t), Vj† Vj
= − [H, ρ(t)] +
dt
~
2~
+
j

Vj†

where H denotes the Hamiltonian, Vj and
are operators in the Hilbert space of the system, representing the interaction between the open system and the environment († denotes the Hermitian conjugation). We consider, for simplicity, two identical bosonic modes (harmonic oscillators), with equal masses
m1 = m2 = 1 and frequencies ω1 = ω2 = 1, so that their Hamiltonian is taken as follows:
 1

1 2
H=
px + p2y + x2 + y 2 ,
(2)
2
2
where x, y are the coordinates and px , py the momenta of the two bosonic modes. Vj and Vj† are taken
as first degree polynomials in the canonical observables (j = 1, 2, 3, 4):
Vj = axj px + ayj py + bxj x + byj y,
Vj† = a∗xj px + a∗yj py + b∗xj x + b∗yj y,

(3)

where axj , ayj , bxj , byj are complex coefficients and ∗ denotes the complex conjugation.
Using the notation R = {x, y, px , py }, the canonical commutation relations can be written in the
form: [Ri , Rj ] = iΩij , where Ωij , i, j = 1, . . . , 4, are the elements of the 4 × 4 symplectic matrix:

2 
M
0 1
.
(4)
Ω=
−1 0
1

A Gaussian state is completely characterised by a 4 × 4 covariance matrix σ, whose elements depend on the first and second order moments of canonical variables. Taking into account the invariance
under local unitaries, one can assume that the states have zero first moments, without losing the generality. Therefore we consider that the elements of the covariance matrix are given by the second order
moments only, σij = Tr ρ {Ri , Rj }+ . Then the covariance matrix of the considered bipartite system
can be written in the block form as follows:


α γ
σ≡
,
(5)
γT β
where α, β are the symmetric covariance matrices for the reduced one-mode states, and γ is the matrix
which describes the correlations between the modes (T denotes the transposed matrix).
From the master equation (1) one can obtain the following differential equation for the covariace
matrix:
dσ(t)
= Y σ(t) + σ(t)Y T + 2D,
(6)
dt
where


−λ 1
0
0
 −1 −λ 0
0 

Y =
(7)
 0
0 −λ 1 
0
0 −1 −λ
and D is the diffusion matrix, whose elements depend on the coefficients in Eqs. (3).
The solution of Eq. (6) is the following:
σ(t) = Z(t) (σ0 − σ∞ ) Z T (t) + σ∞ ,

(8)

Z(t) = exp(Y t),

(9)

where
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σ0 is the covariance matrix of the initial state and σ∞ is the asymptotic covariance matrix, that depends
on the parameters of the bath only:


1 + 2 (N + MR )
2MI
0
0


2MI
1 + 2 (N − MR )
0
0
,
(10)
σ∞ = 


0
0
1 + 2 (N + MR )
2MI
0
0
2MI
1 + 2 (N − MR )
with

N = nth cosh2 R + sinh2 R + sinh2 R,
M = −(2nth + 1) cosh R sinh R exp iϕ

(11)

and MR and MI represent the real and, respectively, the imaginary part of M . Here nth is the thermal
photon number of the bath (we set ~ = 1 and the Boltzmann constant kB = 1):


1
1
nth =
coth
−1 ,
(12)
2
2T
T is the temperature of the bath, R is the squeezing parameter and ϕ is the squeezing phase of the
squeezed thermal reservoir.
3.

HILBERT-SCHMIDT GEOMETRIC DISCORD

The quantum discord is a fairly new concept, introduced by Ollivier and Zurek [5] as a way to
quantify the total amount of non-classical correlations between systems. It can be defined as the difference between the mutual information shared by two subsystems, and the classical correlations in the
system. Denoting by ρAB the density operator describing the state of a composed system made up of A
and B quantum correlated subsystems, the quantum discord can be defined as:
D(B|A) = I(A : B) − max J(A : B),
Π

(13)

where I(A : B) is the mutual information of the system before a measurement is performed on party B
and J(A : B) is the mutual information of the system after the measurement. Π represents the set of all
possible positive operator-valued measures (POVM), over which J(A : B) is maximised [30]. Due to the
difficulties encountered in the maximising procedure, a geometric approach was proposed [31] for the
calculation of the quantum discord, in which the total quantum correlations are given by the minimum
distance between the state of the system of interest and the set of classical-quantum states, for which the
discord is zero [32].
Specifically, the geometric discord DG is defined as the squared Hilbert-Schmidt distance between
the state ρAB and the closest classical-quantum state ξAB [25]:
DG (ρAB ) = inf k ρAB − ξAB k22 ,
ξAB ∈Λ

(14)

p
where k M k2 = Tr(M M † ) denotes the 2-norm (Hilbert-Schmidt norm) of the matrix M and Λ is the
set of classical-quantum states.
We consider now ρAB to be a two-mode Gaussian state. Then the Gaussian geometric discord of
this state can be expressed as the minimum of the disturbance induced on the state of the system by
a generalised Gaussian POVM ΠB on subsystem B, i.e. a map sending Gaussian states into Gaussian
states:
DG (ρAB ) = inf k ρAB − ΠB (ρAB ) k22 ,
ΠB

(15)

which is normalised between 0 and 1 for Gaussian continuous variable states.
The Gaussian POVM on the one-mode subsystem B can be written as
ΠB (χ) =
http://www.infim.ro/rrp
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where ŴB (χ) is the Weyl operator. The seed ω̄B is the density matrix of a single-mode Gaussian rotated,
squeezed, thermal state with zero mean and it has the following covariance matrix:
!
2θ
m(l2 −1) cos θ sin θ
ml cos2 θ + m sin
−
l
l
σB =
,
(17)
2
2θ
− m(l −1)lcos θ sin θ ml sin2 θ + m cos
l
where the parameters m and l correspond to the temperature, respectively to the squeezing, with m ≥ 1,
l ≥ 0, and θ is the rotation angle.
After the measurement the state of the subsystem B is projected onto the seed state ω̄B , while the
state ω̄A of mode A after the measurement does not depend on the measurement outcome result and its
covariance matrix is given by the Schur complement:
σA = α − γ(β + σB )−1 γ T .

(18)

It follows that the only classical-quantum two-mode Gaussian states are the tensor product states [33]
and therefore the Gaussian geometric discord for two-mode Gaussian states can be written as:
DG (ρAB ) = inf k ρAB − ω̄A ⊗ ω̄B k22 ,

(19)

ω̄B

or, written in terms of the covariance matrices [25]:
DG (σ) = inf
σB

1
1
2
√
+p
−p
det σ
det(σA ⊕ σB )
det[(σ + σA ⊕ σB )/2]

!
.

(20)

By definition, quantum discord is local unitarily invariant. For any two-mode Gaussian state the
covariance matrix σ can be transformed, by making use of local unitary operations (symplectic transformations in phase space), into the following well-known standard form [34]:


a 0 c 0
 0 a 0 d 

σ=
(21)
 c 0 b 0 ,
0 d 0 b
√
where a, b ≥ 1, ab − 1 ≥ c ≥ |d|. The standard form covariance matrices are identified by the four
symplectic invariants det α = a2 , det β = b2 , det γ = cd, det σ = (ab − c2 )(ab − d2 ).
The optimization over the rotation angle is realised for θ = 0 [25], and then the expression (20) for
the geometric discord becomes [25]


1
4
1
.
DG (σ) = inf  q 2
−q
+p
m (a(b+lm)−c2 )(a(bl+m)−d2 l)
m,l
(a(b+lm)−c2 )(a(bl+m)−d2 l)
(ab − c2 )(ab − d2 )
(bl+m)(b+lm)

l

(22)
4.

EVOLUTION OF GAUSSIAN GEOMETRIC DISCORD

In order to describe the time evolution of the geometric quantum discord for the considered system,
we take squeezed thermal states as initial states, with the following covariance matrix [35]:


a(0)
0
c(0)
0
 0
a(0)
0
−c(0) 
,
σ0 = 
(23)
 c(0)
0
b(0)
0 
0
−c(0)
0
b(0)
where

a(0) = 2n1 cosh2 r + 2n2 sinh2 r + cosh 2r,
(24)
b(0) = 2n1 sinh2 r + 2n2 cosh2 r + cosh 2r,
c(0) = (n1 + n2 + 1) sinh 2r.
where n1 and n2 are the average photon numbers of the modes and r represents the squeezing parameter
of the initial state.
http://www.infim.ro/rrp
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Fig. 1 – Geometric discord DG versus time t and temperature T of the bath, for average photon numbers n1 = 1, n2 = 2,
squeezing parameter of the initial state r = 0.5, squeezing parameter of the bath R = 0.2, squeezing phase ϕ = 1 and
dissipation parameter λ = 1.
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Fig. 2 – Geometric discord DG versus time t and squeezing parameter of the modes r, for average photon numbers n1 =1,
n2 =2, squeezing parameter of the bath R=0.5, T =1, squeezing phase ϕ=1 and dissipation parameter λ=0.5 (left). Same for
r = 0.4 (right).
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Fig. 3 – Geometric discord DG versus time t and squeezing parameter of the bath R, for average photon numbers n1 =1,
n2 =2, squeezing parameter of the initial state r=0.5, temperature of the bath T =2, squeezing phase ϕ=1 and dissipation
parameter λ=1 (left). Same for R = 0.58 (right).
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Fig. 4 – Geometric discord DG versus time t and squeezing phase of the bath ϕ, for average photon numbers n1 =1, n2 =2,
squeezing parameter of the initial state r=0.3 and of the reservoir R=0.3, temperature of the bath T =1 and dissipation
parameter λ=1.

In Fig. 1 it is shown the dynamics of the Gaussian geometric discord as a function of time and
temperature of the bath. Geometric discord is always decreasing by increasing the temperature. For
relatively low temperatures, the quantum discord first increases in time and after that it decreases, tending
asymptotically to 0, as expected, since the asymptotic state is a product state. For larger temperatures the
quantum discord is monotonically decreasing in time.
In Fig. 2 it is shown the evolution of the quantum discord as a function of time and squeezing
parameter of the modes. We can see that the quantum discord increases with the squeezing parameter
and that, in general, it evolves non-monotonically in time, tending asymptotically to 0 in the limit of
large times.
In Figs. 3 we illustrate the evolution of the quantum discord as a function of time and squeezing
parameter of the bath. The dependency on the squeezing parameter is mixed: one can see that for a
definite time interval the quantum discord slightly decreases by increasing the squeezing parameter, and
after that it increases with the squeezing parameter. It is observed again the asymptotic decreasing to
zero of the quantum discord for large times.
In Fig. 4 we illustrate the evolution of the quantum discord as a function of time and its periodic
oscillatory behaviour on the squeezing phase of the reservoir.
For the special case of two-mode squeezed thermal states, characterised by d=±c in the covariance
matrix (21), the following formula for the Gaussian geometric discord was obtained in Ref. [25]:

DG =

1
9
√
− √
.
2
ab − c
( 4ab − 3c2 + ab)2

(25)

We observe in this case that the geometric discord is symmetric with respect to the two parties, while the
general geometric discord is nonsymmetric.
In Figs. 5 and 6 we illustrate the behaviour of the geometric discord (25). An initial squeezed
thermal state preserves its form in time when the environment is a non-squeezed thermal reservoir (R =
0). The behaviour of the quantum discord shown in these figures presents some similarities to the one
illustrated in Figs. 1 and 2. One can see that quantum discord increases with the squeezing parameter
of the modes and decreases by increasing the temperature. However, compared to the general case
illustrated in Fig. 1, quantum discord has a non-monotonic behaviour in time, namely it is increasing
initially, and after that it tends asymptotically to zero for large times.
http://www.infim.ro/rrp
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Fig. 5 – Geometric discord DG for squeezed thermal states versus time t and temperature of the bath T , for average photon
numbers n1 =1, n2 =2, squeezing parameter of the initial state r=0.24 and dissipation parameter λ=1, for a non-squeezed
thermal reservoir (R = 0).
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Fig. 6 – Geometric discord DG for squeezed thermal states versus time t and squeezing parameter of the initial state r,
average photon numbers n1 =1, n2 =2, temperature of the bath T =1 and dissipation parameter λ=0.5, for a non-squeezed
thermal reservoir (R = 0) (left). Same for r = 0.24 (right).
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CONCLUSIONS

In the framework of the theory of open quantum systems, based on completely positive dynamical
semigroups, we analysed the Gaussian geometric quantum discord, based on the geometric approach by
using the Hilbert-Schmidt metric, for a systems composed of two resonant bosonic modes interacting
with a squeezed thermal bath. The geometric quantum discord, that is used to investigate the total
amount of non-classical correlations in the considered system, is deduced by taking into consideration
the distance between a general two-mode Gaussian state of the system of interest and the closest classicalquantum Gaussian state. In particular, we considered the case of the geometric discord when the initial
squeezed thermal state preserves this form during the whole evolution of the system. The behaviour
of the geometric quantum discord is similar for both considered cases of general two-mode Gaussian
states and squeezed thermal states. The time evolution of the geometric discord strongly depends on the
parameters characterising the initial state of the system (squeezing parameter and the average thermal
photon numbers of the two modes) and the parameters of the squeezed thermal reservoir (temperature,
squeezing and phase). We have shown that the geometric discord takes values between 0 and 1 and that
it evolves non-monotonically in time, decreasing asymptotically to zero in the limit of large times, due
to the interaction with the squeezed thermal bath.
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